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Abstract Adding capacity policy allows doctors use additional capacity to satisfy patient demand when

all regular capacity is booked. This paper is studied for a high demand outpatient, which serves scheduled

patients and same-day patients. The impact of the uncertainty of patient no-show on the overload brought

by additional capacity is incorporated. This paper aims to determine the number of additional capacity

and the number of regular capacity allocated to the scheduled patients towards the maximal expected

profit. We prove that the expected profit is the unimodal function of additional capacity when its number

exceeds a threshold. The threshold expression is also derived in theory. Hence, the optimal additional

capacity number can be searched within a finite solution space. Based on the unimodality, a two-tier

enumeration algorithm is proposed to search the global optimal joint solution. Numerical experiments

indicate that the designed algorithm performs efficiently on solving the model. The number of additional

capacity increases with no-show rates, and is hardly affected by the regular capacity. Moreover, the adding

capacity effectively enhances the stability of the number of regular capacity allocated to scheduled patients

when facing changes of no-show probabilities.
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1 "#

���������������������� [1], ��������������. �����

������, �������������Æ������, ���������Æ������, ��

��������, ��������. ����������������������.  ��!��

����������� !, �����"�����, #���� ��!�"���$�#!#
� %�$!&�. ' %� [2] �"#�!$����"�, � 40�, �%&#��!$����(, $�

#��"'��. ��%#(�� !��, ��� &� !�!$!�&�)��), '"&*%+&

*�#,'+ !���, !* !'�()�(��'$��. ,-'��%.&)��, ��*-��

�, ��.*+���������, ����%�&�+,.

�'(����)%�, ��*�����!+� “����”&/, $��,� “��”,-�0(��

�� (���%) )�/, )*�-��,0.����)%. ./ [3] '+��-0$ !��$!�!�

�1)��. +, ��+�,/�!�-12��, -�!������"�0�������-+#�
���%31, +�.2�!�13�4/40, �.�!���, 5�12��35. 4,,-26�!�

65���7, 2�/3�!6*7����8�, 4���*+�����������, ���3�5

456�+,. ��&/�7�����!����%, #29�7���08�, 9��������

:1; �/��7 �!6��27�12!8, 3;����.����"4!���%�9".

Æ.54��&/���%�"+,, ���&�2�65���!'�. !�����)���.

%+87<:, #783&)=�$!: 1) ��"����� [4], #+��99>��:;�; 2) ��

;! [5−6], ������/+�<7$45<, 9���=����>�6�;!=�, �?:��;!@

A� 15% ,6 [7−8]. <7'+"��,  !���;!@�7$!�� [9−10]. �&)=�$!�� 
��"?�0��B�����, .��!-12���<:��:?, �����+,�.C�.

��&/�3���$��@�$Æ, :�/�;��A��&%, 7$�./AD"(.('./ [3,11]

�8�89�'>���&/�E�:�8!+;�8. <A<� [12]  �%=��?�!=�5��*�

��=>=���&18;; <�� [13] BC0F'�;��Æ��D%@����, '>��'�6��

+,, 3C PDCA E<��Æ*#'��,�>. 76A./G�83������!��;!�=�

8$!, H(26���>(!+�. ??.� [14−15] ��54�����&/, BC'>��&/*�2
�%'��=�12, � ��&%���DF"E!F�8, '+�,�(�DF"E��=I����
F�8'J��%'�G=�=. 76A./=G�83��;!�=�8*�!-12���12, 9

�,�)-�)+�������@��!�-12�Æ; 3;54������&��, �� C.�

��6.

�HA�*���%'�+,�542>6*"G, 6&54+,@'�,�&): 1) HI����

�, �&*7��)����%'��= [16−19]. Qu � [16] *7'+ !!AI !&)��, #�+�

'�.'+ !��)����.>.; Ratcliffe � [17] ,;!>@�B'6��K'�&), 54-� 

!�Æ*?���12. 2) �&�����!,-J@��AA?>=�%'�. �)+,,�%@B�

�, B78�26, ��CIDK+,�JC<: [20]�3�C���<8' [21] !7D18'�+� [22] �

LA2�+,. Æ.54��%'�+,Æ7E�), $�./���E17��%D4F, �Æ.83�

����$���, 54��&/�������-C35, '>��!�H�%��<G�,-�",
/3��F��2.

Æ.�,�GM��: 1) �$�6, E17����7���0+,, CC��7<26��Æ54�

(E�E�7HF��K����&/; 2) �<:6, ,./ [14] �!H�GH, I+83��;!��
=�$!*�!-12����12, 9�A&)����0���'"���31?�, �!I�4!-

12���, �?314� �%'�����!������A��&���6; 3) ��.6, Æ.#

�+����*6, 3�A���-+?*6/, JDF"EC������JHC�; #�+���NO
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6K�LIPL, 6�2.�NO31�=���M+=.MAQN��K�.MA?; >�Æ.'+��

.B7�&65���!'�. !����)����KNORÆ. 6AGM=���<:�#�!�

.C�, 7.�54+,�S:$�, ;�����@.

2 $%+,&-'Æ()*+

2.1 .,-/0./
�!�F, Æ.54�O 8 ��9LO 4 ��M1���"?, P��J��!���&/���%�

",  ��!��'�4�$�#, ?Q�!�J�"?�HI���7����% N . ���F: 83&

)��, %+&*�#, !���@DK� !��, <7 !'+""N,  !���;!>@"�, P

� δ1; !�AO>=$! !���@DK�$!��, TD�)���'+""O, 7��A+�Q��

����>��;!, $P$! !��6�;!=�7>@"�, P� δ2, R& δ1 > δ2, ���A��

F+�QD, -����;!6&. ���"? !!$!������'"P� d1 ! d2, #���"E

'"P� E1 [d1] ! E2 [d2], �J �SR���@��, Æ.,������54*K, $P,6&�� ρ

SA&)�����:6&&�, &)������, p (d1, d2) MP, #� d1, d2 ∈ [0,∞). �Æ�F: �!

 -+#����%31, -12�� 1 ��% (��� 1 U��), R4! β S�6*7JU��DT�

�Æ, -JU-12�Æ��� β. �&���F: Æ.B726�&������ nA, !� !��'�

�)��� n1; K�=�;���, #� nA ≥ 0, 0 ≤ n1 ≤ N . , (NA, N1) TU�2�&�B7�%�"
�=.

2.2 2012334564�7568
@ 1 �L$+U��% (��) �'�'�. BC, �&*9#, !%V������'� n1 ��%

. !��>='+ !, V !�����".,  !�%G�0(!�, WÆXL��%6�MN, �!

�OT(��$!��C,��$!��. �!�AO, ,5XL�����,��AO�����, �

�:1��&/, ��� �������, ��@UC, ��4�����=@��, 9�4� nA ��H

��0(!�. �������, O+�+$��7��4F, G�@����� !��+��A+9�
�/�"��$!��>=$!)�, $!��+���/�"�� !��'+)�, P�-+��4F

�@ 1 �,MWTU, ��&)����:6&&��OV [4,23]. ��N+��, ���M !=�9�Æ
.83��:6&8���+�, �"?�����&D4!, �'�'��?(��&"�&.

d2

N d1 - n1

d1 <

d2 < n2

d2 - n2 <

d2 - ( + )

An

d1

1n

2n

2 1n N n x

1 1x n d

An2n

An

1n

9 1 789::;9<;<=
�@ 1 +,W+, #7&)��, ����%AQ� 2 × 3 = 6 �&�. ��7D���"E<:, BC

�*���4�6����&�>=')�7<. ,&)�����31X7 φi������ !���$

!���7 Ai�Bi, �1��!YRK' 6 �����%A�&� [14], #� Ai = min (d1 ∈ φi, N1)�Bi =
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min (d2 ∈ φi, N + nA − Ai).  �4F�&)���31!)���,�4U:

4F 1: φ1 = {0 ≤ d1 ≤ n1, 0 ≤ d2 ≤ N − d1}, A1 = d1, B1 = d2;

4F 2: φ2 = {0 ≤ d1 ≤ n1, N − d1 + 1 ≤ d2 ≤ N + nA − d1}, A2 = d1, B2 = d2;

4F 3: φ3 = {0 ≤ d1 ≤ n1, d2 ≥ N + nA − d1 + 1}, A3 = d1, B3 = N + nA − d1;

4F 4: φ4 = {d1 ≥ n1 + 1, 0 ≤ d2 ≤ N − n1}, A4 = n1, B4 = d2;

4F 5: φ5 = {d1 ≥ n1 + 1, N − n1 + 1 ≤ d2 ≤ N + nA − n1}, A5 = n1, B5 = d2;

4F 6: φ6 = {d1 ≥ n1 + 1, d2 ≥ N + nA − n1 + 1}, A6 = n1, B6 = N + nA − n1.

�+1�4F=� !����0(����, WÆ !������%�7-�#���; �/1�
4F�,  !�����7�., P������, 9� n1 U������. 4F 1 � 4 TU$!���

��"., ,���%-���, ���7��4F; TDÆ.,������54*K, 7�0�����

�, *;S!>@"., A6���7�4FS!�+�. �4F 2 � 5 �, ��:1��&/, %+���

H�%/��4�$!�����. 6A"�4F�, $!������-�)���. �4F 3 � 6 OT

U-.:C��&/�C*0(�H�%P�Æ��0($!�����, $!���)������%�

.��.

2.3 =>?@A8B
6��#'>���&�4���&)���)�������,Æ#� �'>���Z���=

�$!, -��;!*�0��B�,��!-12����12. & a, b '"� !!$!����0�

�B�, WÆ� 0 ≤ a ≤ Ai, 0 ≤ b ≤ Bi, 3;���;!=����AQD, P&)����0��B�>

@'"����� (Ai, 1 − δ1) ! (Bi, 1 − δ2) �KX'U. &)�����B�"E<:!�!�-12

���"E<:+, �4�+���6V,#*-S!�>@>=�!@R��.  !��!$!��

��B��"E<:,) (1) !) (2) 4U, #� !��"E<:9� n1 �C�, �$!��"E<:�

(nA, n1) �C�, P'", E1 (n1) ! E2 (nA, n1) MPTU.

E1 (n1) =
6∑

i=1

∑
d1∈φi

Ai∑
a=0

a · Ca
Ai

(1 − δ1)
aδ1

(Ai−a) · p1 (d1) = (1 − δ1) ·
{

n1∑
d1=0

d1p1 (d1) +
∞∑

d1=n1+1

n1p1 (d1)

}
(1)

E2 (nA, n1) =
6∑

i=1

∑
d1∈φi

∑
d2∈φi

Bi∑
b=0

b · Cb
Bi

(1 − δ2)
b
δ2

(Bi−b)·p (d1, d2)

= (1 − δ2) ·
{

n1∑
d1=0

N+nA−d1∑
d2=0

d2 · p (d1, d2) +
n1∑

d1=0

∞∑
d2=N+nA−d1+1

(N + nA − d1) · p (d1, d2)+

∞∑
d1=n1+1

N+nA−n1∑
d2=0

d2 · p (d1, d2) +
∞∑

d1=n1+1

∞∑
d2=N+nA−n1+1

(N + nA − n1) · p (d1, d2)

}
(2)

CD 1 E1 (n1) � n1 �J8�C�, ;��T��;N�.

CD 2 �P��� nA 6�, E2 (nA, n1) � n1 �J8NC�.

CD 3 �P��� n1 6�, E2 (nA, n1) � nA �J8�C�, ;��T��;N�.

3�+�/. 6A��+,WQ,J���&�>=.Y, ��T�R, =S/S�, �Z�TD�.�

%�0T+,������, 7#�N�35�>�., *7�����R, 3�0TS��%SU, 6�

�NDT�#,/��Æ�A�26�&+,.

�!�-12����&)����0��B�NY�!���%�B6, ,5�0��B�"(, W

Æ�!�-12���-� 0, P�!�-12���"E,) (3) @R. :�<7��;!=�.2�

=�8, �������B��=�, ��.�-12�������V��.

Ec = E [max (0, a + b − N)] (3)

 �6A'>, ���&��4F 1 !4F 4 �, ���4!�!�-12��. ��4F 2, 3, 5, 6

��6��!-12���+�8, 7D�!-12���"E<:�C��#�3/[�� a + b > N �

a ! b �I631, �[�#�+�/. �!-12<:�T� (nA, n1) �C�, P, Ec (nA, n1) TU.
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 �#�, �7�����B�<:, Ec (nA, n1) �'AC�:

#1. Ec (nA, n1) = 0, A nA = 0 �;

#2. ,) (8) 4U, A nA = 1 �;

#3. ,) (4) �) (7) 4U, A nA>1, n1 < nA − 1 �;

#4. ,) (4) �) (7) 4U, A nA>1, n1 ≥ nA − 1 �.

�,6TF, P&)���0���B�>@'"� Pδ1 [a, A] = Ca
A(1 − δ1)

aδ1
(A−a)�Pδ2 [b, B] =

Cb
B(1 − δ2)

b
δ2

(B−b). P Eci �4F i ��-12���"E, WÆ� Ec (nA, n1) =
∑

i=2,3,5,6 Eci.

Ec2 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n1 < nA − 1,
n1∑

d1=0

d1∑
a=0

N+nA−d1∑
d2=N−a+1

d2∑
b=N−a+1

(a + b − N) · Pδ1 [a, d1] · Pδ2 [b, d2] · p (d1, d2)

n1 ≥ nA − 1,
nA−2∑
d1=0

d1∑
a=0

N+nA−d1∑
d2=N−a+1

d2∑
b=N−a+1

(a + b − N) · Pδ1 [a, d1] · Pδ2 [b, d2] · p (d1, d2)+

n1∑
d1=nA−1

d1∑
a=d1−nA+1

N+nA−d1∑
d2=N−a+1

d2∑
b=N−a+1

(a + b − N) · Pδ1 [a, d1] · Pδ2 [b, d2] · p (d1, d2)

(4)

Ec3 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n1 < nA − 1,
n1∑

d1=0

d1∑
a=0

∞∑
d2=N+nA−d1+1

N+nA−d1∑
b=N−a+1

(a + b − N) · Pδ1 [a, d1] · Pδ2 [b, N + nA − d1] · p (d1, d2)

n1 ≥ nA − 1,
nA−2∑
d1=0

d1∑
a=0

∞∑
d2=N+nA−d1+1

N+nA−d1∑
b=N−a+1

(a + b − N)

×Pδ1 [a, d1] · Pδ2 [b, N + nA − d1] · p (d1, d2)+
n1∑

d1=nA−1

d1∑
a=d1−nA+1

∞∑
d2=N+nA−d1+1

N+nA−d1∑
b=N−a+1

(a + b − N)

×Pδ1 [a, d1] · Pδ2 [b, N + nA − d1] · p (d1, d2)

(5)

Ec5 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n1 < nA − 1,
∞∑

d1=n1+1

n1∑
a=0

N+nA−n1∑
d2=N−a+1

d2∑
b=N−a+1

(a + b − N) · Pδ1 [a, n1] · Pδ2 [b, d2] · p (d1, d2)

n1 ≥ nA − 1,
∞∑

d1=n1+1

n1∑
a=n1−nA+1

N+nA−n1∑
d2=N−a+1

d2∑
b=N−a+1

(a + b − N) · Pδ1 [a, n1] · Pδ2 [b, d2] · p (d1, d2)

(6)

Ec6 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n1 < nA − 1,
∞∑

d1=n1+1

n1∑
a=0

∞∑
d2=N+nA−n1+1

N+nA−n1∑
b=N−a+1

(a + b − N) · Pδ1 [a, n1] · Pδ2 [b, N + nA − n1] · p (d1, d2)

n1 ≥ nA − 1,
∞∑

d1=n1+1

n1∑
a=n1−nA+1

∞∑
d2=N+nA−n1+1

N+nA−n1∑
b=N−a+1

(a + b − N)

×Pδ1 [a, n1] · Pδ2 [b, N + nA − n1] · p (d1, d2)

(7)

�) (4) �) (7) +,W+, &)���>-�)��@'������%, ����?)����0

�FB�-+P��6�, I�4!�!�-12���, � nA − 1 -6A7��L�6, LI���'

�����%. !��W�$!��. n1 < nA − 1 TU !��@'���%�7"(, +/���

 !���>��6�4F�, �!�+�4!-12���. n1 ≥ nA − 1 TU !��@'���%�

7��, WÆW��\ !��������'&)>4F: ,5 !������"� (d1 ≥ nA − 1),
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WÆ !���)�������O6-"�,��4F�9�A�0��� !���7-+�����
(a > d1 − nA �4F 2, 3 �, a > n1 − nA �4F 5, 6 �), �!I�+�-12��; ,5 !�����

�"( (d1 < nA − 1), O�'�. !����%�)G�@UC, ����� !���7�T"(, W

Æ�0��� !��B��T+,>�I6, �!�+�4!-12��.

Ec (1, n1) =
n1∑

d1=0

∞∑
d2=N−d1+1

Pδ1 [d1, d1] · Pδ2 [N + 1 − d1, N + 1 − d1] · p (d1, d2)+

∞∑
d1=n1+1

∞∑
d2=N−n1+1

Pδ1 [n1, n1] · Pδ2 [N + 1 − n1, N + 1 − n1] · p (d1, d2)

(8)

) (8) TU,59&" 1 ��H�%, WÆ:U��J�����, ;4���������+/��

�4F�, �!I�4!-12��.

���JDF��!��4�+/�����DT, NY�!-12��4,/��Z�Æ. M16�
�DT� 1, WÆ���JDF"E,) (9) 4U.

R (nA, n1) = E1 (n1)+E2 (nA, n1) − β · Ec (nA, n1) (9)

JDF"E�T�B7�&�=�C�, , R (nA, n1) TU. ���267M���6JDF"E, O

JDF"E<:,) (10).

max R (nA, n1)
s.t. nA ≥ 0

0 ≤ n1 ≤ N

nA, n1 ∈ Z

(10)

Æ.���&'+'�. !�����)���, !�H)���. *7 n1 �R, �Q� N + 1 �
�5�+=.; �*7 nA �R, >�X1;���+=., .MA�5.

3 E?@F-ABGHCIDJKLE

3.1 =>?@A8B5FGCD
CD 4 �P=�6 n∗

1 �, A nA �6-+*6 ñA /, R (nA, n∗
1) � nA �JHC�. #�*6�

ñA = max

⎛
⎝n∗

1 + N · δ2

1 − δ2
+

√
(1 − δ2)

2 + 4 · N · δ2

2 · (1 − δ2)
− 3

2
, n∗

1 + 1

⎞
⎠ .

CD 5 �P n∗
1�nA > ñA �, JHC� R (nA, n∗

1) �H6� n̄A �.) (11) �D��� nA 6.

β ·
d1∑

a=0

N−a∑
b=0

(N − a − b) · Pδ1 [a, d1] · {Pδ2 [b, N + nA − d1] − Pδ2 [b, N + nA − d1 + 1]}

< (β − 1) · (1 − δ2) , d1 ∈ [0, n∗
1]

(11)

<8' 4, *7P=�� n∗
1 �, 7MC�:1JH8'�*6 ñA, 9����% N !$!���;!

>@ δ2 �&. 8' 4 ! 5 Z�, 1) *7$����&/�R, 3��H�%S�, ���JDFS�, *

7 ��'�. !�����)���, �*-6����H�%*6, A��-+?*6�, JDF"

EX$JH8', AJDF"E+$���, :T(83������H�%. 4,, ��&/����A
�;�&/, 3�%+&">����H�%/Y�JDF"E�'(��, �H�%6��2��"�
=. 2) *7<:�.�R, �('�H�%�+=.MA+,@[YZ. >-X1;����H�%�+=

., -#.MA�5, �*7?�&����.!NO,/�"��\C. G78' 5, �H�%NO�-+

#*6/, E�[.�) (11) �D��7-+, /(���.��.2JDF"E��, ���6��J
DF"E��2.. 8' 4 ! 5 $�]��.+�, �;=/��)�&.�0(.MA?��28.

3.2 MHNOPI-QRJK
 �8' 4\A�JH8'�8' 5 \A�H6�LIPL, Æ.&@�&*��&/��%�"+,

��KNORÆ. $����%�'��=9��5� N + 1�,P#+��5[NO�@�&; �T$,G
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7�� 4! 5,�=�����%'��=�,�2��H�%P+,@QN���5�.MA?�&,�H

�%�H6�-�*#NO�)V�.  �6A.MA���!8', ��KNORÆ�, HK�&'�.

 !������%, ?K�&&"��H�%. BC, �HK.�P=��6� n∗
1, � n∗

1 = 0 � n∗
1 = N

>= N + 1 [Z6; HK [Z6/>T?K, � nA = 0 �;NO�& nA = �ñA + 1� /B[��) (11)

��7. �T, �?K]"@�B7�&.�7MC�6, �)]+���JDF"E4*-��H�%, �
��? n∗

1 ��2� n∗n1
A .  [?K�&^^]+/, N�HK* n∗

1 �MZ6. �), �4� N + 1 [?K

]+^5�, ]"+�,/��JDF"E�B7�&.��<:��2B7�&�=. �[>(,�:

LS 1 :1�KNORÆ. Z6 n∗
1 = 0.

LS 2 @R?KNO)V� n̄A.  � n∗
1 @R6-�*6 ñA, LI nA = �ñA + 1� ��.�) (11)

�D, V��, O n̄A = �ñA + 1�; V��, O [� 1, ��_T) (11), ��.#�D�6��*7P=
� n∗

1 ��?KNO)V� n̄A.

LS 3 ?KNO. @R� nA = 0 � nA = n̄A *-JDF"E, 3>=]", ��#�.JDF"E�
�� nA 6�� n∗n1

A , ]+B7�&�= (n∗n1
A , n∗

1) !*-�JDF"E R (n∗n1
A , n∗

1).

LS 4 HK)VLI. LI��� n∗
1 = N , V�D, O�>( 5; V�D, O n∗

1 �� 1, MN>( 2.

LS 5 HKNO. ]" n∗
1 = 0 � n∗

1 = N � N + 1 �?K]+�^5, - R
(
n∗0

A , 0
)
� R

(
n∗N

A , N
)
,

#�.�JDF"E���B7., ���2�B7�&. (NA, N1) ]+.

4 FTUVMNOW

Æ.��W&@'�&��(', BC&@GÆ�W, %+�6^5XU�KNORÆ�NO+�, @

R�KNORÆ?K*6!)V�, 3'>���GÆ<G��2B7�&.; � , L`��8�NM�

�<G$!�����6\9, '><G$!*�KNORÆ?K*6�NO)V���2��!�H�
%�"�12, #�<G$!a_ !��!$!���;!>@����%�7!-12�Æ��. %+

'>,6�W�^�, Æ.[]P^�6^54\Y�?��6]^, ��0�����'���Zb![

&7\.

4.1 QRXY
%+�085�./�" [2,11,15], %=�R ����"?���!� N = 20; Æ.&*��$��

�����!H, I&)���P��� E [d1] + E [d2] = 1.5 × N , ��]V� 1 : 1,  !!$!����

�:6&, 6&��+,<SR��'>_7��, Æ.I ρ = 0.2, &)�����B7>@'U p (d1, d2)

,:6&K]c_'USA [14]; $!��;!>@ δ2 = 0.05� !��;!>@ δ1 = 0.2; I-12�Æ

�� β = 1.5, -�H��WZH4!�L�JUDF``. ,6��8��6�W���GÆ<G.

<8' 4 @R�H�%��*6 ñA, �GÆ�W��<G� N · δ2
1−δ2

+
√

(1−δ2)
2+4·N ·δ2

2·(1−δ2) − 3
2 = 0.718,

WÆ�P n∗
1 �, ñA = n∗

1 + 1, -& nA > n∗
1 + 1 /JDF"E� nA �JHC�. ^<8' 5 LINO

)V� n̄A, `@R, GÆ��!H� N + 1 [?KNO�NO)V�=� nA -+*6/�E���, -

n̄A = ñA + 1, E�[daR��) (11) 4U�H6�LIPL, �T/(� nA 6�G�:�^��da,

�Z��KNORÆ:��"��3@.

GÆ<G���, ����2�&.� NA = 4�N1 = 14, -���� 4 ���, ��'� 14 ���

�&*�#, !%V. !��. �T�B7&"�,  !��!$!�����B�"E� 10.3433 !

10.0593, &)����0��B�6:, Z�4�&��%&"�=�J/3^%8, �$�)���)

���P�)��Y����C_���; �!-12����"E� 0.9946, -�!9-12���
�����, �+��&/�, �!3G��Hef+����, ������������, P/3��!

7����8�, a_���������. ZH, Æ.W>=��T<G�����`=+��&/�

��6�W, �+��&/�, �2����%'��=�!$ 0N1 = 9 ���. !��. %+]"�

JS$, �+��&/�, ��+,'������ (N1 = 14 > 9 = 0N1) . !��, ��U7#( !�
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���, .������b- !�), ,F��bc!(g�#=�����0 !��.

4.2 SZ[\TUV7]C3^W5_`
Æ#�6�W�, da��<G$!*���12, '>8�NM��6\9. CCcX��Æ>=

�W, AP�X<G$!���6�, #d<G$!��&"/'�GÆ�W�6�.

4.2.1 ab20cbYd
./ [24] �h$��;!>@+� 11.6% �6� 33.67%, WÆ��W�I δ1 < 0.1  ` 0.05 �6�

0.3. <7*6 ñA 9� N ! δ2 �&, P δ1 ��6�.2 ñA ���, 5 Z���, ñA �GÆ�W�6�,

ñA = n∗
1 + 1; `8' 5 daLI,  Z!H�4�?KE<�NO)V� n̄A =� ñA /�B�;�6, -

n̄A = ñA + 1. �T$, � δ1 ��6��KNORÆA/'��38.

��&/��2B7�&.� δ1 ��6,@ 2 4U, #�,daMeafMP�H�%�aaMe�
fMP'�. !������%. da!aabW'"*-�[Æ\ida!biaa&�]M��, &

i[Æ]M�JU��6�, ;\i[]M� 0 Y��!bi]M� 20 Y����*c, -�H�%��
�+=.!'�. !�����%���+=.��; &�]M�QC��bÆ, b]MMP<G$!�
�. aa�e�fMP�TU�g�E��&/��&��2'�. !������%, *-biaa]
M�. #d�#A�*7�2B7�&.�MP!]M�c@�6A.Y6�, ^^A.

,@ 2 4U, dabW� δ1 ����J86J, -�  !��;!>@���, ��+,&"��
��H�%��� !, ��$���;!���0���B���, �!����P����, WÆ��

+,$e�&"����H�%, 2/3������������DTh'���GÆ %, 4Cfe

� ��0$�,/��!+����12. ZH��^5�aa�e�f]aaMe�fj1��, -6

]"7+��&/�, ���%�'��=�+��&/�F*;!>@��6���F�.

6A^�Z�,B7&"�&���H�%!���%'��=�+��&/�3�29��� !�
�&/, �F*����=�$! —— ��;!>@�6�, �&�E��%'��=��F�8, �

�� !��;!>@�, '�. !������%A��2., ��9��b�8;+���7�&"
-+, A;!>@���, ��-6-�'��H�%�&".

0.1 0.15 0.2 0.25 0.3
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N
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0
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N
1

9 2 ef_�gf`haibjckdlm

0 0.05 0.1 0.15

0

5

δ2

N
A

0

5

10

15

20

N
1

9 3 ne_�gf`haibjckdlm

4.2.2 of20cbYd
I δ2 < 0  ` 0.05 �6� 0.15, *6 ñA ���! δ2 ��6�&, �6��*6,T 1 4U. T 1 �

U, δ2 �6"�� (δ2 ≥ 0.1), ñA > n∗
1 + 1, ñA � δ2 ������. �Z�<7 δ2 ���, <:JH8

'�:1�S!��, nA ��������6/I��JH8. *7NO)V�, `da, 4 Z�����
n̄A = �ñA + 1�, -��*6���, AD� ñA /�E��;��-��) (11). �W^5T�, � δ2 �6

��KNORÆ���38, �+$JH8'/D-+$H6�, c?YY/(�.MA.
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g 1 δ2 hipqr ñA dsr
δ2 0 0.05 0.1 0.15

ñA n∗
1 + 1 n∗

1 + 1 n∗
1 + 2.3712 n∗

1 + 4.1276

@ 3 TU$!��;!>@*B7�&.�12bW. �@ 2 6�, � ;!>@���, �H�%

�;6J, -���T:fe0$��������!�-12��, ��;!ed�=@B�����.

ZH, �T$, Me�f!�e�f6]��%F, ^5Z��F*;!>@�6�, ��&/����%�

'��=��F�, 7#*]35,@ 2 ���.

#7 !!$!��;!>@�6�&��#��6�W�^5'>, #7.+*��;���7\:

A��F*>-�)��;!>@���, 1)�-?���H�%�&"; 2) N('�.?)������

%; 3) *7;!>@j1"����, ;���-?83�E+��&/, ,/3�&.�;!>@�6�

��28.

4.2.3 jk34tu
*7�:�������R, ���%����#����6, Æ.da N < 12  ` 4 ���

40. G78' 4, *6 ñA � N �&. N �6� ñA ��6,T 2 4U. A N "��, ñA �; � N �7

24 !d, 8' 4 4U�@R^5�7 1, ñA � N �����;��. WQ�KNORÆ��>( 2, �

�ñA + 1� !dLI?KNO)V�, 4,�T 2 �, 9� N = 40 ��� nA = n∗
1 + 3 !dLI, #L!H

=�� nA = n∗
1 +2 2d. �W�U, 8 Z!H�4�?KE<�NO)V���LI�2d�, -E�[L

I-��H6�LIPL, n̄A = �ñA + 1�. ^5�U, � N �6�, �KNORÆAD/3��.�3@.

g 2 N hipqr ñA dsr
N 12 16 20 24 28 32 36 40

ñA n∗
1 + 1 n∗

1 + 1 n∗
1 + 1 n∗

1 + 1.02 n∗
1 + 1.3158 n∗

1 + 1.6065 n∗
1 + 1.8929 n∗

1 + 2.1756

N �6�B7�&.��6\9<@ 4TU. �/3� N ��&��%&"!'����G1�>
=��@�]", @ 4 �X$ NA ! N1 Y, N �^5. �@ 4 +,S$MeafbW�6�, Z�JU

�H�%� N �6�12"�, ��^�Z���&/R7��:���4����E, A#L<G$!

6��, ;��+,�&�����26��, �������&"-�?26��V,������%
-+. Me�fbWG����6J��]^; ��e�fbWj1��. �Z��+��&/�, ���

N1/N �&"���['>, 7�g�E��&/�, N ����5X'�. !��)����$!��.

12 16 20 24 28 32 36 40
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9 4 78vws�aibjckdlm
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9 5 lmnopxsaibjckdlm
4.2.4 qrstR7t

��!*7�����-12���8��, ��.2� β ��6+�. I β < 1.1  ` 0.1 �6

� 1.9. *6 ñA � β �&, P ñA �GÆ�W�6�, ñA = n∗
1 + 1, � β �6���. *7?KNO
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)V��da, � β = 1.2 � β = 1.9 �!H�, �� n̄A = n∗
1 + 2; � β = 1.1 �� N + 1 [�?KNO

�, n∗
1 = 0 � n̄A = n∗

1 + 3, -*6/�E��;��G���NO)VPL, EK�;��I��) (11),

�Z�� β ! n∗
1 "��4F�, JH8'+$/G�D-+$*-�H6�, ���C�6+$�Od�

6J/u���; n∗
1 > 0 /A� n̄A = n∗

1 + 2. F* β �6��KNORÆ�TT$+fU�3@, $�

β = 1.1�n∗
1 = 0 ��EK[LIIF�H6��[ZL�+=KA, 7$� n∗

1 = 0, PAD�g���.M

A@YYZ.

@ 5 TU β �6�B7�&.��6\9. @��e�fWP�, $�����&/�, G�-12

�Æ, WÆ β +$�<:�, #����6����&. �+��&/�����, NA ! N1 =� β �

���;��, ��$��Æ����, 6A7���%��56, WÆee���-?���'�.;!
>@"��$!��, 4, N1 �;N(; �T��N( NA ,�.-12���, /'�Æ('+'�

�.

5 Myz

Æ.,�?�:�����54*K, 83�.����+,�.T�+��&/. 3���0��B

�<:��&���6�Vf8', ,�3�JDF"E<:��*6��H)����JHC�, #�*
6���)���!$!���;!>@�&. G7JH8', Æ..+�*7�H)���NO6K)V
��LIPL, 3&@��KNORÆ,�&*8��.<:. �6�W^5T��KNORÆ��"8�

�38, ?KNO�J�*6/c?�FH6�)V, �3$YY���+=.MA, 'J��.3@, 3;

A<G$!�6�, RÆA�/'"��3@, b-g���$�!H.

�W^5S$�H)����;!>@����-12�Æ���N����, ���)����12

�; '�. !�����)���� !��;!>@����$!��;!>@�N�����%�

�����Æ������N�. ��&/��"8�-C56: �J�3$'J0$. !���)��

�, .���b- !����, ,F���4g��0 !���7�; �J��$�8���%'��

=F*;!>@�6��F�8, ���;!>@�A�����2., �30.�=�8$!*��

�fe, f#���;!>@j1"�����-?CC��&/.

Æ.���&/���%�"'����K�!Zb, �����&;��.+�;�7\, *7��

�Ok�A;�����7\N��C.
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CD 4 �P=�6 n∗
1 �, A nA �6-+*6 ñA /, R (nA, n∗

1) � nA �JHC�. #�*6�

ñA = max

⎛
⎝n∗

1 + N · δ2

1 − δ2
+

√
(1 − δ2)

2 + 4 · N · δ2

2 · (1 − δ2)
− 3

2
, n∗

1 + 1

⎞
⎠ .

�/ � !��'�P�� n∗
1 �����, ,5�H�%&"��� 1 �, � nA ��� nA + 1, W

Æ,/�JDF"E�6�

R (nA + 1, n∗
1) − R (nA, n∗

1) = [E2 (nA + 1, n∗
1) − E2 (nA, n∗

1)] − β · [Ec (nA + 1, n∗
1) − Ec (nA, n∗

1)] (12)

$��� !��"E� nA �C�, 4, E1 (n∗
1) �$� nA ��6��6. 4�

E2 (nA + 1, n∗
1) − E2 (nA, n∗

1)

= (1 − δ2) ·
⎡
⎣ n∗

1∑
d1=0

∞∑
d2=N+nA−d1+1

p (d1, d2) +
∞∑

d1=n∗
1+1

∞∑
d2=N+nA−n∗

1+1

p (d1, d2)

⎤
⎦ (13)

) (13) TU9�A$!���������,UCW����&"��H�%, ����?�%��

�+Y��, ��I+����U$!��.

A nA > n∗
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∞∑
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∞∑
d1=n∗

1+1

∞∑
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1+1

n∗
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(a + b − N) · Pδ [a, n∗
1, b, N + nA + 1 − n∗
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∞∑
d1=n∗

1+1

∞∑
d2=N+nA−n∗
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N+nA−n∗
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b=N−a+1

(a + b − N) · Pδ [a, n∗
1, b, N + nA − n∗

1] · p (d1, d2)

= (1 − δ2) ·
⎡
⎣ n∗

1∑
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∞∑
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p (d1, d2) +
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⎤
⎦ +
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∞∑
d2=N+nA−d1+1

d1∑
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N−a∑
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∞∑
d1=n∗
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∞∑
d2=N+nA−n∗
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N−a∑
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1] · {Pδ2 [b, N + nA − n∗

1] − Pδ2 [b, N + nA − n∗
1 + 1]} · p (d1, d2)

(14)

6) (13) !) (14) _T) (12), �) (15).

R (nA + 1, n∗
1) − R (nA, n∗
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=
n∗

1∑
d1=0

∞∑
d2=N+nA−d1+1

p (d1, d2)×
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β ·
d1∑

a=0

N−a∑
b=0

(N−a−b) · Pδ1 [a, d1] · {Pδ2 [b, N +nA−d1]−Pδ2 [b, N +nA−d1+1]}−(β−1) · (1−δ2)

}
+
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∞∑
d1=n∗

1+1

∞∑
d2=N+nA−n∗

1+1

p (d1, d2)×
⎧⎨
⎩β ·

n∗
1∑

a=0

N−a∑
b=0

(N−a−b) · Pδ1 [a, n∗
1] · {Pδ2 [b, N +nA−n∗

1]−Pδ2 [b, N +nA−n∗
1+1]}−(β−1) · (1−δ2)

⎫⎬
⎭

(15)

) (15) @;��&X�!6��f), &X�!�?~=��_�ac�@R)V,&)�����

>@, �*7&X��_�?�@R), /�XO6A7�+�X� d1 = n∗
1 ��V. �_�?�@R)�

$� {Pδ2 [b, N + nA − d1] − Pδ2 [b, N + nA − d1 + 1]} � nA �C�, P#� f (nA), #d (β − 1) · (1 − δ2),

(N − a − b) ! Pδ1 [a, d1] =�� nA �&�;@R^5�79�@RX. & V = N + nA − d1 + 1, #�
0 ≤ d1 ≤ n∗

1, WÆ�

f (nA) = Pδ2 [b, V − 1] − Pδ2 [b, V ] (16)

$� Pδ2 [b, V ] = V !
b!(V −b)! · (1 − δ2)

b · δ2
(V −b), ; Pδ2 [b, V ] = V +1−b

(V +1)·δ2
× Pδ2 [b, V + 1], O�

f (nA)
f (nA + 1)

=
Pδ2 [b, V − 1] − Pδ2 [b, V ]
Pδ2 [b, V ] − Pδ2 [b, V + 1]

=
[(1 − δ2) · V − b] · (V + 1 − b)
δ2 · V · [(1 − δ2) · (V + 1) − b]

(17)

&C� g (V ) �6)�'>NY'�, -
g (V ) = [(1 − δ2) · V − b] · (V + 1 − b) − δ2 · V · [(1 − δ2) · (V + 1) − b]

= (1 − δ2)
2 · V 2 + (1 − δ2) · (1 − δ2 − 2 · b) · V + b · (b − 1)

(18)

$� (1 − δ2)
2 > 0, ; g (V ) �L") Δ > 0, -,) (19),

Δ = [(1 − δ2) · (1 − δ2 − 2 · b)]2 − 4 · (1 − δ2)
2 · b · (b − 1) = (1 − δ2)

2 ·
[
4 · δ2 · b + (1 − δ2)

2
]

> 0 (19)

4,, *7 g (V ), �7#"�� 
�

V , - V >
�

V 31?4*-�C�6��:�.

V >
�

V =
1

2 · (1 − δ2)
×

[
2 · b − (1 − δ2) +

√
4 · δ2 · b + (1 − δ2)

2

]
(20)

4,A�) (20) 4U&��, P� g (V ) > 0, -) (17) �'>^5�7'�, f (nA)/f (nA + 1) > 1

�D. 6�@� V = N + nA − d1 + 1 _T (20), WÆ*-� nA �31�

nA > d1 − N +
b

1 − δ2
+

√
4 · δ2 · b + (1 − δ2)

2

2 · (1 − δ2)
− 3

2
(21)

�.) (21) P��D, nA -���)bi+����6, $�bi@R)� d1 ! b J8��, ;

d1 ∈ [0, n∗
1]�b ∈ [0, N ], 4,. (21) �D��H�%�*6 ñ′
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ñ′
A = n∗

1 + N · δ2

1 − δ2
+

√
(1 − δ2)

2 + 4 · N · δ2

2 · (1 − δ2)
− 3

2
(22)

4$�6A#�=� nA > n∗
1 + 1 R&PL�>=, 4,*6�
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