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Abstract: Let m = 2n be a positive integer and Zm be the ring of residue classes modulo
m. Suppose d1, d2, · · · , dn to be any odd elenents (not necessarily distinct) of Zm. In this paper,
we give the sufficient and necessary condition of partitioning Zm into n pairs with differences
d1, d2, · · · , dn. The conjecture on the seating couples problem proved by Kohen and Sadofschi
Costa can be seen as a corollary of our result. Based on this work, we obtain two corollaries
and we also confirm a conjecture of Kézdy and Snevily, which is the special case of our first
corollary.
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0 Introduction

For any positive integer m, let Zm = {0, 1, · · · ,m− 1} be the ring of residue classes modulo

m and Z
∗
m be the group of its units, i.e., Z∗

m = {s : s ∈ Zm and gcd(s,m) = 1}. Let Sm be

the symmetric group of m elements. In 2009, Preissmann and Mischler[6] proved the following

conjecture, which is posed by Bacher.

Conjecture 1 Let p = 2n + 1 be an odd prime. Suppose that we are given n elements

d1, d2, · · · , dn ∈ Z
∗
p. Then there exists a partition of Z∗

p into pairs with differences d1, d2, · · · , dn.
In 2012, Karasev and Petrov[2] gave two new proofs of this result with the algebraic and

topological methods and provided further generalizations. They also posed the following two

conjectures for further research.

Conjecture 2[2, Conjecture 1] Let m = 2n + 1 be a positive integer. Suppose that we are

given n elements d1, d2, · · · , dn ∈ Z
∗
m. Then there exists a partition of Zm \ {0} into pairs with

differences d1, d2, · · · , dn.
Conjecture 3[2, Conjecture 2] Let m = 2n be a positive integer. Suppose that we are given

n elements d1, d2, · · · , dn ∈ Z
∗
m. Then there exists a partition of Zm into pairs with differences

d1, d2, · · · , dn.
In 2013, Mezei[5] showed that Conjecture 3 holds when N = 2p for p a prime number.
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In 2016, Kohen and Sadofschi Costa[4] confirmed Conjecture 3. In this paper, we consider the

partitions of Zm into pairs with prescribed differences and obtain the following results.

Theorem Let m = 2n be a positive integer and d1, d2, · · · , dn be any odd elements (not

necessarily distinct) of Zm. Then we can select m distinct numbers a1, a2, · · · , an, b1, b2, · · · ,
bn ∈ Zm such that all ai are even, all bi are odd and ai + di ≡ bi (mod m) for all i = 1, 2, · · · , n
if and only if

∑n
i=1 di ≡ n (mod m).

By Cauchy-Davenport Theorem, Kohen and Sadofschi Costa[4] showed that if d1, d2, · · · , dn ∈
Z
∗
2n, then there exist s1, s2, · · · , sn ∈ {1,−1}, such that

s1d1 + s2d2 + · · ·+ sndn ≡ n (mod 2n).

Thus Conjecture 3 can be seen as a corollary of our Theorem. We can also get the following two

corollaries.

Corollary 1 Let n be a positive integer and a be any element of Zn. Suppose that

d1, d2, · · · , dn−1 are any elements (not necessarily distinct) of Zn. Then there is a permutation

{a1, a2, · · · , an−1} of elements of Zn \ {a} such that the sums

a1 + d1, a2 + d2, · · · , an−1 + dn−1

are pairwise distinct in Zn. Furthermore,

{a1 + d1, a2 + d2, · · · , an−1 + dn−1} = Zn \ {a− (d1 + d2 + · · ·+ dn−1)}.

Corollary 2 Let m = 2n + 1 be a positive integer. Suppose that d1, d2, · · · , dn are any

elements (not necessarily distinct) of Zm. Then there is a permutation {a1, a2, · · · , a2n} of

elements of Zm \ {0} such that

{a1 + d1, a2 + d2, · · · , an + dn, an+1 − d1, an+2 − d2, · · · , a2n − dn} = Zm \ {0}.

Remark 1 Kézdy-Snevily’s conjecture in [3] is a special case of Corollary 1 on the condition

that a = 0. The special case is particularly intriguing as it is closely related to N -permutations,

which in turn are related to cyclic neofields.

Remark 2 If di = 0 for i = 1, 2, · · · , n, then Corollary 2 is trivial. If di ∈ Zm \ {0} for

i = 1, 2, · · · , n, then by Corollary 2, we have

{a1 + d1, a2 + d2, · · · , an + dn, an+1 − d1, an+2 − d2, · · · , a2n − dn} = {a1, a2, · · · , a2n}.

However, we can not claim that there exists a partition of Zm \ {0} into pairs with differences

d1, d2, · · · , dn.
Example Let m = 15 and d1 = 2, d2 = 4, d3 = 5, d4 = 7, d5 = 9, d6 = 11, d7 = 12. If we

choose a1 = 3, a2 = 10, a3 = 8, a4 = 2, a5 = 12, a6 = 11, a7 = 4, a8 = 5, a9 = 14, a10 = 13,

a11 = 9, a12 = 6, a13 = 7, a14 = 1, then

{a1 + d1, a2 + d2, · · · , a7 + d7, a8 − d1, a9 − d2, · · · , a14 − d7} = {a1, a2, · · · , a14}.
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Furthermore, we can obtain a7+i − ai = di for i = 1, 2, · · · , 7. However, if we choose a1 = 1,

a2 = 2, a3 = 3, a4 = 4, a5 = 5, a6 = 6, a7 = 8, a8 = 14, a9 = 13, a10 = 12, a11 = 11, a12 = 10,

a13 = 9, a14 = 7, then we can not obtain the partitioning results by

{a1 + d1, a2 + d2, · · · , a7 + d7, a8 − d1, a9 − d2, · · · , a14 − d7} = {a1, a2, · · · , a14}.

1 Proofs

To prove our Theorem, we need the following lemma.

Lemma[1] Let G be an abelian group of order n and a1, a2, · · · , an be a numbering of the

elements of G. Let d1, d2, · · · , dn ∈ G such that
∑n

i=1 di = 0. Then there are permutations

σ, τ ∈ Sn such that

ai − aσ(i) = dτ(i).

Proof of Theorem First we prove the necessity of Theorem. If ai + di ≡ bi (mod m) for

all i = 1, 2, · · · , n, then

0 + 2 + · · ·+ (2n− 2) +

n∑

i=1

di =

n∑

i=1

(ai + di) ≡
n∑

i=1

bi ≡ 1 + 3 + · · ·+ (2n− 1) (mod m).

It follows that
n∑

i=1

di ≡ n (mod m).

Now we prove the sufficiency of Theorem. Suppose that
∑n

i=1 di ≡ n (mod m). Then
∑n

i=1(di + 1) ≡ 0 (mod m). Since all di + 1 are even, we have

n∑

i=1

di + 1

2
≡ 0 (mod n).

By Lemma, there are permutations σ, τ ∈ Sn, such that

i− σ(i) ≡ dτ(i) + 1

2
(mod n).

It implies that

(2i− 1)− 2σ(i) ≡ dτ(i) (mod m),

or equally

2σ(i) + dτ(i) ≡ 2i− 1 (mod m).

Without loss of generality, we suppose that ai = 2σ(i), bi = 2i − 1, dτ(i) = di. Then we can

select m distinct numbers a1, a2, · · · , an, b1, b2, · · · , bn ∈ Zm such that all ai are even, all bi are

odd and ai + di ≡ bi (mod m) for all i = 1, 2, · · · , n. �
Proof of Corollary 1 Let d′i ≡ 2di + 1 (mod 2n) for i = 1, 2, · · · , n− 1 and let

d′n ≡ n−
n−1∑

i=1

d′i ≡ 1− 2

n−1∑

i=1

di (mod 2n).
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Then d′1, d
′
2, · · · , d′n are all odd in Z2n satisfying

n∑

i=1

d′i ≡ n (mod 2n).

By Theorem, there exist n distinct even elements b′1, b′2, · · · , b′n ∈ Z2n such that the sums b′i + d′i
are pairwise distinct in Z2n. Let a

′
i ≡ b′i

2 (mod n) for i = 1, 2, · · · , n. Then

{a′1, a′2, · · · , a′n} = Zn.

Thus

{a′1 − (a′n − a), a′2 − (a′n − a), · · · , a′n − (a′n − a)} = Zn.

Let dn ≡ d′
n−1
2 (mod n). Define

f : Z2n \ {0, 2, · · · , 2n− 2} → Zn; x (mod 2n) �→ x− 1

2
(mod n).

Then f is a bijection. Since

{b′1 + d′1, b
′
2 + d′2, · · · , b′n + d′n} = Z2n \ {0, 2, · · · , 2n− 2},

we have

{a′1 + d1, a
′
2 + d2, · · · , a′n + dn} = Zn.

Thus

{(a′1 − (a′n − a)) + d1, (a
′
2 − (a′n − a)) + d2, · · · , (a′n − (a′n − a)) + dn} = Zn.

For i = 1, 2, · · · , n, let ai = a′i − (a′n − a). Then

{a1, a2, · · · , an−1} = Zn \ {a}

and

{a1 + d1, a2 + d2, · · · , an−1 + dn−1, an + dn} = Zn.

Thus there is a permutation {a1, a2, · · · , an−1} of elements of Zn \ {a} such that the sums

a1 + d1, a2 + d2, · · · , an−1 + dn−1

are pairwise distinct in Zn and

{a1 + d1, a2 + d2, · · · , an−1 + dn−1} = Zn \ {a− (d1 + d2 + · · ·+ dn−1)}.

This completes the proof of Corollary 1. �
Proof of Corollary 2 For i = 1, 2, · · · , n, let dn+i = −di. For i = 1, 2, · · · , 2n, let

d′i ≡ 2di + 1 (mod 2m). Let d′m ≡ m−∑2n
i=1 d

′
i (mod 2m) and dm ≡ d′

m−1
2 ≡ 0 (mod m). Then

dm ≡ 0 (mod m). By Corollary 1, we know that there is a permutation {a1, a2, · · · , a2n} of

elements of Zm \ {0} such that the sums

a1 + d1, a2 + d2, · · · , an + dn, an+1 + dn+1, an+2 + dn+2, · · · , a2n + d2n
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are pairwise distinct in Zm. Noticing that d1 + d2 + · · ·+ d2n ≡ 0 (mod m), we have

{a1 + d1, a2 + d2, · · · , an + dn, an+1 − d1, an+2 − d2 · · · , a2n − dn} = Zm \ {0}.

This completes the proof of Corollary 2. �

References
[1] Hall, M.Jr., A combinatorial problem on abelian groups, Proc. Amer. Math. Soc., 1952, 3(4): 584-587.

[2] Karasev, R.N. and Petrov, F.V., Partitions of nonzero elements of a finite field into pairs, Israel J. Math.,

2012, 192(1): 143-156.
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