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Abstract Matrix optimization problems (MOPs) have been recognized in recent
years to be a powerful tool to model many important applications arising from emerging
fields such as data science within and beyond the optimization community. Perturbation
analysis of optimization problems play a fundamental and crucial role in optimization,
which provided important theoretical foundation for algorithm designing and others.
Science MOPs are non-polyhedral, the corresponding analysis is totally different from
that of the classical polyhedral case (e.g., the nonlinear programming). Basing on results
obtained in [1,2], we summary the recent progress on perturbation analysis of MOPs.
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min
x∈X

f(x) + θ(q(x))

s.t. l(x) ∈ Q,
(0.1)
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Ù¥ X ´��k��î¼�m, f : X→ (−∞,+∞) ��½�1w¼ê(~X, data-fitting

�), 
 θ : V→ (−∞,+∞] �½Â3Ý
�m V ≡ Rn×m (n 6 m) ½öé¡Ý
�m Sn

þ����1wý (proper) 4à¼ê(~X, A½êâ8Ü��«¼ê!�«êâ�K�

�), q : X→ V Ú l : X→ Re ��½�ü�1w¼ê, Q ⊆ Re ´��½�àõ¡N8(~

X, {0} ⊆ Re!Re+!�þe.�Ýf�å).

Ý
`z (0.1) ������z�Ä�`zµe, �¹
Nõ­��.. �Ý
�m

V = Rn×m òz¤�þ�m Rn×1 �, �. (0.1) �¹
²;���55y¯K (NLP).

Ø
²;¯K, Ý
`z (0.1) �,��¹
Nõ#�A^. ~X, � V ≡ Sn, θ ≡ δSn
+

,

Ù¥ δSn
+
���½Ý
I Sn+ ��«¼ê, �. (0.1) Òz������5��½5y

(NLSDP). ?�Ú, � X ≡ Sn, q(x) ≡ x ¿� f � l ��5¼ê�, (0.1) Òz����

5��½5y (SDP) ¯K. ��5��½`z (NLSDP) Ú�5��½5y (SDP) 3Ã

X7Kó§!|ÜãØ!&Ò?n����+�kX2��A^, äN¢~ë� [3-5]. Ø


é¡Ý
��/, �. (0.1) ��¹
Nõ3ÃXÚO!êâ�÷!ÅìÆS!&EÆ

�+�­���é¡Ý
�'A^. ~X, � X = V ≡ Rm×n, q(x) ≡ x, 
¼ê θ �±

´Ý
�¤¯K[6-8]¥�Ø�ê ‖ · ‖∗(Ý
�ÛÉ��Ú); Ý
%C¯K[9-11]¥�Ì�ê

‖ · ‖2(Ý
���ÛÉ�);½ö´¯�·Üê¼ó¯K[12-13]¥� Ky Fan k-�ê ‖ · ‖(k)(Ý


��� k �ÛÉ��Ú). Äuù
­�A^, Ý
`z�. (0.1), Cc5É�2��

'5, 3nØ!�{�¢SA^�¡Ñ��
Nõ­�?Ð.

ùp, ·�ò�éÝ
`z¯K (0.1), (Ü�
�#¤J[1-2], {�0��e�'6

Ä5©Û�eZ?Ð.`z¯K�6Ä©ÛÒ´ïÄ)(�`)½ö­½:)�6ÄCþU

C�Cz5Æ,l
é`z¯K¦)�{�O3S�Ù¦��Jø­��nØ��. `z

¯K�6Ä©ÛïÄ��´`z¯KnØïÄ�Ø%,=ù´�éÙ¥�­��(J,�

��{ünãÑ����
�öUå��. Ïd, 'uù��¡, ïÆÖöë�±e²;

©z±9Ù¥J��ë�©z[14-20]. ùp,·��rN�´�`z¯K´õ¡N�,~X

�. (0.1) ¥��1w¼ê θ ´àõ¡N¼ê(Ùþã�àõ¡N), �A�6Ä5©ÛÏ

LL�n�c�ïÄ®²����
[20,23]. ,
, �X¢SA^�uÐ, AO´Cc5,

ÃXÚO`z3S��êâ�Æ�'A^�ØäZy, <�uy�¦)�`z¯K  

´�õ¡N�. �
�Ð�n)`z¯K�nØ��,�O¦)·Ü�êâ�'�`z¯

KA:�k���{, ïÄ�õ¡N�Ý
`z¯K (0.1) �6Ä©ÛÒw��©­�.

©z [1-2] ©OïÄ
Ý
`z¯K (0.1) )8�ü�ØÓ�6Ä©Û5�: °��

á²­5Ú²­5. - E Ú F �ü�k���m. b� Υ : E⇒ F ���½�8�N�,

¿� (p, q) ∈ gph Υ, = q ∈ Υ(p), @o�A�²­5Ú°��á²­5�½Â©OXe�

Ñ:

½Â 0.1(²­5) 8�N� Υ : E ⇒ F 3 p 'u q ∈ Υ(p) ´²­�, XJ�3~

ê κ > 0, p ��� U ±9 q ��� V ¦�

Υ(p) ∩ V ⊂ Υ(p) + κ‖p− p‖B, ∀ p ∈ U , (0.2)

Ù¥ B ⊆ F ��m F p�ü ¥.

½Â 0.2(°��á²­5) 8�N� Υ : E⇒ F 3 p 'u q ∈ Υ(p) ´�á²­�,

XJ�3~ê κ > 0, p ��� U ±9q ��� V ¦�

Υ(p) ∩ V ⊂ {q}+ κ‖p− p‖B, ∀ p ∈ U , (0.3)
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Ù¥ B ⊆ F ��m F p�ü ¥. �?�Ú, ·�` Υ 3 p 'u q ´°��á²­�,

XJ (0.3) ¤á¿�éu?�� p ∈ U , Υ(p) ∩ V 6= ∅.

éu��(�à)¹�õ¡N�åÝ
`z¯K,©z [1]�x
Ù KKTXÚ)N�3

�`)?�°��á²­5, y²
ù�5��du���`5^�Ú¤¢î� Robin-

son �å¬5Ó�¤á(��! 1 �½n 1.1). lþã½Â 0.2 Ú½Â 0.1 ØJwÑ, °�

�á²­5¿�X�6Ä¯K��`)3����S´���, ,
éu�
¢SA^

�`)  Ø��,=°��á²­5éu�
¢SA^�UØ¤á,ù�·�I�ïÄ

�A�²­5. �é��àÝ
`z¯K(¯K (0.1) �A~), ©z [2] �Ñ
6Ä¯K

��`)8ÜN�3,��`)?²­5¤á¿©5^�(��! 2 �½n 2.1). Xc¤

ã, 6Ä5©Û´`znØïÄ�Ø%, �ÃX�{�O�Jø­�nØ. ùp, ÏLé

àÝ
`z¯KO2.�KF{�Âñ5©Û, 5Ð«�A�6Ä©Û(JØ=äkg

�nØïÄd�,
�é)û¢S¯Kk�©­����¿Â,´�O¦)·A�êâ�

µ�¢SA^�¯��{�'�(��! 3).

±e´�
~^�Ä�½Â�ÎÒ:

(1) XJ Ω ⊆ E �k���5�m E ¥�f8, éu?�� w ∈ E, - dist(w,Ω) :=

inf{‖u− w‖ | u ∈ Ω}.
(2) XJ Ω ⊆ E �k���5�m E ¥�I, ·�^ Ω∗ L«�A�éóI, =

Ω∗ := {w ∈ E | 〈u,w〉 > 0, ∀u ∈ Ω}.

(3) XJ Ω ⊆ E �k���5�m E ¥�f8, ·�^ TΩ(u) L« Ω 3 u ∈ Ω ��

I[20], =

TΩ(u) := {d ∈ E | ∃uk → u, uk ∈ Ω ¿� tk ↓ 0 ¦� (uk − u)/tk → d}.

(4)XJ Ω ⊆ E�k���5�m E ¥�48,·�©O^ T i,2Ω (u, d)Ú T 2
Ω (u, d)L

«8Ü Ω 3 u ∈ Ω ?÷�� d ∈ E �S/	���8[15(3.49)Ú(3.50)], =

T i,2Ω (u, d) :=
{
w ∈ E | dist

(
u+ td+

1

2
t2w,Ω

)
= o(t2), t > 0

}
Ú

T 2
Ω (u, d) :=

{
w ∈ E | ∃ tk ↓ 0 ¦� dist

(
u+ tkd+

1

2
t2kw,Ω

)
= o(t2k)

}
.

(5) XJ Ω ⊆ E �k���5�m E ¥�f8, ·�^ σ(·,Ω) L« Ω �| ¼ê,

=

σ(w,Ω) := sup{〈u,w〉 | u ∈ Ω}, w ∈ E.

1 °��á²­5��x

�{üå�, ·�3�!b�Ý
`z�. (0.1) ¥��1w¼ê θ ��m V ¥�

�½��4à8Ü Σ ��«¼ê δΣ. ·��±ò (0.1) L«�XeÄ�`z¯K,{
min f(x)

s.t. G(x) ∈ K,
(1.1)
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Ù¥ Y := V× Re, G(x) := (q(x), l(x)) : X→ Y ¿� K := Σ×Q ⊆ Y. éu¯K (1.1), �

Ä±e�56Ä¯K,

min f(x)− 〈a, x〉
s.t. G(x) + b ∈ K,

(1.2)

(a, b) ∈ X× Y �6Äëê. éu�½� (a, b) ∈ X× Y, ·�^ X(a, b) L«¯K (1.2) ¤

k�ÛÜ�`). XJ�3 x���m�� V ¦� X(a, b)∩V = {x},·�` x ∈ X(a, b)

´�á�. - Φ(a, b) �¯K (1.2) �¤k�1)�¤�8Ü, =

Φ(a, b) := {x ∈ X | G(x) + b ∈ K}, (a, b) ∈ X× Y. (1.3)

- L : X× Y→ R �¯K (1.2) 3 (a, b) = (0, 0) ��.�KF¼ê, =

L(x; y) := f(x) + 〈y,G(x)〉, (x, y) ∈ X× Y. (1.4)

éu�½� y ∈ Y, ·�^ L′x(x; y) 5L« L(·; y) 3 x ∈ X ��ê¿�^ ∇xL(x; y) L

« L′x(x; y) ����f. éu�½�6Äëê (a, b), ¯K (1.2) � Karush-Kuhn-Tucker

(KKT) �`5^��±L«�{
a = ∇xL(x; y),

b ∈ −G(x) + ∂σ(y,K)
⇐⇒

{
a = ∇xL(x; y),

y ∈ NK(G(x) + b),
(1.5)

Ù¥ ∂σ(y,K) ´ K �| ¼ê σ(·,K) 3 y :?�g�©, NK(z) � K 3 z ∈ K ?�
{I(3à©Û�¿Âe�©[21]). éu�½� (a, b), ·�^ SKKT(a, b) L« KKT XÚ

(1.5) �)8Ü, ^ XKKT(a, b) L«¯K (1.2) �­½:8Ü, = XKKT(a, b) := {x ∈ X |
�3 y ∈ Y¦� (1.5)3 (x, y)¤á}. ½Â�A�.�KF¦f8Ü�M(x, a, b) := {y ∈
Y | (x, y) ∈ SKKT(a, b)}. éu (a, b) = (0, 0), ·�`¯K (1.2) éA� Robinson �å¬5

(RCQ) 3�1: x ∈ Φ(0, 0) ¤á, XJ±e^�¤á

G′(x)X + TK(G(x)) = Y. (1.6)

AO/, RCQ 3��ÛÜ4�: x ∈ X(0, 0) ¤á��=� M(x, 0, 0) ´ Y ¥����
�à�;f8[22].

w,, XJ SKKT 3":'u β = (x, y) ∈ SKKT(0, 0) ´�á²­�, @o·���

SKKT(0, 0) ´ü:8, = SKKT(0, 0) = {(x, y)}. �á²­5´��­��6Ä©Û5�,

3ØÓ�²;©z¥(~X, © [16,23,24]) ��¡�ÛÜþ Lipschitz ëY5¿2�ïÄ.

��
ó, �á²­5¿Ø¿�X°��á²­5(��© [25, Example 6.4]).

3?�Ú0�¯K (1.2) �(°�)�á²­5����x�c, ·�Äk{�£�

�e�'ïÄ?Ð. yk�ïÄÌ�8¥3�8Ü K �õ¡Nù�AÏ�/e(=¯K

(1.1) ¥���4à8 C ���½�õ¡N). �ó�, yk©zÌ�ïÄ��55y­½

:N��(°�)�á²­5��x. äN
ó, �¯K (1.2) ¥�8Ü K �õ¡N��
ÿ, �A�(°�)�á²­5�ïÄ´�����. $�3����6Äµee, =¯K

(1.2) ¥�¼ê f Ú G ÷v±e�ëêz/ª: f(x, c) Ú G(x, c), c ∈ E Ù¥ E ��

�½k���5�m, <���
�'5����êÆ�x[23,26,27]. ~X, Dontchev Ú
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Rockafellar[23]y²
éuëêz�6Ä��55y¯K�ÛÜ�`:,­½:N� SKKT

´°��á²­���=�î� Mangasarian-Fromovitz�å¬5 (strict MFCQ)Ú��

�`5^� (SOSC) Ó�¤á. @o±þ'uõ¡N�(JUØUí2��õ¡N��

/? ~X·��Ý
`z�. (0.1), AO´��½5y (SDP) ��¹. 3£�ù�¯K

�c, 4·�Äk5w±e�g��½à`z~f

~ 1.1 Bonnans Ú Shapiro[15,Example 4.54]:

min x1 + x2
1 + x2

2

s.t. Diag(x) + εA ∈ S2
+,

(1.7)

Ù¥ x = (x1, x2) ∈ R2, Diag(x)´�� 2×2é�Ý
,Ù1 i�é���� xi, i = 1, 2, A

´ S2 ¥����é�Ý
, ¿� ε �ëê. w,, (1.7) � Slater ^�¤á. � ε = 0 �,

`z¯K (1.7) k��) x = (0, 0) ±9��éA����.�KF¦f Y =

[
−1 0

0 0

]
.

w,, éu?��ëê ε > 0, ¯K (1.7) k��) X(ε) = (x1(ε), x2(ε)) Ù¥� ε→ 0 �,

x2(ε) � ε2/3 Ó�.

~ 1.1L²=¦3rà�g��½`z¯K� Slater^�¤á(?
 MFCQ¤á)�

cJe, �A� KKT )N� SKKT �²­5Ø¤á, ?
�á²­5�Ø¤á. ùL²

¹�õ¡N�`z¯K�õ¡N�/��ØÓ,Ï� Robinson[26]y²
éõ¡N�/(�

�55y)
ó, XJ¤¢ MFCQ Ú���`5^�¤á, K KKT )N� SKKT �²­

57,¤á. �dÓ�, ~ 1.1 �L²éu���õ¡N¯K, .�KF¦f��5��

��`5^�ØU�y KKT )N� SKKT ��á²­5. Ó�ù��õ¡N�/=�

�55y¯K��ØÓ, Ï�·����â©z [28, Proposition 1.1], éu��55y¯

Kî� Mangasarian-Fromovitz �å¬5 (MFCQ) �du.�KF¦f��5, ?
c

ã Dontchev Ú Rockafellar �'uõ¡N�/�²;(J���d�Lã� SKKT �°

��á²­5�du.�KF¦f��5Ú���`5^� (SOSC) Ó�¤á. ÏL~

1.1 ·��±w�, éu���õ¡N`z¯K (1.2) �A� KKT )N� SKKT �°�

�á²­5��x¿Ø´��55y¯K�'5��{üí2, Ù�õ¡N53�A©

Û¥å�
�'­���^.

e¡·�|^�'8ÜÝK�f�©5�ù�{ü�~f, 5äN`²�õ¡N8

Ü�õ¡N8Ü3�'©Û¥��É.ù
�É�¦Ý
`z�6Ä©Û�²;��55

y�6Ä©ÛØÓ.Äk,·�£�¤¢�.I�½Â.b� x´¯K (1.2)'u (a, b) =

(0, 0) ����1). ¯K (1.2) éu (a, b) = (0, 0) 3 x ��.I C(x) �±½Â�

C(x) := {d ∈ X | G′(x)d ∈ TK(G(x)), f ′(x)d 6 0}. (1.8)

AO/, XJ x ´¯K (1.2) éA (a, b) = (0, 0) 'u y ∈M(x, 0, 0) �­½:, K·�k

C(x) = {d ∈ X | G′(x)d ∈ TK(G(x)), f ′(x)d = 0}
= {d ∈ X | G′(x)d ∈ CK(G(x), y)},

Ù¥éu?�� A ∈ K, CK(A,B) ´8Ü K 3 A :'u B ∈ NK(A) ��.I, ½Â�

CK(A,B) := TK(A) ∩B⊥, (1.9)
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¿�éu?�� s ∈ Y, s⊥ := {z ∈ Y | 〈z, s〉 = 0}. Ï� K ´à8, ¤±éu?��

y ∈M(x, 0, 0),�.I CK(G(x), y)Ñ´��4àI.,��­�Vg´±e8Ü� C2-I

��5.

½Â 1.1[15,Definition 3.135] 4à8 K �¡�3 A ∈ K ? C2-I��, XJ�3 A �

��m�� W ⊂ Y , ��k���5�m E ¥�k�4àI ∆(��I�¡�´k��

�=�§��5z�m�":8 {0})Ú���gëY���N� Ξ : W → E ¦�: (i)

Ξ(A) = 0 ∈ E; (ii) �êN� Ξ′(A) : Y → E ´÷�; (iii) K ∩W = {A ∈ W | Ξ(A) ∈ ∆}.
XJ K 3?¿: A ∈ K Ñ´ C2-I���, K·�` K ´ C2-I���.

��
ó, =¦éu4à8Ü, �A�S/	���8�Ø�½Ø��[15,Section 3.3].

�´, �â© [15, Proposition 3.136], ·���XJ K ´ C2-I���4à8�, é?�

� A ∈ K Ú D ∈ Y, T i,2K (A,D) = T 2
K(A,D) ¤á. d�, ·�¡ T 2

K(A,D) � K 3 A ∈ K
?÷�� D ∈ Y ����8.

e¡,·��±Ú?'u��4à8 KÝK�f���ê�(J.·�^ ΠK : Y→ Y
L« K ÝK�f, =éu?�� C ∈ Y,

ΠK(C) := argmin
{1

2
‖Y − C‖2 | Y ∈ K

}
.

b� B ∈ NK(A). - C := A + B. XJ K ´õ¡N8[17,Theorem 4.1.1]ÝK�f´���

��¿�Ù���ê Π′K(C; ·) kXe�x, =éu?���� H ∈ Y,

Π′K(C;H) = argmin{‖D −H‖2 | D ∈ CK(A,B)},

Ù¥ CK(A,B) �8Ü K 3 A ?'u B ��.I (1.9).

XJ8Ü K ´ C2-I��à8�,�â© [29, Theorem 7.2],·��� ΠK 3 C ?�

,´�����¿�Ù���ê Π′K(C;H) 'u?��� H ∈ Y �±Xe�x

Π′K(C;H) = argmin{‖D −H‖2 − σ(B, T 2
K(A,D)) | D ∈ CK(A,B)}, (1.10)

Ù¥ σ(·, T 2
K(A,D)) ����8 T 2

K(A,D) �| ¼ê. T| ¼ê�¡��õ¡N8Ü

K � σ-�. §�N
�õ¡N�­�AÛ5�, ¿3'u�õ¡N�`z¯K6Ä5©

Û¥å�
�'­���^[15].

éu3 (a, b) = (0, 0) ?¯K (1.2), b� x ���1). ·�`î� Robinson �å

¬53 x 'u y ∈M(x, 0, 0) 6= ∅ ¤á, XJ

G′(x)X + TK(G(x)) ∩ y⊥ = Y. (1.11)

�â© [15, Proposition 4.50], XJî� Robinson �å¬5¤á, K�A�.�KF¦f

8Ü M(x, 0, 0) Ò�ü:8.

�â�A���ê Π′K(C; ·)��x (1.10)9Ù¦C©©Û5�,·���
±e'u

­½:N� SKKT�°��á²­5����x[1]. d	,éu¯K (1.2)� (a, b) = (0, 0),

b��A� Robinson �å¬5 (1.6) 3 x ¤á, K·�`�A���¿©5�`^�

(SOSC) ¤á, XJ

sup
y∈M(x,0,0)

{〈d,∇2
xxL(x; y)d〉 − σ(y, T 2

K(G(x), G′(x)d))} > 0, ∀d ∈ C(x) \ {0}. (1.12)
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½n 1.1 - x �¯K (1.2) 'u (a, b) = (0, 0) ��1). b��A� Robinson �

å¬5 (1.6) ¤á. - y ∈M(x, 0, 0) 6= ∅. K±e(Ø�d:

(i)î� Robinson�å¬5 (1.11)3 x'u y ¤á¿�¯K (1.2)'u (a, b) = (0, 0)

���¿©5�`5^� (SOSC)(1.12) 3 x ?¤á;

(ii) x ´¯K (1.2) 'u (a, b) = (0, 0) ���ÛÜ�`)¿� SKKT 3": (a, b) =

(0, 0) 'u (x, y) ´°��á²­�;

(iii) x ´¯K (1.2) 'u (a, b) = (0, 0) ���ÛÜ�`)¿� SKKT 3": (a, b) =

(0, 0) 'u (x, y) ´�á²­�.

2 �`)8²­5��x

�
�Ð�?ØÝ
`z¯K (0.1),��­��6Ä5�——�`)8²­5, 3

�!·�Ì�'5±eÝ
`z¯K (0.1) �A~µ

min
X∈X

Φ(X) := h(FX) + 〈C,X〉+ θ(X)

s.t. AX ∈ p+Q,
(2.1)

Ù¥ X ≡ V � n ×m �Ý
�m Rn×m (n 6 m) ½öé¡Ý
�m Sn, 
 C ∈ X Ú
p ∈ Re ��½êâ, F : X→ Rd Ú A : X→ Re ��½�5N�, h : Rd → (−∞,+∞] 3

��mà�k�� domh þëY��¿� h 3 domh �?¿à;f8þ´rà�, ¼ê

θ : X→ (−∞,+∞] ��ý4¼ê, 
 Q ⊆ Re ���½àõ¡NI. ¯K (2.1) éA�é

ó¯K�±�d�L«�±e4�z/ª

min
(y,w,S)∈Re×Rd×X

Ψ(y, w, S) := δQ∗(y)− 〈p, y〉+ h∗(−w) + θ∗(−S)

s.t. A∗y + F∗w + S = C,
(2.2)

Ù¥ δQ∗ �éóI Q∗ ��«¼ê, A∗, F∗ � A, F �A����f, 
 h∗, θ∗ � h, θ

��Ý¼ê.

éu�¯K (2.1), ·��Ä±e/ª�6Ä¯K

min
X∈X

Φ(X)− 〈a,X〉

s.t. AX ∈ p+Q,
(2.3)

Ù¥a ∈ X �6Äëê. éu�½� a, ·�^ X(a) L«¯K (2.1) �`)8Ü. - X

��½¯K (2.1) ����`), = X ∈ X(a) Ù¥ a = 0. ±e·�Ì�?Ø8ÜN�

X : X ⇒ X 3 X ?'u6Äëê a = 0 �²­5. XÚó¥¤ã, 8�N�²­5fu

·�c�!?Ø�(°�)�á²­5, =XJ8�N�´(°�)�á²­�@o§�´²

­�.

�ÎÒ�{B,P Z := Re×Rd×X, ¿�éu?�� y ∈ Re, w ∈ Rd ±9 S ∈ X, -

Z := (y, w, S). éó¯K (2.2) éA� Lagrangian ¼ê L �±Xe�Ñ

L(Z;X) := Ψ(Z) + 〈X,A∗y + F∗w + S − C〉, (Z,X) ∈ Z× X.
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- φ : X→ (−∞,∞] ��¯K (2.1) ���8I¼ê, =

φ(X) := − inf
Z∈Z

L(Z;X) =

{
Φ(X), XJ AX ∈ p+Q,
+∞, ÄK,

∀ X ∈ X. (2.4)

|^��8I¼ê φ, ·��±ò�¯K (2.11) �±L«¤±eÃ�å¯K

min
X∈X

φ(X).

éu�¯K (2.1) ���8I¼ê φ, ·�½Â±e8�N� Tφ : X⇒ X

Tφ(X) := ∂φ(X), X ∈ X. (2.5)

w,, du¯K (2.1) ´à�, 8�N� Tφ ´4�üN�, ¿�XJ�¯K (2.1) �`)

8Ü X(0) ��, K

X(0) = {X ∈ X | 0 ∈ Tφ(X)}.

éu Tφ±9?�� v ∈ X,Ùã�Ú_N�©O¦^XePÒ gph Tφ := {(X, v) ∈ X×X |
v ∈ Tφ(X)} Ú T −1

φ (v) = {X ∈ X | v ∈ Tφ(X)}. w,, éu?��6Äëê a, ·�k

X(a) = T −1
φ (a). �â© [16, Theorem 3H.3],�`)8N� X �²­5�du±e Tφ �

Ýþg�K5[16,Section 3.8(3H)].

½Â 2.1 8�N� Tφ : X ⇒ X 3 X ∈ T −1
φ (0) 'u":´Ýþg�K�, XJ�

3~ê κ′ > 0, a = 0 ��� U , ±9 X ��� V, ¦�

dist(X, T −1
φ (0)) 6 κ′ dist(0, Tφ(X) ∩ U), ∀X ∈ V.

¯¤±�, XJ¼ê h 3 domh �?¿à;f8þ´rà�, K FX 3 X ∈ X(0) ´Ø

C�(ë�©z [30] ½ö [31]). Ï
, é?¿ X ∈ X(0) eãCþ´k½Â�:

ξ := FX, η := F∗∇h(FX) + C. (2.6)

·�½Â8Ü VP := {X ∈ X | FX = ξ} ±9ü�N� G1
P ,G2

P : Re → X

G1
P (y) := (∂θ)−1(A∗y − η),

G2
P (y) := {X ∈ X | 0 ∈ AX − p+NQ∗(y)},

y ∈ Re.

�â¯K (2.1) � KKT ^�, ·��� X ∈ X(0), K�3 Lagrangian ¦f y ∈ Re

¦� {
0 ∈ C −A∗y + F∗∇h(FX) + ∂θ(X),

0 ∈ AX − p+NQ∗(y).
(2.7)

·�^MP (X)5L« X ∈ X(0)¤éA�¤k Lagrangian¦f�¤�8Ü.w,,·�

k

X(0) = VP ∩ G1
P (y) ∩ G2

P (y), ∀ y ∈MP (X).
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�
ïÄ�`)8N� X �²­5, ·�£�8Ü�k.�5�K5[32].

½Â 2.2 - D1, D2, · · · , Ds ⊆ U � s ��
4à8. b� D := D1 ∩D2 ∩ · · · ∩Ds

��, K D1, D2, · · · , Ds �¡�k.�5�K�, XJéuz��k.8 B ⊆ U, �3~

ê κ > 0 ¦�

dist(x,D) 6 κmax{dist(x,D1),dist(x,D2), · · · ,dist(x,Ds)}, ∀x ∈ B.

±þù�wq��Ä��5�, Ù¢�±d�
~���å¬5�y. ~X·�k

±e(Ø[33,Corollary 3].

5� 2.1 - D1, D2, · · · , Ds ⊆ U � s �4à8. éu�½� s0 ∈ {0, 1, · · · , s}, b
� D1, D2, · · · , Ds0 � s0 �õ¡N8. @o, �y D1, D2, · · · , Ds k.�5�K5¤á�

¿©^�´ ⋂
i=1,2,··· ,s0

Di

⋂ ⋂
i=s0+1,··· ,s

ri (Di) 6= ∅.

y3, ·��±�Ñ'u�`)8N� X �²­5���¿©5^�.

½n 2.1 - X ��¯K (2.1)����`)¿�MP (X) 6= ∅. b�±en�^�

¤á

(a) ¼ê h 3?¿ domh �;f8þ´rà�;

(b) éu?�� v ∈ ∂θ(X), N� ∂θ 3 X 'u v ´Ýþg�K�;

(c) 8Ü VP ,G1
P (y),G2

P (y) 3,�� y ∈MP (X) ÷vk.�5�K5.

K�`)8N� X 3 X ∈ X(0) 'u a = 0 ´²­�.

3þã¿©^�¥, ^� (b) � (c) å��'­���^. g,<�¬¯þã^�Û

�¤á? AO´, �écã�­�Ý
`z¯K, ùü�^�UØU¤á?

Äk, ·��Ä½n 2.1 ¥�^� (b), = ∂θ �Ýþg�K5. éu�õêÝ
`z


ó(~X, ��½`z, Ý
�¤¯K�), ¯K (2.1) ¥� θ áu±eùaAÏ�¼ê,

=Ý
�Ì¼ê[34,35]. §��±�L��±eü«/ª��:

θ(X) = g(σ(X)), X ∈ X(Rn×m Ù¥ n 6 m ½ Sn), (2.8)

Ù¥ g : Rn → (−∞,+∞] �ý4à¼ê¿�´ýéé¡�, ½ö

θ(X) = g(λ(X)), X ∈ Sn, (2.9)

Ù¥ g : Rn → (−∞,+∞] �ý4à¼ê¿�´é¡�.

5� 2.2 - g : Rn → (−∞,+∞] �ý4à�ýéé¡¼ê. - θ : X → (−∞,+∞]

� g X (2.8) ¤½Â�Ì¼ê. �Ä?¿�½� (X,W ) ∈ gph ∂θ. b�g�©N� ∂g 3

σ(X) ?'u σ(W ) ´Ýþg�K�, K ∂θ 3 X ?'u W ´Ýþg�K�.

5 2.1 Äk·�£��e, XJ��8�N�´©¡õ¡N�, =§�ã�±L«

�k�õ�õ¡N8Ü�¿8. 3Æ¬Ø© [36] ¥, �$�\©Û
©¡�5-�g¼

ê¿y²
±eù�`{
q­��(J: ��ý4à¼ê p ´©¡�5-�g���

=� ∂p ´©¡õ¡N�, §��duÙ�Ý¼ê p∗ ´©¡�5-�g�(��ë� [20,

Theorem 11.14, Proposition 12.30]). ?�Ú, ÏL|^ Robinson �'uõ¡NN��Û

Üþ Lipschitz ëY5���²;(J[37], ·���éu?��à©¡�5-�g¼ê p
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Ú?¿: (x,w) ∈ gph ∂p, (∂p)−1 = ∂p∗ 3 x 'u w ´Ýþg�K�. Ï
, ·���X

J¼ê g ´à©¡�5-�g�, @o (2.8) ¤½Â�Ì¼ê θ 3?�: X ∈ dom θ ´Ý

þg�K�, Ï
½n 2.1 ¥�^� (b) ´¤á�. da¼ê g �~f�¹: àõ¡N�

�«¼ê, �½�þ�c k ���(ýé)��Ú�. dd, 5� 2.2 �¹
Nõ'uØ�

êg�©±9��½Ý
I{I�Ýþg�K5�²;(Ø, X©[31, Proposition 11] Ú

[38, Theorem 2.4](�ë� [39, Proposition 3.3]).

'u½n 2.1 ¥�^� (c), |^5� 2.1, ·���±e(J�yÙ¿©5.

5� 2.3 XJ±e?�^�÷v,@o8Ü VP ,G1
P (y),G2

P (y)3,�� y ∈MP (X)

÷vk.�5�K5:

(a) G1
P (y) ´õ¡N8Ü;

(b) �3 X̂ ∈ X(0) ¦� X̂ ∈ ri (G1
P (y)).

3(å�!c, ·��é5� 2.3 ¥�^�, �ÑA�5º. Äk, ÏL�ÑA�~

f5`²^� (a) 3¢SA^¥´�U¤á�.

~ 2.1 ?�� X ∈ Rn, θ(X) = ‖X‖2(=�þ� l2-�ê). @o, (∂θ)−1(X) éu?

�� X ∈ Rm Ñ´��õ¡N8Ü[31,40], l
^� (a) g,¤á.

~ 2.2 ?�� X ∈ Sn, θ(X) = δSn
+

(X). @o^� (a) �du rank(A∗y − η) >

n− 1[39,Proposition 3.2].

~ 2.3 ?�� X ∈ X, θ(X) = ‖X‖(k). @oXJ±eü�^�¥�?��¤á:

(i) ‖A∗y − η‖∗ < k � σ2(A∗y − η) < 1; (ii) ‖A∗y − η‖∗ = k, σ2(A∗y − η) < 1 ¿�

σn(A∗y − η) > 0, K8Ü G1
P (y) Ò´��õ¡N8Ü. ù�(J�±d ∂‖ · ‖(k) ��

x[9,41]¥��.

Ùg, 5� 2.3 ¥�^� (b) �±�w¤2Â�§ 0 ∈ −X + ∂θ(A∗y − η) 3 (X, y)

?�î�pÖ^�.AO�,'u θ = δSn
+
�î�pÖ^���x,�±3© [15, Example

4.79] ¥é�; 'u θ = ‖ · ‖(k) �î�pÖ^���x3© [42] ¥é�. ��, ���Ñ

�´�
�y½n 2.1 ¥^� (c) ¤á, �I�3¯K (2.1) ��� KKT : (X̂, y) ÷v

Ì¼ê θ �î�pÖ^�.ùp� X̂ �±��c�Ä��`) X ØÓ,=·�¿Ø�¦

î�pÖ^�3�`) X ?¤á.

3 O2.�KF{�¯�ÂñÇ—6Ä©Û5����A^

e¡·�±O2.�KF{�¯��5ÂñÇ�~f, 5`²c¡?Ø�6Ä©Û

5�, 3¢SA^AO´`z�{Âñ5©Û¥�­��^. ±e·�ò8¥?ØàÝ


`z�. (2.1) 9Ùéó¯K (2.2).

£�Xc, ·�½ÂCþ Z = (y, w, S) éu?�� y ∈ Re, w ∈ Rd Ú S ∈ X, �m

Z = Re ×Rd ×X. - c > 0 ´���ëCþ. éu?�� Z ∈ Z Ú X ∈ X, �ééó¯K

(2.2) �O2.�KF¼êXe�Ñ

Lc(Z;X) := L(Z,X) + (c/2)‖A∗y + F∗w + S − C‖2. (3.1)

�½�êþS� ck ↑ c∞ 6∞ ±9Ð©: X0 ∈ X, O2.�KF{ (ALM) �1 (k + 1)
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gS��±Xe�Ñ{
Zk+1 ≈ arg min

Z∈Z
{ζk(Z) := Lck(Z;Xk)},

Xk+1 = Xk + ck(A∗yk+1 + F∗wk+1 + Sk+1 − C),
k > 0. (3.2)

éuà`z¯K, O2.�KF{´�°(�éó�C:�{���AÏA^[43]. AO

�, - Pk := (I + ckTφ)−1, Ù¥ I ´ X þ�ü N�, 
 Tφ � (2.5) ½Â�4�üN�

8�N�. ¦)`z¯K (2.1) ��C:�{ (PPA) �±{ü�L«�XeS��ª

Xk+1 ≈ Pk(Xk). (3.3)

�A�ª�OK�

(A) ‖Xk+1 − Pk(Xk)‖ 6 εk, εk > 0,
∞∑
k=0

εk <∞,

(B) ‖Xk+1 − Pk(Xk)‖ 6 ηk‖Xk+1 −Xk‖, ηk > 0,
∞∑
k=0

ηk <∞.

±e(J�«
d ALM(3.2) )¤�¦)éó¯K (2.2) �S�S�Ú PPA(3.3) )

¤�¦)�¯K (2.1) �S�S��m�'X. §�y²�±l© [42, Proposition 6] ·

�U��5.

5� 3.1 �½ Xk ∈ X, Zk+1 = (yk+1, wk+1, Sk+1) ∈ ZÚ�ëê ck éu,� k > 0.

- ζkÚ Pk©OX (3.2)Ú (3.3)�Ñ.½Â Xk+1 = Xk+ck(A∗yk+1+F∗wk+1+Sk+1−C).

@o

‖Xk+1 − Pk(Xk)‖2/(2ck) 6 ζk(Zk+1)− inf ζk. (3.4)

lþã(J, ·���XJ3¦)éó¯K (2.2) � ALM �¦fS� {Xk} ¦^±
eü�ª�OK (A′) Ú (B′)

(A′) ζk(Zk+1)− inf ζk 6 ε2
k/2ck, εk > 0,

∞∑
k=0

εk <∞,

(B′) ζk(Zk+1)− inf ζk 6 (η2
k/2ck)‖Xk+1 −Xk‖2, ηk > 0,

∞∑
k=0

ηk <∞,

@o§�±�À�´¦^�°( PPA ¦)�¯K (2.1), ©O¦^ª�OK (A′) Ú (B′)

)¤�. Ïd,Äu±þ¯¢,·��±ÏLïÄ�°( PPA�ÂñÇ5ïÄ ALM�Â

ñÇ.

e¡·�{�£��e'u�°( PPA ÂñÇ�ïÄ. 3²;©z [44] ¥, Rock-

afellar3¤¢ T −1
φ 3":?� LipschitzëYb�e(=�`)8N� X : X⇒ X3":

?�(°�)�á²­5),��
�°( PPA�ÂñÇ(J.Xc¤ã,ù�b�g,�¦

�¯K��`)´���, ù��¦éu�
A^´kÛ�5�, Luque ò§tµ���

Ø�..�^�[45,(2.1)]. XJ Tφ ´õ¡NN�, Luque �^��y²´¤á�[37]. ,
,

� Tφ´�õ¡N�,�y Luque�^��U´(J�,AO´��`)8 X(0) = T −1
φ (0)

Ã.�. 3© [39] ¥, ù�^��?�Ú�t��`)8N� X : X ⇒ X 3,��`:
?'u":�²­5. ½ö8�N� Tφ 3�`:?'u":�Ýþg�K5. Äu5�

3.1Ú© [39, Theorem 4.1],·��±y²±eO2.�KF{¦)�¯K (2.1)��ÛÚ

ÛÜ(�)�5Âñ5.
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½n 3.1 b��¯K (2.1)��`)8X(0)´���. - Ψ∗�éó¯K (2.2)��

`�. {(Zk, Xk)}´ ALM(3.2)±ª�OK (A′))¤�Ã�S�, Ù¥ Zk = (yk, wk, Sk).

@o, ��S� {Xk} ´k.�¿�Âñ�,���`) X∞ ∈ X(0), ¿�S� {Zk}
÷vé¤k� k > 0,

‖A∗yk+1 + F∗wk+1 + Sk+1 − C‖ = c−1
k ‖X

k+1 −Xk‖ → 0, (3.5)

Ψ(Zk+1)−Ψ∗ 6 ζk(Zk+1)− inf ζk + (1/2ck)(‖Xk‖2 − ‖Xk+1‖2). (3.6)

?�Ú, XJéó¯K (2.2) k��k.)8, KS� {Zk} �´k.�, ¿�Ù?¿à:

Ñ´éó¯K (2.2) ��`).

XJ�¯K (2.1) ��`)8N� X : X ⇒ X 3 X∞ ?'u":´²­�(½Â),

@o�3~ê κp > 0(d¯K (2.1)û½��{Ã'),3ª�OK (B′)e�3 k > 0¦�

é¤k k > k,

dist (Xk+1, X(0)) 6 θk dist (Xk, X(0)), (3.7)

Ù¥

θk = (µk + 2ηk)(1− ηk)−1 � µk = 1/
√

1 + c2kκ
2
p,

θk → θ∞ = 1/
√

1 + c2∞κ
2
p (θ∞ = 0XJ c∞ =∞).

d	, ±eØ�ª�«
éó�15Úéó¼ê�� R-(�)�5ÂñÇ:

‖A∗yk+1 + F∗wk+1 + Sk+1 − C‖ 6 τ1
k dist(Xk, X(0)),

Ψ(Zk+1)−Ψ∗ 6 τ2
kdist(Xk, X(0)),

Ù¥

τ1
k := c−1

k (1− ηk)−1 → τ1
∞ = 1/c∞,

τ2
k := τ1

k (η2
k‖Xk+1 −Xk‖+ ‖Xk+1‖+ ‖Xk‖)/2→ τ2

∞ = ‖X∞‖/c∞,
(τ1
∞ = τ2

∞ = 0 XJ c∞ =∞).

½n 3.1 �«
3�¯K (2.1) ��`)8N� X : X ⇒ X 3,���`)?'u
":�²­5b�e, d ALM )¤��¯K)S�S� {Xk} ´ Q-(�)�5Âñ�, Ó

�éó�15Úéó¼ê�´�� R-(�)�5Âñ. �­��´,S� {Xk}� Q-(�)�

5Âñ~ê θk �±��u 1, =¤¢�¯��5ÂñÇ. ~X, XJëê ck �C 1/κp,

ÂñÇ θk �±�C
√

2/2. ù�­�A5¦�O2.�KF{¦)à`z¯K, AO´

�5�Ý
`z¯K�, C��©k�. du�Ì���, ·�Ø3dÛ� ALM �Âñ

Ç3¢SA^¥�ê��y, a,��Öö�±3Nõ�'©z¥é�, ~X: ¦)�½

5y¯K� SDPNL[45], SDPNL+[47];�g�½5y¯K� QSDPNL[48];Ý
Ø�ê4�

¯K[48]; Ý
%C¯K[50]; ¹ Ky Fan k-�ê�Ý
`z¯K[2]�. ��, ·��I��

Ñ�´�,½n 3.1 wq�?Ø
Äu�`)8N�²­5(=! 2 ?Ø�(J)�éó

ALM �¯�ÂñÇ, ,
aq�Äu KKT XÚ)N� SKKT �(°�)�á²­5�¤

¢�©éó PPA �¯�ÂñÇ�±Ón��, äN(Jë� Rockafellar �²;©z[43,

44].
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4 (Ø�?�ÚïÄ�g�

duCc5¢S¯KAO´�êâA^�uÐ, Ý
`z¯K�5���`zïÄ

ö, $�´Ù¦+��ïÄö�pÝ'5, ¤�9:¯K. `z¯K�6Ä5©Û´`z

nØïÄ�Ä:�Ø%, ��)�{�O3S�`zïÄJø­��nØÄ:. duÝ


`z¯K��õ¡N5, ¦��A6Ä©ÛnØ�ïÄ��þ�²;�õ¡N`z¯

K(��55y)ØÓ.�©(Ü©z [1, 2],{�0�
Ý
`z6Ä5©Û�¡���e

Z�#?Ð:��(�à)¹�õ¡N�åÝ
`z¯K� KKTXÚ)N�3�`)?�

°��á²­5��d�x±9��àÝ
`z¯K��`)8N��²­5�¿©5

^�. ��, ·�ÏLéO2.�KF{3¦)àÝ
`z¯K¯�ÂñÇ�©Û, Ð«


Ý
`z6Ä5©ÛnØé�{�O�¦)¢S¯K­�5.

ÏL�©�{�0�, ·�w�Ý
`z��'ïÄ�?uåÚ�ã, ÃØ´nØ!

�{�´¢SA^�¡�kNõ¯KvkéÐ�)û. =¦36Ä5©Û�¡,Ù¦�


a Lipschitz5�,X Aubin5�Ñ´�±?�ÚïÄ��K.3�{�Oþ,XÛ?�Ú

|^6Ä©Û(J5�O¯�¦)�êâ`z¯K�k��{��k]Ô5�¯K, X

Ûò6Ä5©ÛnØ�ÚO`z��'ÚOnØkÅ(Ü, ±)û�êâA^�nØ�

�{�­�¯K�òÅì¤�9:.

�� �öa�ü¶]¶"v<éJp�©��þÚ�Ö5JÑ�Nõ�Bï�5

¿�. ��, �ö��a��ënó�Æ���UÓÆc[�Ö
�©�Ðv, ¿é?U

vJÑ
Nõ�B¿�.
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