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obtain not only the upper bounds estimates but also the lower bounds estimates of
time decay for the solutions of these equations, moreover, the corresponding optimal
algebraic time decay rates are found.
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1 ab
����

 (MHD) �	�
Æ���������⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tu− Δu+ u · ∇u− b · ∇b+ ∇p = 0,

∂tb− Δb+ u · ∇b− b · ∇u = 0,

∇ · u = 0, ∇ · b = 0,

u(x, 0) = u0(x), b(x, 0) = b0(x),

(1.1)

� x ∈ Rd, d ≥ 2, �� t > 0, �

u = u(x, t), p = p(x, t), b = b(x, t)


�Æ�
���, ������.

��� b = 0 �, MHD ������
����� Navier–Stokes (NS) �	�. �� (1.1)

�����	����, �� MHD �	����! NS �	������ �. !�"#��

$��" NS �	��%�&#��. Leray $%��'& [3]  '��((�))" L2, NS

�	���*+
* . !�, ���+�",, +
* ���,-�-!�$��#./.

$' , 012 �.3$�./: “���$"4%�, NS �	��* $ L2  ��5&!
'?” ""6�)�7# , Kato [2] "$% �&./�,(�'. 8(, Schonbek [6, 7] )��

Fourier 
 *, +)/9,!�:+ NS �	��-�)* $ Lp ∩ L2 (1 ≤ p < 2)  *0�
��;+��:

‖u(t)‖2 ≤ C(t+ 1)−
3
4 ( 2

p−1).

��.�.�;+,!-�	�$1�, ����.2
//�. !��001(13,2, "

" NS �	, Schonbek $' [7, 8]  "$���.�./. $.<345(, =��*
6/"
MHD �	 [9], +,!� ����.

2$�(, 3"��45���>(, 
�$4?�

�	#@
����. 67A#"
5$' [1]  '��:+
�$ NS �	* �;+,! 6�-�	�$1�.

6'8�����:+�B�

 (GMHD) �	��7.9 (7.:�.) ���;+,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tu+ (−Δ)αu+ u · ∇u− b · ∇b+ ∇p = 0,

∂tb+ (−Δ)βb+ u · ∇b− b · ∇u = 0,

∇ · u = 0, ∇ · b = 0,

u(x, 0) = u0(x), b(x, 0) = b0(x),

(1.2)

� x ∈ R3 �,�� t > 0, u = u(x, t), p = p(x, t)# b = b(x, t)
�Æ�

��, ��#��.
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>A���HB ∇ · u = ∇ · b = 0, ,!��.9�?I:

E(u, b)(t) = E(u)(t) + E(b)(t)

� 1
2

∫
R3

|u(x, t)|2 dx+
∫ t

0

∫
R3

∣∣Λαu(x, τ)
∣∣2 dxdτ

+
1
2

∫
R3

|b(x, t)|2 dx+
∫ t

0

∫
R3

∣∣Λβb(x, τ)
∣∣2 dxdτ

≤ 1
2

∫
R3

|u0(x)|2 dx+
1
2

∫
R3

|b0(x)|2 dx.

C@����: � α ≥ 5
4 , β ≥ 5

4 �, GMHD �	� (1.2) �*J$�+
,- [12]. !�, �

α, β < 5
4 , GMHD �	��+
KAL-!�$��#./.

6'��� 3
4 ≤ α, β < 5

4 �, GMHD�	� (1.2) �DEM�. 3"' [9],8)/ Fourier


 *,! �Æ�001, B�F, GMHD �	� �<=;+,. �(CN>(A4.

?@ 1.1 O 3
4 ≤ α, β < 5

4 , (u, b) � GMHD �	� (1.2) �$�* , ��) (u0, b0) )

" (L2
σ(R3) ∩W2)2, .G W2 � {v :

∫
R3 |x| |v(x)|2dx < ∞}. % û0 $AD�* m $'D, b̂0 $

AD�* k $'D (HAB 2.1), -E$,F� C0 # C1, P,����GI:

(1) % m = 0 J k = 0, -
C0(t+ 1)−min { 3+2m

2α , 3+2k
2β } ≤ ‖u(t)‖2

2 + ‖b(t)‖2
2 ≤ C1(t+ 1)−min { 3+2m

2α , 3+2k
2β }.

(2) % mk 	= 0 �� (u, b) ∈ M c, -
C0(t+ 1)−

5
2 max{α,β} ≤ ‖u(t)‖2

2 + ‖b(t)‖2
2 ≤ C1(t+ 1)−

5
2 max{α,β} .

KH M �AB$I 4 L .

6'I 2 LMI
�$-�	 �;+��. I 3 L% � GMHD �	� �Æ001.

I 4 LQJ GMHD �	�!
�$-�	� K�	� Fourier 
R, F,� GMHD �	�
 ��001. <(, GMHD �	�* �E$L8$LN % '�.

�MS�T�, $6' O�+�N�:+. Hm Æ� m$ HilbertO�, Lp Æ� Lebesgue

O�, +OBPC�Q� ‖ · ‖p (1 ≤ p ≤ ∞). L2
σ Æ�KH {v ∈ C∞

0 : ∇ · v = 0} $ L2  �RS,

〈·, ·〉Æ�O�� L2PQ�� Λ2α = (−Δ)α�QJ FourierTURAB [10]: Λ̂2αv(ξ) = |ξ|2αv̂(ξ).

!�8/!���:SO�:

W1 �
{
v :

∫
R3

|x|2|v(x)|dx <∞
}
, W2 �

{
v :

∫
R3

|x||v(x)|2dx <∞
}
.

VU, C,Ci (i = 0, 1) Æ�4VW�,F�, 9���)$W$�?I �.X)XT�. A ≈ B

YZD C0B ≤ A ≤ C1B.

2 EFGHIJKLMNO
"#R��
�$-�	: {

vt + Λ2αv = 0,

v(x, 0) = u0(x).
(2.1)
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?c 2.1 O ψ ∈ L1
loc(R

3), m �MY+�, !�Z ψ $AD�* m $'D�P: $AD�
T�UQ V P, ��?IGI:

ψ(ξ) = μ(ξ) + h(ξ), ∀ ξ ∈ V.

.G μ �$�M'� m $V$[�, $ R3 \ {0} ÆW[, +XE$ ε > 0, � ξ → 0 �, *
h(ξ) = O(|ξ|m+ε). % ψ $AD�* 0 $'D, Y� ψ(0) 	= 0.

�	� (2.1)  �;+,�R��\4% .

d@ 2.2 O v = v(x, t) � (2.1) �"�) u0 ∈ L2(R3) � . O û0 $AD�* m ≥ 0 $

'D, -E$Z][" ‖u0‖2 �,F� C0, C1 > 0, P,""^Y�� t ≥ 0, ���?IGI:

C0(t+ 1)−
3+2m

2α ≤ ‖v(t)‖2
2 ≤ C1(t+ 1)−

3+2m
2α .

eS _T$� δ > 0, P,

û0(ξ) = μ(ξ) +O(|ξ|m+ε), ""^Y |ξ| ≤ δ, (2.2)

.G μ �$� m $V$[��� ε > 0. >A Plancherel A4, *
‖v(t)‖2

2 =
∫
|ξ|≥δ

|û0(ξ)|2e−2t|ξ|2α

dξ +
∫
|ξ|≤δ

|û0(ξ)|2e−2t|ξ|2α

dξ

� hδ(t) + lδ(t).

��

hδ(t) ≤ e−2tδ2α

∫
|ξ|≥δ

|û0(ξ)|2dξ ≤ e−2tδ2α‖u0‖2
2

\P��I;+!', !�(('� lδ(t) �\%A�.�;+,;+\�. )/ (2.2) ,!

lδ(t) =
∫
|ξ|≤δ

|û0(ξ)|2e−2t|ξ|2α

dξ ≈

∫
|ξ|≤δ

|μ(ξ)|2e−2t|ξ|2α

dξ

≈

∫
|ξ|≤δ

|ξ|2me−2t|ξ|2α

dξ ≈ t−
3+2m

2α .

�V, F,�001

lδ(t) ≥ C0t
− 3+2m

2α ≥ C0(t+ 1)−
3+2m

2α . (2.3)

""Æ001, "#*
lδ(t) ≤ C1t

− 3+2m
2α = C1(2t)−

3+2m
2α ≤ C1(t+ 1)−

3+2m
2α , t ≥ 1.

2$�(, QJ:]�?I, "" 0 ≤ t < 1,

lδ(t) ≤ ‖v(t)‖2
2 ≤ ‖u0‖2

2 ≤ C1

(
1

1 + t

) 3+2m
2α

.

��` 

lδ(t) ≤ C1(t+ 1)−
3+2m

2α , ∀ t ≥ 0. (2.4)

�H (2.3) # (2.4), aG�\4�'�.

���� GMHD�	� �;+,,>(,!���
�$]H-�� ���;+��:⎧⎪⎪⎨⎪⎪⎩
vt + Λ2αv = 0,

wt + Λ2βw = 0,

v(x, 0) = u0(x), w(x, 0) = b0(x).

(2.5)
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bcÆ, ���`5�\4 2.2 �U^`5.

VW 2.3 O (v,w) ��	� (2.5) � , ��) (u0, b0) )" L2(R3) × L2(R3). % û0 #

b̂0 $AD
��* m $ k̂ $'D, -E$Z][" ‖u0‖2 # ‖b0‖2 �,F� M0,M1, ""^
Y� t ≥ 0, N*

M0(t+ 1)−θ ≤ ‖v(t)‖2
2 + ‖w(t)‖2

2 ≤M1(t+ 1)−θ. (2.6)

.G
θ = min

{
3 + 2m

2α
,
3 + 2k

2β

}
.

3 Xf MHD IJgKLYZ[\
$6']�_
, (u, b) Æ� GMHD �	� (1.2) �$�* . \d7.9

E(t) = ‖u(t)‖2
2 + ‖b(t)‖2

2, (3.1)

8)/ Schonbek$' [5] )�� Fourier 
 *Re^�<=�;+,. !��'�$T_Y
BÆ�Mf`�, ��$'� , ""��*�a�[�P/�QF���a�. !�, �$LN
 MI�* �E$L(, ((""DE `/W3��*���ag!��'�. �V, * 

�;+,!DE �;+,�$1�.

Y

H = u · ∇u− b · ∇b+ ∇p,
K = u · ∇b− b · ∇u,

(3.2)

- GMHD �	��h�
∂tu+ Λ2αu+H = 0, ∂tb+ Λ2βb+K = 0.

>A Duhamel �I, ,!

û(ξ, t) = e−t|ξ|2α

û0(ξ) −
∫ t

0

e−(t−τ)|ξ|2α

Ĥ(ξ, τ)dτ,

b̂(ξ, t) = e−t|ξ|2β

b̂0(ξ) −
∫ t

0

e−(t−τ)|ξ|2β

K̂(ξ, τ)dτ.
(3.3)

i$% ��*/�\4.

d@ 3.1 O (u, b) � (1.2) �bc , E(t), H # K 
�R (3.1) ! (3.2) �AB, -E$
Z][" ‖u0‖2 ! ‖b0‖2 �,F� C, P,

|Ĥ(ξ, t)| ≤ C|ξ|E(t), |K̂(ξ, t)| ≤ C|ξ|E(t).

�X, ���?IGI:

|û(ξ, t)| ≤ C

(
|û0(ξ)| + 1

|ξ|2α−1

)
, |b̂(ξ, t)| ≤ C

(
|b̂0(ξ)| + 1

|ξ|2β−1

)
.

eS R" div u = div b = 0, "" (1.2) �I$��	4/jakb,!
p =

div div(u⊗ u− b⊗ b)
−Δ

,
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�V

p̂(ξ, t) = − 1
|ξ|2

∑
k,j

ξkξj(ûkuj − b̂kbj).

R Hausdorff–Young �?I, �,

|Ĥ(ξ, t)| ≤ |û · ∇u| + |b̂ · ∇b| + |∇̂p| ≤ C|ξ|
∑
k,j

(|ûkuj | + |b̂kbj |)

≤ C|ξ|
∑
k,j

(‖ukuj‖1 + ‖bkbj‖1) ≤ C|ξ|(‖u(t)‖2
2 + ‖b(t)‖2

2) = C|ξ|E(t)

!
|K̂(ξ, t)| ≤ |û · ∇b| + |b̂ · ∇u| ≤ C|ξ|

∑
k,j

(|ûkbj | + |b̂kuj |) ≤ C|ξ|E(t).

)/ � L2 *0L, ,!

|û(ξ, t)| ≤ |û0(ξ)| +
∫ t

0

e−(t−τ)|ξ|2α |Ĥ(ξ, τ)|dτ,

≤ |û0(ξ)| + C

|ξ|2α−1
E(0)(1 − e−|ξ|2αt)

≤ C

(
|û0(ξ)| + 1

|ξ|2α−1

)
!

|b̂(ξ, t)| ≤ |b̂0(ξ)| +
∫ t

0

e−(t−τ)|ξ|2α |K̂(ξ, τ)|dτ,

≤ |b̂0(ξ)| + C

|ξ|2β−1
E(0)(1 − e−|ξ|2βt)

≤ C

(
|b̂0(ξ)| + 1

|ξ|2β−1

)
,

.�aG�'�.

d@ 3.2 O v(x, t) �-�	 (2.1) �$� , ��) u0 )" Lp, -E$Z][" ‖u0‖p

�,F� C, P,

‖Ds
xv(x, t)‖q ≤ Ct−

s
2α− 3

2α ( 1
p− 1

q ), ∀ t > 0,

.G s = 0, 1, 1 ≤ p ≤ q ≤ ∞. d/$e, % p = 2 X û0 $AD�* m $'D, -*
‖∇v(x, t)‖∞ ≤ C(t+ 1)−

5
4α− θ

2 , ∀ t ≥ 1,

.G θ = 3+2m
2α .

eS Y Gα(x, t) �
�$-f, ��!�.8-�	� Æ��

v(x, t) = Gα(x, t) ∗ u0(x).

>A Young �?I!PC�-f01, *
‖Ds

xv(x, t)‖q ≤ C‖Ds
xGα(x, t)‖r‖u0‖p ≤ C‖u0‖pt

− s
2α ‖Gα(x, t)‖r ≤ C‖u0‖pt

− s
2α− 3

2α ( 1
p− 1

q ),

.G r *0��
1
p

+
1
r

= 1 +
1
q
.
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2$�(, v(x, t) 1.Æ��

∇v(x, t) = ∇Gα(x, t/2) ∗ v(x, t/2).
�V, QJ\4 2.2, ""^Y t ≥ 1, ,!

‖∇v(x, t)‖∞ ≤ C‖∇Gα(x, t/2)‖2‖v(x, t/2)‖2 ≤ Ct−
5
4α (t+ 1)−

3+2m
4α

≤ C(t+ 1)−
5
4α− θ

2 .

ÆI θ = 3+2m
2α . 'g.

$.$L�]�_
, / (v,w) RÆ���-��� :⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tv + (−Δ)αv = 0,

∂tw + (−Δ)βw = 0,

∇ · v = 0, ∇ · w = 0,

v(x, 0) = u0(x), w(x, 0) = b0(x).

(3.4)

_ D = (D1,D2) = (u− v, b− w), R Duhamel �I, .` 

D̂1(ξ, t) = −
∫ t

0

e−(t−τ)|ξ|2α

Ĥ(ξ, τ)dτ, D̂2(ξ, t) = −
∫ t

0

e−(t−τ)|ξ|2β

K̂(ξ, τ)dτ. (3.5)

i$, 8`/ Fourier 
 *R'� �Æ001. .��
h`� GMHD �	! 6�
-�	 �.9�* W�;+,�9�� K_
 D(t) �*da�;+.

?@ 3.3 O 0 < α, β < 5
4 . % (u, b) � GMHD �	� (1.2) �$� , ��) (u0, b0) )

" L2
σ(R3) × L2

σ(R3), (v,w) ��� (3.4)  W�)� , +Y D = (D1,D2) = (u− v, b− w) �

9��K. bO û0 $AD�* m $'D, b̂0 $AD�* k $'D, -E$Z]["�@7.9
E(0) �,F� C, I (2.6)  � M1 �� θ = min {3+2m

2α , 3+2k
2β }, P,���5GI:

(1) % m = 0 J k = 0, -""^Y t ≥ 0, GI

E(t) = ‖u(t)‖2
2 + ‖b(t)‖2

2 ≤ C(t+ 1)−min{θ, 5
2λ}, (3.6)

‖D(t)‖2
2 ≤ C(t+ 1)−min{θ+ε0, 5

2λ}, (3.7)

.G λ � max{α, β}, ε0 = 5
4λ − 1 + θ

2 > 0.

(2) % mk 	= 0, -""^Y t ≥ 0, GI

E(t) = ‖u(t)‖2
2 + ‖b(t)‖2

2 ≤ C(t+ 1)−
5
2λ , (3.8)

‖D(t)‖2
2 ≤ C(t+ 1)−

5
2λ . (3.9)

eS "#,  K_
 D = (D1,D2) *0����:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tD1 + (−Δ)αD1 +H = 0,

∂tD2 + (−Δ)βD2 +K = 0,

∇ ·D1 = 0, ∇ ·D2 = 0,

D1(0) = D2(0) = 0.

(3.10)

$����	��i
��" D1 ! D2 c L2 PQ, ,!
d

dt
‖D1(t)‖2

2 = −2‖ΛαD1(t)‖2
2 − 2〈D1,H〉,

d

dt
‖D2(t)‖2

2 = −2‖ΛβD2(t)‖2
2 − 2〈D2,K〉.
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jÆ(�?I :+c
_Q
, -*
d

dt
‖D(t)‖2

2 = −2‖ΛαD1(t)‖2
2 − 2‖ΛβD2(t)‖2

2 − 2〈D1, u · ∇v〉
+ 2〈D1, b · ∇w〉 − 2〈D2, u · ∇w〉 + 2〈D2, b · ∇v〉. (3.11)

)/ Hölder �?I, ` 
d

dt
‖D(t)‖2

2 ≤ −2‖ΛαD1(t)‖2
2 − 2‖ΛβD2(t)‖2

2 + 2‖D(t)‖2E(t)
1
2 (‖∇v‖∞ + ‖∇w‖∞).

_ g(t) ≥ 0 (kA) �� G(t) = e2
∫ t
0 g(s)ds, *

d

dt
(G(t)‖D(t)‖2

2) ≤ 2G(t)(g(t)‖D1(t)‖2
2 − ‖ΛαD1(t)‖2

2) + 2G(t)(g(t)‖D2(t)‖2
2 − ‖ΛβD2(t)‖2

2)

+ 2G(t)‖D(t)‖2E(t)
1
2 (‖∇v‖∞ + ‖∇w‖∞)

� I1 + I2 + I3. (3.12)

R Plancherel A4, ,!

I1 = 2G(t)
∫

R3
(g(t) − |ξ|2α)|D̂1(ξ, t)|2dξ

≤ 2G(t)
∫
|ξ|2α≤g(t)

(g(t) − |ξ|2α)|D̂1(ξ, t)|2dξ

≤ 2G(t)g(t)
∫
|ξ|2α≤g(t)

|D̂1(ξ, t)|2dξ.

8\4 3.1 6/" (3.5), ,!

I1 ≤ CG(t)g(t)1+
5
2α

( ∫ t

0

E(s)ds
)2

. (3.13)

W3l, 1.,!

I2 ≤ CG(t)g(t)1+
5
2β

( ∫ t

0

E(s)ds
)2

. (3.14)

2$�(, �� (3.11) ��dY! 〈v, b · ∇w〉 + 〈w, b · ∇v〉 = 0, !�.\���I01 I3:

I3 = G(t)(−2〈u, u · ∇v〉 + 2〈u, b · ∇w〉 − 2〈b, u · ∇w〉 + 2〈b, b · ∇v〉)
≤ CG(t)E(t)(‖∇v‖∞ + ‖∇w‖∞)

≤ CG(t)E(t)
(
(t+ 1)−

5
4α− θ

2 + (t+ 1)−
5
4β − θ

2
)
, (3.15)

� <($��?I�>A\4 3.2.

c g(t) = γ
2(t+1) , +8 (3.13), (3.15) .d (3.12), !�)i

d

dt
((1+ t)γ‖D(t)‖2

2) ≤ C

( ∫ t

0

E(s)ds
)2

(t+1)−
5
2λ−1+γ + CE(t)(t+1)−

5
4λ +γ− θ

2 , (3.16)

.G γ (c,m
-�n'<($��?I t + 1 �$�d�,�. 2B 1 ! t Q
 (3.16),

��
∫ t

0
E(s)ds �oe�, ,!

‖D(t)‖2
2 ≤ C

( ∫ t

0

E(s)ds
)2

(t+ 1)−
5
2λ + C

∫ t

0

E(s)ds(t+ 1)−
5
4λ− θ

2 (3.17)
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""^Y� t ≥ 1 GI. 2$�(, R.9�?I�, ‖D(t)‖2
2 �*0�, �V (3.17) ""^Y

� t ≥ 0 -GI, .G C = C(E(0),M1).

�� γ �m
-�, ` 

E(t) = ‖u(t)‖2
2 + ‖b(t)‖2

2

≤ 2‖v(t)‖2
2 + 2‖w(t)‖2

2 + 2‖D(t)‖2
2

≤ 2M1(t+ 1)−θ + C

( ∫ t

0

E(s)ds
)2

(t+ 1)−
5
2λ + C

∫ t

0

E(s)ds(t+ 1)−
5
4λ− θ

2 . (3.18)

i$, !�l� ∫ t

0

E(s)ds ≤ C. (3.19)

bcÆ, �� E(t) �*0�, -* | ∫ t

0
E(s)ds| ≤ Ct, ��R (3.18) �a 

E(t) ≤ 2M1(t+ 1)−θ + C

∫ t

0

E(s)ds
(
(t+ 1)−

5
2λ +1 + (t+ 1)−

5
4λ− θ

2
)
. (3.20)

Y

e(t) =
∫ t

0

E(s)ds, Q(t) = (t+ 1)−
5
2λ +1 + (t+ 1)−

5
4λ− θ

2 ,

- (3.20) �/h�
d

dt
e(t) ≤ 2M1(t+ 1)−θ + Ce(t)Q(t).

`/ Gronwall \4, ,!

e(t) ≤ 2M1

∫ t

0

(s+ 1)−θdseC
∫ t
0 Q(s)ds.

�� λ < 5
4 �� θ ≥ 3

2λ >
6
5 , mn,! η � min{ 5

2λ − 1, 5
4λ + θ

2} -" 1, ��∫ t

0

Q(s)ds ≤ C

∫ t

0

(s+ 1)−ηds ≤ C

η − 1
.

�V, F,� ∫ t

0

E(s)ds = e(t) ≤ C

∫ t

0

(s+ 1)−θds ≤ C.

8 (3.19) .d (3.18)  , ,!

E(t) ≤ C(M1, E(0), θ)
(
(t+ 1)−θ + (t+ 1)−

5
2λ + (t+ 1)−

5
4λ− θ

2
)

≤ C(M1, E(0), θ)(t+ 1)−min{θ, 5
2λ , 5

4λ + θ
2 }

= C(t+ 1)−min{θ, 5
2λ}, (3.21)

"� (3.6) f!GI. d/$el, % mk 	= 0, ��9��,+�, �� m,k ≥ 1. �V

θ = min
{

3 + 2m
2α

,
3 + 2k

2β

}
≥ 5

2λ
,

.�n'�I (3.8) GI. gV, aG� E(t) ;+,�'�.
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^�R, 8�! (3.12) ee^ I3 �dp�01Ro. (3.15). bcÆ, R�Æ E(t) �01,

I3 �
01�

I3 = 2G(t)‖D(t)‖2E(t)
1
2 (‖∇v‖∞ + ‖∇w‖∞)

≤ C(t+ 1)−
5
4λ− θ

2−min{θ, 5
2λ}+γ . (3.22)

8 (3.13), (3.14) # (3.22) .d (3.12), ,!

d

dt
((1 + t)γ‖D(t)‖2

2) ≤ C(t+ 1)−
5
2λ−1+γ + C(t+ 1)−

5
4λ− θ

2−min{θ, 5
2λ}+γ , (3.23)

.�hq�
‖D(t)‖2

2 ≤ C(t+ 1)−
5
2λ + C(t+ 1)−

5
4λ− θ

2−min{θ, 5
2λ}+1. (3.24)

�� (3.9) p!GI, �(8'� (3.7). .Z>fg θ < 5
2λ �",, R (3.24) ,

‖D(t)‖2
2 ≤ C(t+ 1)−

5
2λ + C(t+ 1)−

5
4λ− θ

2−θ+1

= C(t+ 1)−
5
2λ + C(t+ 1)−( 5

4λ−1+ θ
2 +θ), (3.25)

.G ε0 = 5
4λ − 1 + θ

2 > 0, .�'�� (3.7).

4 Fourier ijkhZ[\
.$L8,! GMHD �	� � L2 ;+��001, .3�aG�A4 1.1 �'�. ,

�A4�N, !���001�*��,I:

E(t) = ‖u(t)‖2
2 + ‖b(t)‖2

2 ≥ C(t+ 1)−Θ, t ≥ 0,

.G C > 0, Θ = θ = min {3+2m
2α , 3+2k

2β } J Θ = 5
2λ = min { 5

2α ,
5
2β }.

li 1 mk = 0 (\ û0(0) 	= 0 J b̂0(0) 	= 0) �mnr4�. >A`5 2.3, ,!

‖v(t)‖2
2 + ‖w(t)‖2

2 ≥ C0(t+ 1)−θ, t ≥ 0,

W�, $Æ$L '��
‖D(t)‖2

2 ≤ C(t+ 1)−min{θ+ε0, 5
2λ}, t ≥ 0. (4.1)

��.'� θ < 5
2λ , - (4.1) YZD D(t) �*da�;+. >A:]�?I, *
E(t) ≥ ‖v(t)‖2

2 + ‖w(t)‖2
2 − ‖D(t)‖2

2 ≥ C0(t+ 1)−θ, t ≥ 0,

.�aG�'�.

�V, (>'� θ < 5
2λ . bcÆ, dY! 3

4 ≤ α, β < 5
4 , -����GI:

3
5
<
β

α
<

5
3
. (4.2)

)/ (4.2) !�,!.$bc: � m = 0, - θ = min { 3
2α ,

3+2k
2β } < 5

2β , 2�Hhs�?I
min { 3

2α ,
3+2k
2β } < 5

2α , �.,! θ < 5
2λ ; � k = 0, - θ = min {3+2m

2α , 3
2β } < 5

2α 1.` θ < 5
2λ .

li 2 mk 	= 0 (\ û0(0) = b̂0(0) = 0). ._"ij�13, !�$6L�]�_
r4.

"#, 8)/�)� Fourier Æ�R��V$
�$-�	.



1� ;8<8: CD9E:=F;<9>=:;G?@ 11

d@ 4.1 O v = v(x, t) � (2.1) � , ��) u0 )" L2(R3). bOE$ δ > 0, P, û0

�*��Æ�I
û0(ξ) = Y (ξ)ξ + Z(ξ), ∀ |ξ| ≤ δ,

.G Y ! Z *0��HB:

• Y �$� 3 × 3 km)�'$V$[�, +XY ‖Y ‖ = sup|ξ|=1 |Y (ξ)| <∞.

• E$T� M ≥ 0, P, |Z(ξ)| ≤M |ξ|2 ""�*� |ξ| ≤ δ GI.

• σ �
∫

S2 |Y (ω)ω|2dω > 0,

-E$Z][" M , ‖u0‖2, ‖Y ‖, α # δ �,F� C, P,""^Y t ≥ 1, ���?IGI:

‖v(t)‖2
2 = Cσt−

5
2α +O(t−

3
α ). (4.3)

eS R��I∣∣∣∣‖v(t)‖2
2 −

∫
|ξ|≤δ

e−2t|ξ|2α |û0(ξ)|2dξ
∣∣∣∣ =

∫
|ξ|≥δ

e−2t|ξ|2α |û0(ξ)|2dξ ≤ e−2tδ2α‖u0‖2
2,

�, v(t) �tl_
\P�;+. �V, (>'� v(t) �ul_

∫
|ξ|≤δ

e−2t|ξ|2α |û0(ξ)|2dξ \
5
2α �.�;+,5&!'. R" |ξ| ≤ δ, >A Fourier Æ�I, ,!

|û0(ξ)|2 = |Y (ξ)ξ|2 + Υ(ξ), (4.4)

.G |Υ(ξ)| ≤ C|ξ|3 X C Z][" M # ‖Y ‖. mn,!∫
|ξ|≤δ

e−2t|ξ|2α |ξ|3dξ ≤
∫

R3
e−2t|ξ|2α |ξ|3dξ = Ct−

3
α

! ∫
|ξ|≤δ

e−2t|ξ|2α |Y (ξ)ξ|2dξ =
∫ δ

0

r4e−2tr2α

dr

∫
S2

|Y (ω)ω|2dω

=
σ

2α

∫ 2tδ2α

0

s
5−2α
2α e−sds(2t)−

5
2α . (4.5)

dY!, "" t ≥ 1, *
2α
5

2
5
2α δ5e−2δ2α ≤

∫ 2tδ2α

0

s
5−2α
2α e−sds ≤ Γ

(
5
2α

)
,

�V (4.3) � (4.5) �U^`5. .�aG�\4�'�.

VU, >A Duhamel �I, ,!

û(ξ, t) = e−t|ξ|2α

û0(ξ) −
∫ t

0

e−(t−τ)|ξ|2α

Ĥ(ξ, τ)dτ,

b̂(ξ, t) = e−t|ξ|2β

b̂0(ξ) −
∫ t

0

e−(t−τ)|ξ|2β

K̂(ξ, τ)dτ.
(4.6)

R���HB div u = div b = 0, �,

p̂(ξ, t) = − 1
|ξ|2

∑
k,j

ξkξj(ûkuj − b̂kbj),

.3�*
Ĥ(ξ, t) = i

∑
j

ξj(ûju− b̂jb) − i
1
|ξ|2

∑
k,j

ξkξj(ûkuj − b̂kbj)ξ,

K̂(ξ, t) = i
∑

j

ξj(ûjb− b̂ju).
(4.7)
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Y akj = ûkuj , bkj = b̂kbj , ckj = ûjbk, �,��\4, &\4�'��H' [9].

d@ 4.2 [9] O 2 ≤ n ≤ 4. (u, b) � GMHD �	� (1.2) �$�* , ��) (u0, b0) )

" (L2
σ(Rn) ∩W2)2, -""^Y� t ≥ 0, E$Z][" t, ‖u0‖2 # ‖b0‖2 �,F� C, P,

|∇ξaij(ξ, t)| ≤ C(t, ‖u0‖2, ‖b0‖2),

|∇ξbij(ξ, t)| ≤ C(t, ‖u0‖2, ‖b0‖2),

|∇ξcij(ξ, t)| ≤ C(t, ‖u0‖2, ‖b0‖2),

(4.8)

.G akj = ûkuj , bkj = b̂kbj , ckj = ûjbk.

Y 3 × 3 km A(ξ, t) = [akj − bkj ], C(ξ, t) = [ckj − cjk], P (ξ) = [ ξkξj

|ξ|2 ], -
Ĥ(ξ, t) = i

(
I − P (ξ)

)
A(ξ, t)ξ,

K̂(ξ, t) = iC(ξ, t)ξ.
(4.9)

/$el, "" t ≥ 0, AB A (t) = [Akj(t)] �
∫ t

0
A(0, s)ds, C (t) = [Ckj(t)] �

∫ t

0
C(0, s)ds,

κ1(t) � πn/2

n(n+ 2)Γ
(

n
2

)( ∑
k �=j

(Akk(t) − Ajj(t))2 + 2n
∑
k �=j

Akj(t)2
)
,

κ2(t) � − 2πn/2

nΓ
(

n
2

) ∑
k �=j

(
Dξ b̂0(0) − iCkj(t)

)2
.

!�\d κ1(t) ! κ2(t) �AB�R"��\4.

d@ 4.3 [9] O Θ(ξ) = I−P (ξ),� I � nmoqkm, P (ξ)R�ÆAB. bO S = [sjk]

�$�"Zkm, -""^Y� t ≥ 0, *
ρ1 =

∫
Sn−1

P (ω)Sω · Sω =
πn/2

n(n+ 2)Γ
(

n
2

)(∑
k �=j

(sjj − skk)2 + 2n
∑
k �=j

s2jk

)
. (4.10)

^�R8\dA4 1.1  �n(KH M .

?c 4.4 O (u, b)� GMHD�	� (1.2)�$�* ,��) (u0, b0))"O� (L2
σ(R3)∩

L1(R3))2. Z (u, b) ∈ M1 �XZ�

Dξû0(0) = 0 # lim
t→∞κ1(t) = 0.

(u, b) ∈ M2 �XZ�

Dξ b̂0(0) = 0 # lim
t→∞κ2(t) = 0.

d/$el, Y M � M1 ∩ M2.

$'�6L�>(���, >(��\4.

d@ 4.5 [9] O V �$� n× n 1km, B �$� n× n c"Zkm. ��""^Y�r
9 ω ∈ Sn−1, *

V ω − i(I − P (ω))Bω = 0,

- V = 0 +X B �$��9m.

^�R, 8'�.$L�>(A4.

?@ 4.6 O α, β > 0, (u, b) � GMHD �	� (1.2) �$�* , ��) (u0, b0) )"O�
(L2

σ(R3) ∩ L1(R3) ∩W1 ∩W2)2.
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(1) % (u0, b0) ∈ M c, -E$Z][" M , ‖u0‖2, ‖b0‖2, ‖Y ‖, α, β # δ �,F� C0, P,

‖u(t)‖2
2 + ‖b(t)‖2

2 ≥ C0(t+ 1)−
5

2 max{α,β} .

(2) % (u0, b0) ∈ M , -""^Y� ε > 0, E$�� Tε, P,

‖u(t)‖2
2 + ‖b(t)‖2

2 ≤ ε(t+ 1)−
5

2 max{α,β} , ∀ t ≥ Tε.

eS Y O(t, ξ) �][" ξ, t �$�*09, � ξ ∈ R3, t ≥ 0. "" (4.9) 6/\4 4.2,

�,

Ĥ(ξ, t) = i(I − P (ξ))A(0, t)ξ +O(t, ξ)|ξ|2,
K̂(ξ, t) = iC(0, t)ξ +O(t, ξ)|ξ|2.

(4.11)

�� (u0, b0) ∈ W1, ��9���$W[�s�+X�**t�na�, !�.j û0 # b̂0

o#G$AD��$ Taylor o�, dY! e−t|ξ|2α

= 1 + O(t, ξ)|ξ|2α, +6/\4 4.2, -�R
(4.6) ` 

û(ξ, t) = û0(0) +Dξû0(0)ξ − i(I − P (ξ))A (t)ξ +O(t, ξ)|ξ|2,
b̂(ξ, t) = b̂0(0) +Dξ b̂0(0)ξ − iC (t)ξ +O(t, ξ)|ξ|2.

(4.12)

p

Y1(ξ, t) = Dξû0(0) − i(I − P (ξ))A (t),

Y2(ξ, t) = Y2(t) = Dξ b̂0(0) − iC (t),

(4.12) �/h�

û(ξ, t) = Y1(ξ, t)ξ +O(t, ξ)|ξ|2,
b̂(ξ, t) = Y2(ξ, t)ξ +O(t, ξ)|ξ|2.

(4.13)

"#, Rfg", 1, RAB 4.4, (u0, b0) ∈ M c YZD���u�?Igv*$�GI:

Dξû0(0) = 0, lim
t→∞κ1(t) = 0, Dξ b̂0(0) = 0, lim

t→∞κ2(t) = 0.

bO Dξû0(0) 	= 0 Jp limt→∞ κ1(t) 	= 0. !�l�, $AE$ T0 > 0, σ0 > 0, ""^Y�
t ≥ T0, d* ∫

S2
|Y1(ω, t)ω|2dω ≥ σ0. (4.14)

�%�!, -*
lim inf
t→∞

∫
S2

|Y1(ω, t)ω|2dω = 0.

_ Ã =
∫ ∞
0
A(0, s)ds = limt→∞ A (t), �,∫

S2
|Ỹ1(ω)ω|2dω = 0,

� 
Ỹ1(ξ) = Dξû0(0) − i(I − P (ξ))Ã .

�V, ""^Y ξ ∈ R3\{0}, d* Ỹ1(ξ)ξ = 0. R\4 4.5 # Dξû0(0) = 0, +X Ã �$��9

m (\ limt→∞ κ1(t) = 0), .!!��bOqv.
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��l, bO Dξ b̂0(0) 	= 0 J limt→∞ κ2(t) 	= 0, !�.'�E$ T0 > 0, σ0 > 0, ""^Y
� t ≥ T0, d* ∫

S2
|Y2(t)ω|2dω ≥ σ0. (4.15)

�V (4.14) ! (4.15) gv*$�GI. p T ≥ T0 kA, O (v(t), w(t)) �-�	� (2.5) �"�
) (u0, b0) = (u(T ), b(T )) � . R\4 4.1 �,, E$Z][" M , ‖u0‖2, ‖Y ‖, σ # δ �,F
� C0, P,�IGI

‖v(t)‖2
2 + ‖w(t)‖2

2 ≥ C0t
− 5

2λ . (4.16)

Y D(t) = (D1(t),D2(t)) = (u(t+ T ), b(t+ T )) − (v(t), w(t)) +`/ Fourier 
 *. c

g(t) =
γ

2t
# G(t) = e2

∫ t
0 g(s)ds = tγ ,

.G t ≥ max{1, γ
2δα }, �V�?I (3.21) qT�

d

dt
(tγ‖D(t)‖2

2) ≤ 2tγ
(
γ

2
t−1‖D1(t)‖2

2 − ‖ΛαD1(t)‖2
2

)
+ 2tγ

(
γ

2
t−1‖D2(t)‖2

2 − ‖ΛβD2(t)‖2
2

)
+ 2tγ‖D(t)‖2E(t)

1
2 (‖∇v‖∞ + ‖∇w‖∞), (4.17)

�,

d

dt
(tγ‖D(t)‖2

2) ≤ 2tγ−1

∫
2t|ξ|2α≤γ

|D̂1(ξ, t)|2dξ

+ 2tγ−1

∫
2t|ξ|2β≤γ

|D̂2(ξ, t)|2dξ + CT t
γ− 5

λ , (4.18)

� CT �][" T �,F�.

2$�(, � t→ ∞ �, ‖u(t)‖2
2 ! ‖b(t)‖2

2 �* t−
5
2λ �;+, .,!

|D̂(ξ, t)| ≤ C|ξ|
∫ t

0

(‖u(s+ T )‖2
2 + ‖b(s+ T )‖2

2)ds

≤ C|ξ|
∫ ∞

T

(‖u(s)‖2
2 + ‖b(s)‖2

2)ds

≤ C|ξ|T− 5
2λ +1, (4.19)

�V ∫
2t|ξ|2α≤γ

|D̂1(ξ, t)|2dξ ≤ CT− 5
α +2t−

5
2α ,∫

2t|ξ|2β≤γ

|D̂2(ξ, t)|2dξ ≤ CT− 5
β +2t−

5
2β .

$ (4.18)  `/ÆI�,
d

dt
(tγ‖D(t)‖2

2) ≤ CT− 5
λ +2tγ−1− 5

2λ + CT t
γ− 5

λ . (4.20)

c γ > 5
λ , -ÆIriw t �r$d-"', "�, $ [1, t] Æ/M��Q
, �`,

‖D(t)‖2
2 ≤ CT− 5

λ +2t−
5
2λ + CT t

1− 5
λ . (4.21)
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^�R, c T m
-, P, CT− 5
λ +2 6" 1

4C0, .G C0 � (4.16)  �,F�. R:]�?I,

�,

‖u(t+ T )‖2
2 + ‖b(t+ T )‖2

2 ≥ (‖v(t)‖2 + ‖w(t)‖2 − ‖D(t)‖2

)2

≥ 1
2
(‖v(t)‖2

2 + ‖w(t)‖2
2

) − ‖D(t)‖2
2

≥ 1
4
C0t

− 5
2λ , (4.22)

.3, �$", 1 �'��A4.

<(fg", 2, 1�� (u0, b0) )" M , !�wx$A*
lim

t→∞

∫
S2

|Y1(ω, t)ω|2dω = lim
t→∞

∫
S2

|Y2(t)ω|2dω = 0. (4.23)

bcÆ, �� Y2(t) = Dξ b̂0(0) − iC (t) �� M �AB, �,

lim
t→∞

∫
S2

|Y2(t)ω|2dω = 0.

2$�(, (u0, b0) ∈ M YZD Dξû0(0) = 0, �V

lim
t→∞

∫
S2

|Y1(ω, t)ω|2dω = lim
t→∞κ1(t) = 0.

p σ1(t) =
∫

S2 |Y1(ω, t)ω|2dω +
∫

S2 |Y2(t)ω|2dω, R (4.23) #
lim

t→∞σ1(t) = 0.

��, !�.cm
-� T , P, Cσ1(T ) ≤ ε
4 . >A\4 4.1, ""^Y t > T , *

‖v(t)‖2
2 + ‖w(t)‖2

2 ≤ ε

4
t−

5
2α +O(t−

3
α ). (4.24)

VU, ��"", 1, mn01 D(t). c T m
-, �,

‖D(t)‖2
2 ≤ ε

4
t−

5
2α +O(t−

3
α ). (4.25)

sH (4.24) ! (4.25), �aG�'�.

j 4.7 !�$.Gsx$�$A4 4.6  �"�) (u0, b0) �bO�H4�. >A^�R

�\4 4.8, (u0, b0) ∈ (L2
σ(R3)∩L1(R3))2 n'� û0(0) = b̂0(0) = 0, +X (u0, b0) ∈ (W 2 ∩W 1)2

n'�A4 4.6 '�J	 t$�ÆyIN�uA�.

d@ 4.8 (Borchers) O u(x) ∈ [L1(Rd) ∩ L2
σ(Rd)]d, - ∫

Rd u(x) dx = 0.

eS _ ρ(x) �PC�vbkb, ρN (x) � Ndρ(Nx). Y uN = ρN ∗ u, -�,
uN ∈ C∞

0 , div uN = 0, uN
L1

−→ u � N → ∞.

�V, ""t$� i = 1, 2, . . . , d, d*∫
Rd

ui
N (x) dx =

∫
Rd

uN (x) · ∇xi dx = −
∫

Rd

xi div uN (x) dx = 0,

.�, �∫
Rd

u(x) dx ≤
∫

Rd

|uN (x) − u(x)| dx+
∫

Rd

uN (x) dx =
∫

Rd

|uN (x) − u(x)| dx,

p N → ∞, �aG�\4�'�.



16 � � � � ^ _ ` 61�

dY!$A4 4.6 �'�J	 , u # b �lq�$1�+Xa7zI, !�cwÆ�'�
���`5:

VW 4.9 O (u, b)� GMHD�	� (1.2)�$�* ,��) (u0, b0))"O� (L2
σ(R3)∩

L1(R3) ∩W1 ∩W2)2.

(1) % u0 ∈ M c
1 , -E$Z][" M , ‖u0‖2, ‖b0‖2, ‖Y ‖, α # δ �,F� C0, P,

‖u(t)‖2
2 ≥ C0(t+ 1)−

5
2α .

(2) % b0 ∈ M c
2 , -E$Z][" M , ‖u0‖2, ‖b0‖2, ‖Y ‖, β # δ �,F� M0, P,

‖b(t)‖2
2 ≥M0(t+ 1)−

5
2β .

A tu: vwXf MHD IJgxKLykl
6L'�((�))" L2, :+�B MHD �	���*+
�* . .$��$yx{

�' [12]  z2�, .G!�.f`'� GMHD �	� (1.2) �*��AB�7y* .

?c A.1 (u(x, t), b(x, t)) 
Z� GMHD �	� (1.2) �* �P9*0:

(1) u ∈ L∞([0, T ];L2(R3))∩L2([0, T ]; Ḣα(R3)), b ∈ L∞([0, T ];L2(R3))∩L2([0, T ]; Ḣβ(R3)).

(2) ""?�fR�z{[� φ ∈ C∞
0 ([0, T ] × R3), +X φ( ·, T ) = 0, -*∫ T

0

∫
R3

(u · φt − u · Λ2αφ− u · (u · ∇)φ+ b · ∇φ · b) dxdτ = −
∫

R3
u(x, 0)φ(x, 0) dx,∫ T

0

∫
R3

(b · φt − b · Λ2βφ− b · (u · ∇)φ+ b · ∇φ · u) dxdτ = −
∫

R3
b(x, 0)φ(x, 0) dx.

(3) div u(x, t) = 0, div b(x, t) = 0 $
|YB�GI.

(4) ""^Y t ∈ [0, T ], ���.9�?IGI

‖u(t)‖2
2 +

∫ t

0

‖Λαu(τ)‖2
2dτ + ‖b(t)‖2

2 +
∫ t

0

‖Λβb(τ)‖2
2dτ ≤ ‖u0‖2

2 + ‖b0‖2
2.

{� A.2 (Bernstein �?I) B � Rn  �$�z. -E$,F� C, P,""�*�+
� k ≥ 0, �� b ≥ a ≥ 1, u ∈ La, ���01GI:

sup
|α|=k

‖∂αu‖b ≤ Ck+1λk+n( 1
a− 1

b )‖u‖a, supp û ⊂ λB.

!�8)/ Friedrichs �*'����* E$LA4.

?@ A.3 O α, β> 0. }A�� T > 0,%�) (u0, b0))" [L2
σ(R3)]2,- GMHD�� (1.2)

$ [0, T ] Æ�**0AB A.1 �+
* .

eS _ JN ���AB�ul{wkb ĴNf(ξ) = χ{|ξ|≤N}f̂(ξ), P Æ� Leray jakb.

$ L2
N = {f ∈ L2(R3) : supp f̂(ξ) ⊂ B(0, N)} KH , fg���Fs
��:⎧⎪⎪⎨⎪⎪⎩

ut + JNΛ2αu+ PJN (PJNu · PJN∇u) − PJN (PJNb · PJN∇b) = 0,

bt + JNΛ2βb+ PJN (PJNu · PJN∇b) − PJN (PJNb · PJN∇u) = 0,

b(x, 0) = JNu0(x), b(x, 0) = JNb0(x).

(A.1)
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"#, 6/ Picard A4 [4] R'��� (A.1)  �y_E$J$L. (A.1)�����	�/h�⎧⎪⎨⎪⎩
du

dt
= −JNΛ2αu− PJN (PJNu · PJN∇u) + PJN (PJNb · PJN∇b),

db

dt
= −JNΛ2βb− PJN (PJNu · PJN∇b) + PJN (PJNb · PJN∇u),

��, (('�Æ(�	��r~wN�y_ Lipschitz �.

bcÆ, ""^Y� u, v, b, w ∈ L2
N , >A Hölder �?I�� Bernstein �?I, *

‖JNΛ2αu− JNΛ2αv‖2 ≤ N2α‖u− v‖2,

��

‖PJN (PJNu · PJN∇b) − PJN (PJNv · PJN∇w)‖2

≤ ‖PJN (PJN (u− v) · PJN∇b)‖2 + ‖PJN (PJNv · PJN∇(b− w))‖2

≤ ‖PJNPJN (u− v)‖2‖PJN∇b‖∞ + ‖PJNPJNv‖∞‖PJN∇(b− w)‖2

≤ N
5
2 (‖b‖2 + ‖v‖2)(‖u− v‖2 + ‖b− w‖2).

.3, '�� (A.1) $ C1([0, TN );L2
N )  �*J$�y_ (uN , bN ).

�$, 8'�Æ(� (uN , bN ) �+
�. dY! P2 = P, J2
N = JN �� PJN = JNP,

mn,! (PuN ,PbN ) # (JNuN , JNbN ) 1� (A.1) � . >A �J$L, �,

(PuN ,PbN ) = (JNuN , JNbN ) = (uN , bN ).

�V (A.1) .|��:⎧⎪⎨⎪⎩
∂tuN + Λ2αuN + PJN (uN · ∇uN ) − PJN (bN · ∇bN ) = 0,

∂tbN + Λ2βbN + PJN (uN · ∇bN ) − PJN (bN · ∇uN ) = 0,

b(x, 0) = JNu0(x), b(x, 0) = JNb0(x).

(A.2)


�/ uN # bN �� (A.2)�����	,+Xc�OQ
,dY! uN , bN �?�fR�, �,

‖uN (t)‖2
2 +

∫ t

0

‖ΛαuN (τ)‖2
2dτ + ‖bN (t)‖2

2 +
∫ t

0

‖ΛβbN (τ)‖2
2dτ

≤ ‖uN (0)‖2
2 + ‖bN (0)‖2

2 ≤ ‖u0‖2
2 + ‖b0‖2

2. (A.3)

.�T� (uN , bN ) �|}!^Y*t�� T , \ (uN , bN ) �+
�.

^�R, 8)/ Aubin–Lions \4 [11] e'�, ""^Y*0K Ω ∈ R3, uN (C}lT, 6
��b~) $ L2(0, T ;L2(Ω))  �s5&L.

bcÆ, ""^Y�z{[� h ∈ L2(0, T ;H3(R3)), � α + β ≤ 5
2 �, )/ Hölder �?I

# Gagliardo–Nirenberg �?I, ,!∫ T

0

〈PJN (uN (s) · ∇bN (s)), h(s)〉ds

≤ C

∫ T

0

‖uN (s)‖ 6
3−α

‖bN (s)‖ 6
3−β

‖∇h(s)‖ 6
α+β

ds

≤C
∫ T

0

‖uN (s)‖1/2
2 ‖ΛαuN (s)‖1/2

2 ‖bN (s)‖1/2
2 ‖ΛβbN (s)‖1/2

2 ‖∇3h(s)‖
5−2(α+β)

6
2 ‖h(s)‖

1+2(α+β)
6

2 ds

≤ C(‖uN‖2 + ‖bN‖2)(‖ΛαuN‖L2(0,T ;L2(R3)) + ‖ΛβbN‖L2(0,T ;L2(R3)))‖h‖L2(0,T ;H3(R3)),

≤ C(‖u0‖2
2 + ‖b0‖2

2)‖h‖L2(0,T ;H3(R3)), (A.4)
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mn,!�9W�w1�* W�01. sH.<01, ,!�

∂tuN ∈ L2(0, T ;H−3(R3)), ∂tbN ∈ L2(0, T ;H−3(R3)).

.3, �H (A.3) ��, 

(uN , bN ) → (u, b) $ L2(0, T ;L2(Ω))  , ""^Y Ω ⊂ R3.

!�~_*0 ⋃∞
i=1 Ωi = R3 # Ω1 ⊂ Ω2 ⊂ Ω3 ⊂ · · · , +X�*bc~0�KH~ {Ωi}∞i=1.

""}A� i, E$ {(uN , bN )}∞N=1 �$�b~ (.G-Y� {(uN , bN )}∞N=1), P, (uN , bN ) $
L2(0, T ;L2(Ωi))  s5&! (u, b). <()/"]�A4, E$b~ {(uN , bN )}∞N=1, P,�"
i = 1, 2, . . ., d* (uN , bN ) $ L2(0, T ;L2(Ωi)) (�V$ L2(0, T ;L2

loc(R
3)))  s5&! (u, b). .

�n'�&�t (u(x, t), b(x, t)) � (1.2) �$�* .

� α+β ≥ 5
2 �, |} [13] &C'��:+�B MHD �	�*+
bc . .3, A4 A.3

�,'�.
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