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Abstract In this paper, the concepts of weak medial idempotent and quasi-medial
idempotent of regular semigroups are introduced. The aim of this paper is to explore
the properties of the two types of idempotents. Several regular semigroups having
weak(quasi-) medial idempotents are constructed to indicate the relationship between
weak medial idempotents and quasi-medial idempotents, various ways are given to
confirm that an idempotent is a weak medial idempotent or a quasi-medial idempotent,
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and some descriptions of orthodox semigroups in terms of quasi-media idempotents are
hold. At last, the structure theorem of every regular semigroup with a quasi-medial
idempotent is obtained. As an application of the results, such kind of construction
method help us to get a way to determine whether a regular semigroup contains a
multiplicative inverse transversal or not.

Keywords weak medial idempotent; medial idempotent; normal medial idempotent;
regular semigroup
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1 mn
��
 S ���� u ������, ��� E ������ x � xux = x, �� E

�� S ����� E ����
. ����� u ����, �� uEu �
�. � 1982

� Blyth � McFadden [1] ����
������ �, ���������
�!�"
����#$��%. 1983 � Blyth � McFadden [3] �������������
�&�
�; Longanathan [8] �������������
���.

�Æ , !'" [6] (#)
��*��������������, $�������
�����#)
���. #)
 S ���� u �������, ��� S �����
E ������ x � xux = x; ������ u �����, �� uSu � %
. + [5] !

"�#)
�������, PQS-  %&# ���-.

'+(��
����������$�����, .%&'�/()����01�
2. (( 2),�&������������
, ����������**�+��, $+

3������!"�$�����. ,4 , (( 3 )-.���,)5���$�����
���
, 6/�$������,(��-40; ./�70����$������78
�+0�; /1���$��������
),1�
) ��9�0, $+3$���
���01�2���1�
. :��7)!����;3, ( 4 )�����$�����
���
��&23. <�, +32.�����6/�43&#4=������5��.

�256��'7, >#8�78?@��7, 6+ [4, 7].

9 S ���
, E �:�����, �
(∀ e, f ∈ E) S(e, f) = {g ∈ V (ef) | ge = fg = g} ; fV (ef)e ∈ S(e, f).

�<

x, y ∈ S, y′S(x′x, yy′)x′ ∈ V (xy),

�� x′ ∈ V (x), y′ ∈ V (y).

��
 S ��
 S◦ �1�&#, ��

(O1) (∀x ∈ S), VS◦(x) �= ∅.
(O2) (∀x, y ∈ S) {x, y} ∩ S◦ �= ∅ ⇒ VS◦(x)VS◦(y) ⊆ VS◦(yx).

I = {aa◦ : a ∈ S, a◦ ∈ VS◦(a)} � Λ = {b◦b : b ∈ S, b◦ ∈ VS◦(b)}
�!�&#�(7A@�����.
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2 opGqHr
')(����
��������$������=B�, C>�&DE6/��*�

?�0.,F@1�������,(��I70.6�'7�������01�2,����

�����,(�ABC@GD, $E7F+3���������$������**��.

Js 2.1 ��
 S ���� u �������, ������ x ∈ E, � xux = x,

�� E � S �����. ������ u K�$�����, �� uEu ����G.

>#L6�"�*���*�.

t 2.2 * S �HMG, ��������$�����.

t 2.3 9 Q ���I�. ��� x ∈ Q ; x ≥ 0. 9

Sx =
{(

x x

x x

)
,

(
x 0
x 0

)
,

(
x x

0 0

)
,

(
x 0
0 x

)}
.

JNL6, S =
⋃

x≥0 Sx �OHP43�77��
H��1�
. QI, JR� (
1 0
0 1

)
�

M �������, H��$�����.

t 2.4 ���? L = R = {1, 2}. 9 S �E 2 2"���
, e =
(

1 0
0 1

)
. (�?

M = L × S × R ��*SK:

(l, s, r)(i, t, j) = (l, st, j).

JNL6, M �7��
, :������ E(M ) = L × E(S) × R. Q E(S) �����G,

K M ��771�
. ���� L × {e} × R ������L�������.

=�DEM/�������$������������TLN, ;�������,(
��I7�.

(�U�7"�, ��M��ÆN/, OO S ���
, E(S) � S �����, (��P
PV�QÆ>QR� E.

uW 2.5 O u � S �������. ���� a ∈ S, e ∈ E, �
(1) eu, ue, ueu ∈ E;

(2) (∀ f ∈ Ra ∩ E, ∀ g ∈ La ∩ E), fu R a L ug;

(3) (∀ f ∈ Ra ∩ E, ∀ g ∈ La ∩ E), ufu R uau L ugu;

(4) au R a L ua;

(5) uEu = E(uSu), uE = E(uS), Eu = E(Su);

(6) ueu ∈ V (e).

vw (1)–(3) 46+ [6, RS 2.2].

(4) 9 f ∈ Ra ∩ E, ∀ g ∈ La ∩ E. Q aug = agug = ag = a = fa = fufa = fua, K

au R a L ua.

(5), (6) T (1) 4.. 6S.

�"�7UVQJ, W�'+!�.=TU��U. :XV(W�76?@F�XYY Z
=;3.

uW 2.6 * u � v � S �������, � uv Z�������.

vw ������� f , � fuv ∈ E ; fuv R f . 2= fuvf = f . 6S.
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uW 2.7 9 u � S ����, �>8GD�+:

(1) (∀ e ∈ E), VuSu(e) �= ∅;
(2) (∀x ∈ S), VuSu(x) �= ∅.
vw (1)⇒(2)* s′ ∈ V (s),� ss′, s′s ∈ E. 9 h ∈ V (ss′)∩uSu� g ∈ V (s′s)∩uSu. Q�

sgs′hs = s(s′sgs′s)s′hss′s = ss′hss′s = s � gs′hsgs′h = gs′ss′hss′sgs′h = gs′sgs′ss′h = gs′h

�[, K[ gs′h ∈ V (s) ∩ uSu.

(2)⇒(1) �X\�. 6S.

T\��, * u �������, ����� x ∈ S, VuSu(x) �= ∅. QI
I = {xx◦ : x ∈ S, x◦ ∈ VuSu(x)} � Λ = {y◦y : y ∈ S, y◦ ∈ VuSu(y)}

L� E �]]��.

uW 2.8 �� u � S �������, ^_���� x ∈ S, �
VuSu(x) = VuSu(ux) = VuSu(xu) = VuSu(uxu).

vw `D�, Y?L6(77�a, �b)V46. 9 x′ ∈ VuSu(x), �� uxx′ux =

uxx′x = ux � x′uxx′ = x′xx′ = x′. cd, O y ∈ VuSu(ux), �
yxy = yuxy = y �xyx = xyux = xx′uxyux = xx′ux = xx′x = x.

2=, VuSu(x) = VuSu(ux). 6S.

uW 2.9 �� u � S �������, ^_

(1) I = Eu;

(2) Λ = uE;

(3) I ∩ Λ = uEu.

vw I ⊆ Eu �X\�. 9 g ∈ Eu, ug = ugu ∈ V (g), � g = gugu ∈ I. 2=� Eu = I.

�e , Λ = uE. QI,NZ I ∩Λ ⊆ uEu. <�,Q Eu� uE L� E ���,K[ uEu = I∩Λ.

6S.

+3�� 2.5 N.�������(7�+0�.

xg 2.10 9 u � S ����, � u �������%;^%���� e ∈ E, �
eu R e L ue � ueu ∈ E.

xg 2.11 9 u� S ����,� u�������%;^%���� a ∈ S � a′ ∈ V (a),

� aua′ = aa′.

��������b�+���:

xg 2.12 O u � S ����, �>8GD�+:

(1) u �������;

(2) (∀ e ∈ E ) ueu ∈ VE(e);

(3) (∀ e ∈ E ) ue ∈ V (e);

(4) (∀ e ∈ E ) eu ∈ V (e);

(5) (∀ e ∈ E) VuSu(e) �= ∅ ; ueu ∈ E;

(6) (∀ e ∈ E) VuSu(e) �= ∅ ; ue ∈ E;

(7) (∀ e ∈ E) VuSu(e) �= ∅ ; eu ∈ E.
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vw (1)⇒(2), (1)⇒(3), (1)⇒(4), (1)⇒(5), (1)⇒(6), (1)⇒(7) [6.

(2) ⇒(3) Q e(ueu)e = e, K eu R e. _[, ueu R ue. O�, � ueu ∈ E 4. ue ∈ E. QI
� e(ue)e = e � (ue)e(ue) = ue. /f�N ue ∈ V (e).

(3)⇒(1) Q������� e, � e(ue)e = e, K e �77������.

(4)⇒(1) ���� e ∈ E, � e(eu)e = e.

(5)⇒(1) O x ∈ VuSu(e), �
e = exe = euxue ⇒ eu R e L ue.

T�� 2.10, u �������.

(6)⇒(1), (7)⇒(1) �g#�6/4Z, VuSu(e) �= ∅ ⇒ ue L e R eu. 2=, T ue ∈ E `

eu ∈ E, eue = e. 6S.

$�����C�������. [������h��$������GD, 4=_��
���, 43���=Y�
i72#E\!".

xg 2.13 O u � S �������. >8GD�+
(1) u �$�����;

(2) Eu ����G;

(3) uE ����G.

vw (1)⇒(2) O e, f ∈ E, �� ueufu ∈ E. _[

(eufu)2 = eufueufu = e(ueufu)2 = eueufu = eufu.

QI, Eu ����G.

(2)⇒(1) O e, f ∈ E, � eufu ∈ E, O��
(ueufu)2 = ueufueufu = u(eufu)2u = ueufu.

QI, uEu ����G.

(1)⇔(3) T�"6/, )V4.. 6S.

xg 2.14 O u ∈ E � S �������. >8�7�+:

(1) u �$�����.

(2) (s, t ∈ S) {s, t} ∩ uSu �= ∅ ⇒ VuSu(s)VuSu(t) ⊆ VuSu(ts);

(3) (e, f ∈ E) {e, f} ∩ uSu �= ∅ ⇒ VuSu(e)VuSu(f) ⊆ VuSu(fe);

(4) (e, f ∈ Eu) {e, f} ∩ uEu �= ∅ ⇒ VuSu(e)VuSu(f) ⊆ VuSu(fe);

(5) (e, f ∈ uE) {e, f} ∩ uEu �= ∅ ⇒ VuSu(e)VuSu(f) ⊆ VuSu(fe).

vw T�7 (4) � (5) �9V0, ]XY^�>6/a4.

(1)⇒(2) bT�� 2.8, VuSu(ts) = VuSu(utsu) = VuSu(utus) ; VuSu(t) = VuSu(utu). *

s ∈ uSu, �� uSu �1�
4.
VuSu(s)VuSu(t) = VuSu(s)VuSu(utu) ⊆ VuSu(utus) = VuSu(ts).

(2)⇒(3), (3)⇒(4) �X\�.

(4)⇒(1) ��� g, h ∈ uEu, � gh = gh ∈ VuSu(e)VuSu(f) ⊆ VuSu(hg). O�
(gh)2 = gh(hg)gh = gh.

/f�N uEu �77���G. _�SO4Z u �77$�����. 6S.
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xg 2.15 9 u � S �������, �>8GD�+:

(1) u �$�����;

(2) (∀ e ∈ Eu, f ∈ uE) fe ∈ E;

(3) (∀ e ∈ Eu, f ∈ uE) VuSu(fe) ⊆ E.

vw (1)⇒(2) 9 g ∈ S(e, f). Q�� ue ∈ V (e) � fu ∈ V (f), 2=
uegfu ∈ VuSu(fe) ∩ E.

KQ uSu �771�
, K[ fe ∈ E.

(2)⇒(3) Q E(uSu) = uEu = Eu ∩ uE, K���� g, h ∈ uEu, � gh ∈ E. /f�N uSu

�771�
. 2= fe ∈ E ∩ uSu `c VuSu(fe) ⊆ E.

(3)⇒(1) Q uEu = E(uSu), K VuSu(fe) ⊆ E `c uEu ����G. QI, u �$���
��. 6S.

JW 2.16 O u ∈ E � S �������. >8�7�+:

(1) u �$�����;

(2) ���� e ∈ E, eSe �1��
;

(3) ���� e ∈ E, eS �1��
;

(4) ���� e ∈ E, Se �1��
.

vw (1)⇔(2) X\, eSe ����
. * u �$�����, � uE ����G. �<

g, h ∈ E(eSe), �
(gh)2 = (egeh)2 = euguhuguh = e(uguh)2 = euguh = gh.

QI, eSe �1�
. d , uSu �1��
. NZ, uEu ����G. 2=, u �$���
��.

(1)⇔(3), (1)⇔(4) bT�"76Y�� 2.13 4.. 6S.

3 ypGqHr
')V6/77
4h,((7Y=��$�����, ;$���������?�O


SKef; ./70���h��$������ABC@GD; <�V+3$�����
��1�
��+0�.

(I, ]X=**DE:�')�-..

t 3.1 9 T1 = {e, f, g, h}. ( T ��*�>SK:

e f g h

e e e e e

f e f f e

g e g g e

h e e e h

� T1 �O�"SK�77���G, H$������,(.

t 3.2 T2 = {0, 1} �OI�43�77
�;,(I7�$����� 1.
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t 3.3 (�? T3 = {x, e, f, g, h} ��*�>SK:

x e f g h

x e e x e g

e e e e e e

f e e f e h

g x e x g g

h f e f h h

agL64Z T3 �\SK����
H��1�
, ; h � T3 �I777$�����.

t 3.4 9 B ���HMG, T3 ��E2", � B × T3 �77��
H��1�
,

; B ×{h} �j77��L�$�����. �� B �����I7, ^_ B × T3 �$���
��b�I7.

xg 3.5 * u, v � S �$�����, � uv b77$�����.

vw TRS 2.6, uv �������. �< e, f ∈ E. Q uE,Eu � vE,Ev ����G,

K� (uveuv)(uvfuv) = uveuvfuv ∈ uvEuv. O�, uvEuv �77���G. 2= uv �77$
�����. 6S.

g>5kl70���h��$������ABC@GD.

xg 3.6 9 u � S ����, � u �$�����%;^%
(1) uSu � S �1��
;

(2) (∀ e ∈ E), VuSu(e) ∩ E �= ∅.
vw C@0�X\. �OAB0, O e′ ∈ VuSu(e) ∩ E. Q�

e′(ueu)e′ = e′ee′ = e′ � (ueu)e′(ueu) = uee′eu = ueu,

K e′ ∈ VuSu(ueu) ∩ E. T (1), ueu ∈ E. E7F, 4. uEu = E(uSu) �77���G. 2=,

�RS 2.12 4Z u �$�����. 6S.

xg 3.7 9 u� S����,� u�$�����%;^%������� e, VuSu(e)⊆E.

vw * u �$�����, � VuSu(e) = VuSu(ueu). Q uSu �1��
; ueu ∈ E,

K� VuSu(e) ⊆ E. d>5, TSO, ���� g ∈ E(uSu), VuSu(g) ⊆ E. /N/ uSu �1��

. 2=, u �$�����. 6S.

xg 3.8 9 u � S ����, � u �$�����%;^%
(1) (∀x ∈ S) VuSu(x) �= ∅ (` (∀ e ∈ E) VuSu(e) �= ∅);
(2) (∀x ∈ Eu, ∀ y ∈ uE) VuSu(yx) ⊆ E.

vw bTRS 2.15, C@0[.. d , �< e ∈ E(uSu), � VuSu(e) = VuSu(ueu) ⊆ E.

QI, uSu �1�
; ueu ∈ E. JNL6 uEu = E(uSu) ����G. <�, �RS 2.12, u

�$�����. 6S.

 S �1�&# S◦ �44�, ������ x, y ∈ S, x◦xyy◦ ∈ E◦, �� E◦ � S◦ ��

���.

xg 3.9 ��� u � S �$�����%;^% uSu � S �41�&#.

vw (⇒) bT�� 2.9 �RS 2.14, 2.15 4..

(⇐) Q����� e ∈ S � e◦ ∈ VuSu(x), e◦ = e◦ee◦ = (e◦e)(ee◦) ∈ E(uSu),KTRS 3.7,

u �$�����. 6S.
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9 S◦ � S 1�&#, �
(∀ a, b ∈ S◦) V (a) ∩ V (b) �= ∅ ⇒ VS◦(a) = VS◦(b).

H�O$�����, �
uW 3.10 �� u �$�����, ^_

(∀x, y ∈ S) V (x) ∩ V (y) �= ∅ ⇒ VuSu(x) = VuSu(y).

vw hO z ∈ V (x) ∩ V (y). TRS 2.11, z ∈ V (uxu) ∩ V (uyu). 2=
VuSu(x) = VuSu(uxu) = VuSu(uyu) = VuSu(y).

6S.

( 2 )<��77��6/�77��$��������
C\ic1��
, [

-.�DEWM//)��
�7��1�
. >#f��(m_GD��$�����
���
C�1�
. �I, ]Xc(�����������
����>j��-.

Js 3.11 O u � S �������. ���� x, y ∈ S, ��

x σ̂ y ⇔ VuSu(x) = VuSu(y).

X\, σ̂ �77�+�-.

xg 3.12 * S ���$����� u ���
, � S �1�
%;^%=>�7
GD�[:

(1) (∀x ∈ S) uxu ∈ E ⇒ x ∈ E;

(2) (∀x ∈ E) uxu ∈ E ⇒ x ∈ E;

(3) (∀ e ∈ Eu, ∀ f ∈ uE) ef ∈ E;

(4) (∀ e ∈ Eu, f ∈ uE) fe ∈ S(e, f);

(5) (∀ e ∈ Eu, ∀ f ∈ uE) VuSu(fue) = VuSu(fe);

(6) (∀x, y ∈ S) VuSu(xy) = VuSu(xuy);

(7) σ̂ � S ��,d.

vw nc, 6/GD (1)–(7) ��+�.

(1)⇒(2) X\.

(2)⇒(3) Q u �$�����, K uefu ∈ uEu. O�, ef ∈ E.

(3)⇒(4) fe = (fe)2 ∈ fV (ef)e ∈ S(e, f).

(4)⇒(5) TSO, fue ∈ E. [ fe ∈ S(e, f) `c ef ∈ E. QI, � fue(ef)fue = fue

� ef(fue)ef = efuefuf = ef . 2= ef ∈ V (fue) ∩ V (fe). O�, ��� 3.10, VuSu(fue) =

VuSu(fe).

(5)⇒(6) 9 x′ ∈ VuSu(x), y′ ∈uSu (y), �
VuSu(xuy) = VuSu(uxux′xuyy′uyu)

⊇ VuSu(uxu)VuSu(ux′xuyy′u)VuSu(uyu)

�

VuSu(xy) = VuSu(uxux′xyy′uyu) ⊇ VuSu(uxu)VuSu(ux′xyy′u)VuSu(uyu)
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�[. Q VuSu(ux′xyy′u) = VuSu(ux′xuyy′u), K VuSu(xy) ∩ VuSu(xuy) �= ∅. 2= VuSu(xy) =

VuSu(xuy) .6.

(6)⇒(7) 9 z ∈ S, �
VuSu(xz) = VuSu(xuz) = VuSu(uxuz) ⊇ VuSu(z)VuSu(uxu).

,4 , � VuSu(yz) ⊇ VuSu(z)VuSu(uyu). * x σ̂ y, � VuSu(x) = VuSu(y). QI, �
VuSu(uxu) = VuSu(uyu). O�, VuSu(xz)∩VuSu(yz). _[, VuSu(xz) = VuSu(yz), a xz σ̂yz. )

V4. zx σ̂zy. 2= σ̂ �77,d.

(7)⇒(1) T�� 2.8, ���� x ∈ S, VuSu(x) = VuSu(uxu), a uxu σ̂ x. Q σ̂ �,d, K

� uxu ∈ E 4. x σ̂ uxu = (uxu)2 σ̂ x2. �I VuSu((x)2) ∩ VuSu(x). 9 y ∈ VuSu((x)). QI
x2 = x(yx2y)x = xyx = x ∈ E.

�k, 6/ S �1�
%;^%GD (1) �[.

(⇒) 9 x′ ∈ V (x). Q u �$�����, KTRS 2.11, xux′ = xx′. KQ S �1�
,

K[� x = xx′x = (xx′)uxu(x′x) ∈ E.

(⇐) �< e, f ∈ E, Q u �$�����, K�RS 2.5 � 2.15, uefu ∈ E. *GD (1) �

[, � ef ∈ E. 2=, S �1�
. 6S.

lm')���n7E�, 4=oe^8$�����bL������. `D�, /fe
g$��e\�.

uW 3.13 * u � S �$�����, � E2 = E.

vw Y?L6 E2 � S ��
. eO x, y ∈ E2, �,( e1, e2, f1, f2 ∈ E o. x =

e1e2 � y = f1fe. TRS 2.15 (2), ue1e2ue2f1uf1u ∈ uEu. Q Eu �77���G, K[�
e1u(ue1e2ue2f1uf1u) ∈ E. O�

xy = e1u(ue1e2ue2f1uf1u)f2 ∈ E2.

6S.

JW 3.14 * u � S �$�����, � u C� S ������; d , * u � S ���
���, � u C� S �$�����.

vw (1)⇒(2) bT�"��, Y?6���� e, f ∈ E, � efuef = ef . Dp�, [Z
ef R efu L uefu � uefu ∈ E, 2=

efu(uefu) = efu ⇒ efu ∈ E ⇒ efuef = ef.

(2)⇒(1)X\,������77������. KbT�������*, ���� x ∈ E,

uxu ∈ E. O�, �< e, f ∈ E, � ueufu ∈ E. /fN uEu �77���G. 2=, u �$��
���. 6S.

bT\��, W��_pB$�����������.

4 hijk
(+ [8] �, :$=c�����������������
,771�
�@�,

�����������1�
���. [77q�\�lS�c�����������
������
����r!". ')m(+3�7)./�!���, ��70�����
������
�����. [:�9�;3qs>7)E\'7.
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9 G �cnJR� u �1�
, E(G) ������; I �= u �oJR�����G;
r) E(Gu) ∼= uI. �25, h� E(Gu) = uI, QR� Ê. KR I/R = {Re : e ∈ I} � I �O�
s R �-��?B). *�pt � : G × I → Gu, (s, i) �→ s � i r)GD:

(W1) (∀x ∈ G, j ∈ I), (xs) � i = x(s � i) ; (x � i)j = x � (ij);

(W2) i ∈ Ê ⇒ s � i = si;

(W3) s ∈ E(G) ⇒ s � i ∈ Ê,

� W (I,G) = {(Re, x) |ue R x} �9Jj�q.

W (I,G) �����*, e �r<s�. /�Q���c< g ∈ Re, ^_ ug R ue R x.

( W (I, S) ��*43SK:

(Re, x)(Rf , y) = (Re(x�f)+ , (x � f)y),

�� (x � f)+ ∈ Rx�f ∩ Ê.

Q ue R x, K ue(x � f) = x � f = (x � f)uf . KQ uf R y, K[

ue(x � f)+ = (x � f)+ R x � f = (x � f)uf R (x � f)y.

QI (Re(x�f)+ , (x�f)y) ∈ W (I,G).cd, * h ∈ Rx�f ∩ Ê, �� R �n9J04Z, Re(x�f)+ =

Reh. 2=, �"43�*�?��.

=>�t"�OR W (I,G) � W .

xg 4.1 W �O�"43��77��
.

vw c6 W �77
. �< (Re, x), (Rf , y), (Rg, z) ∈ W , �
[(Re, x)(Rf , y)](Rg, z) = (Re(x�f)+ , (x � f)y)(Rg, z)

=
(
Re(x�f)+(((x�f)y)�g)+ , (((x � f)y) � g)z

)
�

(Re, x)[(Rf , y)(Rg, z)] = (Re, x)(Rf(y�g)+ , (y � g)z)

=
(
Re(x�(f(y�g)+))+ , (x � (f(y � g)+))(y � g)z

)
.

T (W1), ((x � f)y)�g = (x�f)(y�g); x�(f(y�g)+) = (x�f)(y�g)+.�I (x�f)+(((x � f)y)�

g)+ = ((x � f)(y � g))+. O��
[(Re, x)(Rf , y)](Rg, z) = (Re, x)[(Rf , y)(Rg, z)].

�k, L6 W �77��
. �< x ∈ G. 9 x′ ∈ G � x ��3�. JNL6 x′u ∈
V (x)∩V (xu)� x′ ∈ V (xu). >6 (Rx′xu, x′u)� (Re, x)�3�. `D�,� x′xu ∈ Ê � x′xu =

ux′xu = x′uxu R x′u. K (Rx′xu, x′u) ∈ W . cd, � ue R xx′u � xx′ue ∈ R(xx′ue)+ , 4.

(Rx′xu, x′u)(Re, x)(Rx′xu, x′u) = (Rx′xu(x′ue)+ , x′uex)(Rx′xu, x′u)

= (R(x′ue)+ , x′x)(Rx′xu, x′u)

= (R(x′ue)+(x′xu)+ , x′u)

= (R(x′ue)+(x′uexu)+ , x′u)

= (R(x′xu)+ , x′u) = (Rx′xu, x′u)
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�

(Re, x)(Rx′xu, x′u)(Re, x) = (Re(xu)+ , xx′u)(Re, x)

= (Re(xu)+xx′ue, xx′uex)

= (Reue, x) = (Re, x).

6S.

xg 4.2 ��
 W ����� E(W ) = {(Re, x) ∈ W |x � e = ue}.
vw �< (Re, x) ∈ E(W ), �� (Re, x)(Re, x) = (Re, x) 4. (x � e)x = x. Q ue R x,

K (x � e)ue = ue. _[ ue = x � (eue) = x � e. d , ������*4.. 6S.

xg 4.3 R u = (Ru, u), � ūW ū �771��
, ;

ūW ū = {(Rx+ , x) |x ∈ Gu, x+ ∈ Rx ∩ Ê}.
vw �< (Re, x) ∈ W , � ū(Re, x)ū = (R(xu)+ , xu), �� (xu)+ ∈ Rxu ∩ Ê. [���

x ∈ Gu, 9 x+ ∈ Rx ∩ Ê, � (Rx+ , x) ∈ W ; (Rx+ , x) = ū(Rx+ , x)ū. QI ūW ū = {(Rx+ , x) ∈
W |x ∈ Gu} �6��1��
, :pt φ : Gu → ūW ū, x �→ (Rx+ , x). NZ, φ �77u
t. KQ φ(x)φ(y) = (Rx+ , x)(Ry+ , y) = (R(xy+)+ , xy) = (R(xy)+ , xy) = φ(xy), K[ φ � Gu /

ūW ū �,�. 2=, � Gu �1�
4. ūW ū u�1�
. 6S.

xg 4.4 ��� ū ���
 W ������.

vw X\, ū �77���. �< (Re, x) ∈ E(W ), � x � e = ue. 9 x∗ ∈ Lx ∩ E(G). ^

_� (x � e) = x(x∗ � e)x = x. TGD (W3), � x∗ � e ∈ E(G). Q G �771�
, K[

x ∈ E(G). 9 x′ ∈ V (x) ∩ E(G). NZ, x′u, x′xu ∈ Ê. QI
(x′u) � (x′xu) = x′xu = u(x′xu) ⇒ (Rx′xu, x′u) ∈ E(W ).

cd, �RS 4.1 �6/>t4. (Rx′xu, x′u) ∈ V ((Re, x)). <�, TRS 4.3, 3.14 �L7 3.6,

.6 ū � W ������. 6S.

JW 4.5 9 G cnJR��1�
, I �coJR�����G. 9Jj�� W (I,G)

�c���������
; [��c�������1�
L4�I�&.

vw ���g
uB[X76>. O S ���c������ u���
, E � S ��

���,� uS �1��
, Eu����G; uEu = E(uSu). 9 � : uS×Eu → uSu, (s, i) �→
s � i = si. �������01NZ W (Eu, uS) �9Jj�q. �6 S ∼= W (Su, uE), :pt

θ : S → W (Eu, uS), s �→ (Rs+u, us) � η : W (Eu, uS) → S, (Re, x) �→ ex.

JNL6, θ � η L�,vpt. cd, ��� (Re, x) ∈ W (Eu, uS), Q u ������, K e �

x ��s�-�>vwx:
ex e

x ue

X\, (ex)+u R (ex)+ R ex, �� (ex)+ ∈ Rex ∩ E. O�
θη ((Re, x)) = θ(ex) = (R(ex)+u, uex) = (Re, x).

KQ� ηθ(s) = η ((Rs+u, us)) = s, 2= η � θ �,�. 6S.
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5 z{
nc, ')+3�� 4.3, wvx !"�������;���������
���

��������
��&23. �k, +32.�76/�43&#�,(04=C>��
���50�.

uW 5.1 �� S �������� u ���
, ^_

S = E ⇐⇒ S = {x ∈ S : uxu ∈ E}.
vw (⇒) ��������*4..

(⇐) * uxu ∈ E, 9 x+ ∈ Rx ∩ E, x∗ ∈ Lx ∩ E, � x = x+uxux∗ ∈ E. 6S.

uW 5.2 * W (I,G) �9Jj�q, �
(1) E(W ) = {(Re, x) ∈ W |x ∈ E(G)};
(2) E(W )ū ∼= I;

(3) ūW ∼= G.

vw (1) �< (Re, x) ∈ W , � (Re, x) = (Re, ue)(Rue, x). * x ∈ E(G), �TRS 4.2,

(Re, ue), (Rue, x) ∈ E(W ). d , * (Re, x) ∈ E(W ), �
ū(Re, x)ū = (R(xu)+ , xu) ∈ E(W ).

_[ xu ∈ E. KQ���� x∗ ∈ Rx ∩ E(G), x = xux∗ `c x R xu, K[ x2 = xux = x.

(2) nc, L6 E(W )ū = {(Re, ue) | ∀ e ∈ I}. * (Re, x) ∈ E(W ), � (Re, x)(Ru, u) =

(Re(xu)+ , xu) ∈ E(W ). Q xu ∈ Ê, K (Re(xu)+ , xu) = (Re(xu), xu). KQ ue R x, K[ ue(xu) =

(uex)u = xu. 2= (Re(xu)+ , xu) = (Re(xu), ue(xu)). d>5, Q (Re, ue) ∈ E(W ), K

(Re, ue) = (Re, ue)(Ru, u) ∈ E(W )ū.

e:pt φ : I → E(W )ū, e �→ (Re, ue) N6, φ �,�, a� E(W )ū ∼= I.

(3) �< (Re, x) ∈ W . � (Ru, u)(Re, x) = (Rue, x), 4Z
ūW = {(Rg, x) ∈ W |x R g ∈ Ê}.

:pt θ : G → ūW, x �→ (Rg, x). COL64. θ �,�, _[ ūW ∼= G. 6S.

xg 5.3 9Jj�q W (I,G) �������������������
%;^%
G �77���G.

vw [Z ūW ∼= G. * W = E(W ), �Q ū ������, ūW = E(W ) ����G. O
�, G b�77���G. d , * G ����G, �TRS 5.2(1), W = E(W ). 6S.

xg 5.4 9Jj�� W (I,G) �c���������
%;^% I �n��G; G

�o3
.

vw (⇐) Q ū ������, K ūE(W )ū = ūE(W )ū. >6 ūE(W )ū �
�.

9 (Re, x), (Rf , y) ∈ E(W ), �� x, y ∈ E(G), x � e = ue � f � f = uf . O�, xu, yu ∈ Ê.

TI, � ū(Re, x)ū = (Rxu, xu) � ū(Rf , y)ū = (Ryu, yu). � I �n��G; G �o3
4
Z Ê �
�. QI

(Rxu, xu)(Ryu, yu) = (Rxuyu, xuyu) = (Ryuxu, yuxu).
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/f�N
(ū(Re, x)ū) (ū(Rf , y)ū) = (ū(Rf , y)ū) (ū(Re, x)ū) .

2=, .6 ūE(W )ū �7
�, [ ū ������.

(⇒) * ū = (Ru, u) � W ������, � E(W )ū �n��G; ūW �o3
. TR

S 5.2, I �n��G; G �o3
. 6S.

| 1 % I �n��GF���� e ∈ I, |Re| = 1. IF, W (I,G) = {(e, x) : ue R x}.
JW 5.5 �� S �77��
, ^_ S c�43&#%;^% S 4=:��wy�/

����������
.

��6/\��, ]X?@78xyz:.

uW 5.6 hO S �������� u ���
. * T � S �77�w, � uTu � T

�43&#.

vw 9 S, u, T �S2O. NZ, uTu(⊆ uSu) � T �$�w, uSu �43&#, � uTu �

3
, ;��� t ∈ T , t◦ = t◦tt◦ `c t◦ ∈ uTu. KQ���� x ∈ T , x◦xtt◦ ∈ uEu ∩ T , K

[ uTu � T �43&#. 6S.

I{ �, OO S ���43&# S◦ ���
, E � E◦ �:X�����, ����
� x, y ∈ S, x◦, y◦ � x, y ( S◦ ��I73�. T+ [2],

(x◦◦)◦ = x◦, x◦xyy◦ ∈ E◦,

I = {xx◦ : x ∈ S} = {i ∈ E : i L i∗ ∈ E◦},
Λ = {y◦y : y ∈ S } = {λ ∈ E : λ L λ+ ∈ E◦}.

NZ, ���� i ∈ I � λ ∈ Λ, � i L i◦ ∈ E◦ � λ R λ◦ ∈ E◦.

uW 5.7 ���� x, y ∈ S, �
(1) (xy)◦ = y◦x◦xyy◦x◦;

(2) xy(xy)◦ = xyy◦x◦;

(3) (xy)◦◦ = x◦◦x◦xyy◦y◦◦;

(4) (xy)◦◦(xy)◦xy = x◦◦x◦xy.

vw agL6a4.

9 u �yO S �2����zz. R Ī = I ∪ {u}. ( Ī ��*SK:

i · j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ij, i, j ∈ I;

i, j = u;

j◦, i = u;

u, i, j = u.

K9 G = S◦S, [ G = G ∪ {u}. )V ,

x · y =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
xy, x, y ∈ G;

xx◦x◦◦, y = u;

y, x = u;

u, x, y = u.
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uW 5.8 (Ī , ·) �= u �oJR��n��G.

vw ncL6 Ī �OSK · r)�?{. hO i, j, k ∈ Ī. B=>QÆ'7:

(1) k = u F, (i · j) · u = i · j = i · (j · u).

(2) j = u H i, k �= u F, (i · u) · k = i · k = ik = ikk◦ = ik◦k = ik◦ = i · (u · k) Q I �n�
�G.

(3) i = u H j, k �= u F, (u · j) · k = j◦k = (jk)◦ = u · (jk) Q jk L j◦k ∈ E◦.

(4) i = j = u H k �= u F, (u · u) · k = u · k = k◦ = u · k◦ = u · (u · k).

(5) i, j, k �= u F, �7X\�[.

�{�"QÆ6/ (Ī, ·) �n��G, a ijk = ikj.

(1′) k = u F, i · j · u = ij = i · u · j.
(2′) j = u H i, k �= u F, i · u · k = ik = i · k · u.

(3′) i = u H j, k �= u F, Q jk(k◦j) = jk � k◦j(jk) = k◦kj = k◦j, K j◦k L jk L k◦j ∈
E◦. O�

(u · j) · k = j◦k = j◦kjk = j◦kj = j◦kk◦j = j◦k◦j = k◦j◦j = k◦j = u · (jk).

(4′) i = j = u H k �= u F, u · u · k = u · k = k◦ = u · k · u.

(5′) i, j, k �= u F, �7�[. 6S.

uW 5.9 (G, ·) �= u �nJR��o3
.

vw 6/|},�"��9V. cL6�?{. �< x, y, z ∈ G.

(1) x = u F, (u · y) · z = y · z = u · (y · z).

(2) y = u H x, z �= u F, (x · u) · z = xx◦x◦◦z = xx◦x◦◦x◦xzz◦z = xz = x · (u · z), /�Q
� x◦x, zz◦ ∈ Λ ; Λ �o��G.

(3) z = u H x, y �= u F, yy◦ ∈ E◦. T�� 5.7,

(x · y) · u = xy(xy)◦(xy)◦◦

= xy(y◦x◦xyy◦x◦)(x◦◦x◦xyy◦y◦◦)

= xyy◦y◦◦ = x · (y · u).

(4) x �= u H y = z = u F, Q xx◦x◦◦ ∈ S◦, K (xx◦x◦◦)◦◦ = xx◦x◦◦. 2=
(x · u) · u = (xx◦x◦◦) · u = xx◦x◦◦(xx◦x◦◦)◦(xx◦x◦◦)◦◦

= xx◦x◦◦(xx◦x◦◦)◦xx◦x◦◦

= xx◦x◦◦ = x · u = x · (u · u).

(5) x, y, z �= u F, �7X\�[.

@6/ (G, ·) �o3
, Y?L6 E(G) �o��G. `D�, E(G) = Λ ∪ {u}, ;���
τ, λ ∈ E(G),

τ · λ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
τλ, τ, λ ∈ Λ;

λ, τ = u;

τ◦, λ = u;

u, τ, λ = u.
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QI, )VO�7���6/4. E(G) �o��G. 6S.

uW 5.10 W (Ī, G) �9Jj�q.

vw T Ī � G ��*, u · Ī = E◦ ∪ {u} ; G · u = S◦ ∪ {u}. _[ u · Ī = E(G · u). 9

� : G × Ī → G · u, (x, e) �→ x � e =

{
xe, x, e �= u;

x · e, x = u ` e = u.

�< y ∈ G, f ∈ Ī. �6SK � r)GD (W1), a

x · (y � e) = (x · y) � e � (x � f) · e = x � (f · e),
B=>QÆ'7:

(i) * x, y, e, f �= u ` x, y, e, f = u, ��7X\�[.

(ii) * x = u, �Q u � G �nJR�, u · (y � e) = y � e = (u · y) � e, ;

(u � f) · e = (u · f) · e = u · (f · e) = u � (f · e).
(iii)* e = u, � x · (y �u) = x · (y ·u) = (x ·y) ·u = (x ·y)�u. KQ u� Ī �nJR�, K[

(x � f) · u = x � f = x � (f · u).

(iv) * y, f = u H x, e �= u, �Q I �n��G[ Λ �o��G,

(x · u) � e = (x · u)e = xx◦x◦◦ee◦ = xx◦x◦◦e◦e = xx◦x◦◦e◦,

x · (u � e) = xe◦ = xx◦x◦◦x◦xe◦ = xx◦xx◦x◦◦e◦ = xx◦x◦◦e◦.

2= (x · u) � e = x · (u � e).

)V46SK � r)GD (W2), (W3). 6S.

uW 5.11 W (Ī, G) = {(xx◦, x◦◦x◦x) : x ∈ S} ∪ {(u, u)}.
vw * (e, s) ∈ W (Ī, G), � e, s �= u ` e = s = u. ���g$, %�/ e L e◦ R s. bT

�� 5.5, � e = es(es)◦ � (es)◦◦(es)◦es = s. QI
(e, s) = (es(es)◦, (es)◦◦(es)◦es).

d , X\�
(u, u) ∈ W (Ī, G).

KQ u · (xx◦) = (xx◦)◦ = x◦◦x◦ R x◦◦x◦x, K[

(xx◦, x◦◦x◦x) ∈ W (Ī, G).

6S.

e(l/�� 5.5 �6/.

vw AB0��� 5.6 4.. >6C@0. 9 S ���43&# S◦ ���
, � I �

n��G, G = S◦S C�o3
. R

I ⊗ G = {(xx◦, x◦◦x◦x) : x ∈ S}.
(\�?��*43SK:

(xx◦, x◦◦x◦x)(yy◦, y◦◦y◦y) = (xyy◦x◦, x◦◦x◦xy).
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:pt
φ : S → I ⊗ G, x �→ (xx◦, x◦◦x◦x).

+3�� 5.7, JNL6 φ �,�, a S ∼= I ⊗ G. eO (x◦◦x◦xyy◦)+ ∈ Rx◦◦x◦xyy◦ ∩ E◦, �
xx◦(x◦◦x◦xyy◦)+ = xx◦(x◦◦x◦xyy◦)(x◦◦x◦xyy◦)◦

= xx◦(x◦◦x◦xyy◦)(x◦xyy◦x◦)

= xyy◦x◦.

QI
(xx◦, x◦◦x◦x)(yy◦, y◦◦y◦y) =

(
xx◦(x◦◦x◦xyy◦)+, (x◦◦x◦xyy◦)y◦◦y◦y

)
.

O�, T�� 5.11, ,( I ⊗ G / W (Ī, G) �,vy�:

θ : I ⊗ G → W (Ī, G), (xx◦, x◦◦x◦x) �→ (xx◦, x◦◦x◦x).

E7F, � S / W (Ī, G) �,vy� φθ. cd

(u, u)(xx◦, x◦◦x◦x) = (u · (u · xx◦)+, (u · xx◦)x◦◦x◦x)

= (u · (x◦◦x◦)+, (x◦◦x◦)x◦◦x◦x)

= (u · (x◦◦x◦), (x◦◦x◦)x◦◦x◦x)

= (x◦◦x◦, x◦◦x◦x) ∈ W (Ī, G).

�I
(u, u)(xx◦, x◦◦x◦x) ∈ I ⊗ G.

)V 

(xx◦, x◦◦x◦x)(u, u) ∈ I ⊗ G.

<�, T�� 5.10, C@0.6.
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