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Abstract

In this paper the authors study the hyperbolic geometric flow on Riemann surfaces.
This new nonlinear geometric evolution equation was recently introduced by the first
two authors motivated by Einstein equation and Hamilton’s Ricci flow. We prove
that, for any given initial metric on R? in certain class of metrics, one can always
choose suitable initial velocity symmetric tensor such that the solution exists for all
time, and the scalar curvature corresponding to the solution metric g;; keeps uniformly
bounded for all time; moreover, if the initial velocity tensor is “large” enough, then
the solution metric g;; converges to the flat metric at an algebraic rate. If the initial
velocity tensor does not satisfy the condition, then the solution blows up at a finite
time, and the scalar curvature R(t,x) goes to positive infinity as (¢,z) tends to the
blowup points, and a flow with surgery has to be considered. The authors attempt to
show that, comparing to Ricci flow, the hyperbolic geometric flow has the following
advantage: the surgery technique may be replaced by choosing suitable initial velocity
tensor. Some geometric properties of hyperbolic geometric flow on general open and

closed Riemann surfaces are also discussed.
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1 Introduction

Let .# be an n-dimensional complete Riemannian manifold with Riemannian metric g;;.
The following general evolution equation for the metric g;;
8291‘]‘
ot?

+ 2R + Fij (g, 2?) =0 (HGF)

has been recently introduced by Kong and Liu [6] and named as general version of hyper-
bolic geometric flow, where .#;; are some given smooth functions of the Riemannian metric
g and its first order derivative with respect to t. The most important three special cases
are the so-called standard hyperbolic geometric flow or simply called hyperbolic geometric
flow, the Finstein’s hyperbolic geometric flow (see (1.1) and (1.12) below, respectively) and
the dissipative hyperbolic geometric flow (see [5] or [2]). The present paper concerns the
first two cases on Riemann surfaces.
In this paper we mainly study the evolution of a Riemannian metric g;; on a Riemann
surface .# by its Ricci curvature tensor R;; under the hyperbolic geometric flow equation
&*gij
ot?

— —2R;;. (1.1)

As the first step of our research on this topic, we are interested in the following initial

metric on a surface of topological type R?
t=0: ds*=up(x)(de® + dy?), (1.2)
where ug(z) is a smooth function with bounded C? norm and satisfies
0<m<up(zr) < M < o0, (1.3)
in which m, M are two positive constants. we shall prove the following result.

Theorem 1.1 Given the initial metric (1.2) with (1.3), for any smooth function u;(x)
satisfying
(a) wyi(x) has bounded C* norm;
(b) it holds that
ui(x) = Tup@)| VzeR, (1.4)

the Cauchy problem

2.
T~ ok (= 1,2).

5 (1.5)
t=0: gy =uo(@)dy, S =w(@)dy (i,5=12)



has a unique smooth solution for all time t € R, and the solution metric g;; possesses the
following form

gij = u(t,z)0i;  (i,5 =1,2). 0 (1.6)

Theorem 1.1 will be proved in Section 2. This theorem gives a global existence result
on smooth solutions of hyperbolic geometric flow. Based on Theorem 1.1 we can further

prove the following theorem in Section 3.

Theorem 1.2 (I) Under the assumptions mentioned in Theorem 1.1, the Cauchy problem
(1.5) has a unique smooth solution with the form (1.6) for all time, moreover the scalar

curvature R(t,x) corresponding to the solution metric g;; remains uniformly bounded, i.e.,
|R(t,z)| <k, V(tz)eRT xR, (1.7)

where k is a positive constant depending on M, the C? norm of ug and C* norm of uy,
but independent of t and x.
(I) Under the assumptions mentioned in Theorem 1.1, suppose furthermore that there

exists a positive constant € such that

!/
ui(z) > Tup@)l +¢e, VzeR, (1.4a)

uo(z)
then the Cauchy problem (1.5) has a unique smooth solution with the form (1.6) for all
time, moreover the solution metric g;; converges to one of flat curvature at an algebraic

rate m, 1.€.,

k

|R(t,z)| < A+

V(t,z) € RT x R, (1.7a)

where v € (1/2,2] and k are two positive constants depending on e, M, the C? norm of ug

and C' norm of uy. O

The condition (1.4) is a sufficient condition guaranteeing the global existence of smooth
solution to the Cauchy problem (1.5). On the other hand, in some sense it is also a

necessary condition, because we have the following theorem.

Theorem 1.3 Suppose that ug(z) # 0, without loss of generality, we may assume that

there exists a point xg € R such that

ug (o) < 0. (1.8)



For the following initial velocity

up()
uo(z

up(z) , VzeR, (1.9)

the Cauchy problem (1.5) has a unique smooth solution only in [0, Tmax) X R, moreover

there exists some point (Tmax, T+) such that the scalar curvature R(t,x) satisfies
R(t,xz) — o0 as (t,x) /" (Tmax, Tx), (1.10)

where

Tnax = —2 <inf {u'o(x)uog(x)}>_l. O (1.11)

z€R

Theorem 1.3 will be proved in Section 4.
Motivated by Theorems 1.1-1.2, we conjecture that any complete metric on a simply

connected non-compact surface converges to a flat metric by choosing a suitable initial
agij
ot

logical type R™ with suitable curvature assumption. We are now working on the general

case in R? other than (1.2)!.

velocity tensor (0, ). This should be true for higher dimensional manifolds of topo-

On the other hand, Theorem 1.3 shows that if we do not choose suitable initial velocity
tensor 8;?(0, x), the solution to the Cauchy problem (1.5) blows up in finite time, and the
curvature tends to infinity when the points approach the blowup points. In this case, a flow
with surgery has to be considered. In other words, this paper attempts to show that, by
choosing a suitable initial velocity tensor, any complete metric on a surface of topological
type R? may flow to a flat surface under the hyperbolic geometric flow, otherwise the flow
may blow up in finite time and the surgery technique has to be used. In some sense, we
try to show the following interesting phenomenon: for the hyperbolic geometric flow, the
surgery technique may be replaced by choosing suitable initial velocity tensor.

The following Einstein’s hyperbolic geometric flow has also been introduced by Kong
and Liu [6]

9*gij
ot?

1 .09 0g 0¢gip 0g.
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=0 (i,j=1,2), (1.12)

where g% is the inverse of gij- Noting the fact that the equation (1.12) is equivalent to
(1.1) for the metric g;; with the form (1.6), we know that all conclusions mentioned above

hold for the Einstein’s hyperbolic geometric flow (1.12).

n fact, for the case of initial data uo = uo(az + by), us = ui(azx + by), by the same way we can prove

some results similar to Theorems 1.1-1.3, where a and b are two constants satisfying a® + b? # 1.



Here we would like to point out that, perhaps the method is more important than
the results obtained in this paper. Our method may provide a new approach to the Pen-
rose conjecture (see Penrose [7]) in general relativity and some of Yau’s conjectures (e.g.,
problem 17 stated in Yau [8]) about noncompact complete manifolds with nonnegative
curvature in differential geometry.

The paper is organized as follows. An interesting nonlinear partial differential equation
related to the metric (1.6) is derived in Section 2. Based on this, we prove the global exis-
tence theorem on hyperbolic geometric flow, i.e., Theorem 1.1. The asymptotic behavior
theorem, i.e., Theorem 1.2 is proved in Section 3, the proof depends on some new uniform
a priori estimates on higher derivatives which are interesting in their own right. In section
4, we investigate the blowup phenomena and the formation of singularities in hyperbolic
geometric flow. Section 5 is devoted to the discussion about the radial solutions to the
hyperbolic geometric flow, i.e., the case u = wu(t,r) in which r = \/W Section 6
concerns some geometric obstructions to the existence of smooth long-time solutions and

periodic solutions of the hyperbolic geometric flow on general Riemann surfaces.

2 Global existence of hyperbolic geometric flow — Proof of

Theorem 1.1

In our previous work [1], we have studied the flow of a metric by its Ricci curvature

329@7
ot?

= —2Rij

on n-dimensional manifolds, where n > 5. In some respects the higher dimensional cases
are easier, due to the enough fast decay of the solution for the corresponding linear wave
equations. For surfaces, some estimates on the curvature fails for that the solutions of the
corresponding two-dimensional linear wave equations only possesses “slow” decay behav-
ior. Therefore a new approach is needed.

On a surface, the hyperbolic geometric flow equation simplifies, because all of the in-
formation about curvature is contained in the scalar curvature function R. In our notation,

R = 2K where K is the Gauss curvature. The Ricci curvature is given by
1
Rij = §Rgij, (2.1)

and the hyperbolic geometric flow equation simplifies the following equation for the special



metric
5’291‘ j
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The metric for a surface can always be written (at least locally) in the following form

= —Ry;. (2.2)

gij = u(t, x,y)di;, (2.3)

where u(t, z,y) > 0. Therefore, we have

Al
R=-=""2% (2.4)
u
Thus the equation (2.2) becomes
@ _ Alnu "
o2 wu ’
namely,
uy — Alnu = 0. (2.5)

In order to prove Theorem 1.1, by the uniqueness of the smooth solution of nonlin-
ear hyperbolic equations, it suffices to show that, for any given smooth function wu;(z)
satisfying the conditions (a)-(b), the following Cauchy problem

up — Alnu =0,
(2.6)

t=0: u=up(z,y), w =ui(z,y)
has a unique solution for all time; Moreover, the derivatives of the solution possess some
algebraic decay estimates.

Notice that the initial data ug and u; only depend on the variable x and are independent
of y. Therefore the Cauchy problem (2.6) may reduce to the following Cauchy problem
for one-dimensional wave equation

uy — (Inu)yy =0,
(2.7)
t=0: u=up(z), ux =ui(z).

In what follows, we shall solve the Cauchy problem (2.7) and analyze its solution’s
decay behavior.

Denote

¢ =Inu. (2.8)

Then (2.5) reduces to
du—e PNp=—¢}. (2.9)



In particular, the first equation in (2.7) becomes

b1t — € Py = —2. (2.10)
Let
V=, W= Pg. (2.11)

Then (2.10) can be rewritten as the following quasilinear system of first order

¢t = v,
wi— vy =0, (2.12)
vp — e Pwy = —v?
for smooth solutions.
Introduce
p:v—l—e_%w, q:v—e_%w. (2.13)
We have

Lemma 2.1 p and q satisfy

1
Dt — A\py = —Z{p2 + 3pq},

] (2.14)
Gt + Agz = —Z{QZ + 3pq},
where
A=et. O (2.15)
Proof. We now calculate
Pt — APy = (v + e_%w) — e_g (U + e_%w)
t T
1 1
=+ e*%wt — e*%% — e %w, — ge*%gbtw + ge*‘bquw
1 1
=—v?- ivwe_% + §w26_¢
_ _v2 _ lv <w67%> n } <w67%)2 (216)
N 2 2
__(p+a)’ _lptap—aq 1 (p—qY’
2 2 2 2 2 2
1
= =7 (p” +3pa).

In (2.16) we have made use of (2.11), (2.12) and (2.13). In a similar way, we can prove
the second equation in (2.14). Thus, the proof is finished. |

By a direct calculation, from (2.14) we can obtain the following interesting lemma.



Lemma 2.2 It holds that

Pt — (Ap)e = —1gq,

0 (2.17)
a4t + (Aq)e = —py.
Noting (2.7)-(2.8), (2.11) and (2.13), we denote
poz) 2 1) | 0@ gy 2 0@ (@) (2.18)
w@ t i w@
o (%) o (%)

It is easy to verify that the C? solution of the Cauchy problem (2.7) is equivalent to the

C' solution of the Cauchy problem for the following quasilinear system of first order

+
(bt - ]%7
1
Pt — Apz = ——(p* + 3pq), (2.19)

4

1
G+ A = —E(q2 + 3pq)

with the initial data

t=0: ¢=Inug(z), p=po(z), ¢= qo(w), (2.20)

where A = A(¢) is defined by (2.15), po(x) and go(z) are given by (2.18). Obviously, (2.19)

is a strictly hyperbolic system with three distinguished characteristics
A==\ A=0, A3=A\ (2.21)
In order to prove Theorem 1.1, it suffices to show the following theorem.

Theorem 2.1 If ui(z) is a smooth function with bounded C* norm and satisfies

/
u(z) > |uz(xi| , Yz eR, (2.22)
0

then the Cauchy problem (2.19), (2.20) has a unique global smooth solution for all time
teR. O

Corollary 2.1 Under the assumptions in Theorem 2.1, the Cauchy problem (2.7) has a
unique global C? solution for all time t € R. O

According to the existence and uniqueness theorem of smooth solution of hyperbolic
systems of first order, there exists a locally smooth solution of the Cauchy problem (2.19)—

(2.20). In order to prove Theorem 2.1, it suffices to establish the uniform a priori estimate



on the C! norm of (¢, p, ¢) in the domain where the smooth solution of the Cauchy problem
(2.19)(2.20) exists. That is to say, we have to establish the uniform a priori estimates
on the C° norm of (¢,p, q) and their derivatives of first order on the existence domain of
smooth solution of the Cauchy problem (2.19)-(2.20). Noting (2.19), we see that the key
point is to establish a priori estimate on the C'! norm of p and gq.

In order to prove Theorem 2.1, we need the following lemmas.

Lemma 2.3 In the ezistence domain of the smooth solution of the Cauchy problem (2.19)-
(2.20), it holds that

0 < p(t,z) < suppo(y) (2.23)
yeR
and
0 < g(t, ) < supqo(y). O (2.24)
yeR

Proof. In fact, passing through any point (¢, ), we can draw two characteristics, defined
by & = £4(7;t, ), which satisfy

L — LA(1;84(7;t, 7)), (2.25)

Ei(tyt,x) = x,
respectively. Noting the last two equations in (2.19), we observe that, along the charac-

teristic £ = &4 (7;t,x), it holds that

pit.o) = mies st ep { [~ lp+sal (rstmtonarf. 220)
On the other hand, noting (2.18) and (2.20), we have
po(xz) 20, Vo eR, (2.27)
and then by (2.26), we obtain
p(t,z) >0

in the existence domain of the smooth solution of the Cauchy problem (2.19)-(2.20).
Similarly, we can prove
q(t,z) > 0. (2.28)
On the other hand, noting (2.27), we obtain from (2.26) that, for any point (t,z) in

the existence domain of the smooth solution

0 < p(t,x) < po(€+(05t,2)) < Slelﬂgpo(y)- (2:29)
Yy



This is the desired inequality (2.23).

Similarly, we can prove (2.24). Thus, the proof is completed. [ |

We next estimate p, and g,.

Let
=Pz, S$={(x-
Similar to Lemma 2.1, we have

Lemma 2.4 r and s satisfy

T — ATy = —% [(2qg + 3p)r + 3ps],

O
St + Asy = —% [(2p + 3q)s + 3qr].
Proof. By a direct calculation, we can easily prove (2.31). [ |
Denote
ro(z) = ph(),  so(z) = go(x)
We have

Lemma 2.5 In the existence domain of the smooth solution, it holds that

Irt,z)l, [s(t, 2] <maX{suplro(y)l, sup|50(y)|}- O
yeR yeR
Proof. Let
2q + 3p 3p - 2p—+3q _ 3q
A=——+- B=— A=——"- B=-—=
4 4’ 4 4

Then the system (2.31) can be rewritten as
ry — Arp, = —Ar — Bs,
St + \sy = —As — Br.

By Lemma 2.3, we have

A A, B, B>0, A>B, and A>B.

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

By the terminology in Kong [4], the system (2.35) (i.e., (2.31)) is weakly dissipative. There-

fore, it follows from Theorem 2.3 in Kong [4] that

r(t, )], IS(tvw)lémaX{ sup |ro(y)l; Sup)!So(y)},

yel(t,x) yel(t,x

10

(2.37)



where
I(t,x) = [£-(05t, 2), £4-(0; 8, )]
The desired estimate (2.33) comes from (2.37) directly. This proves Lemma 2.5. [
We next estimate ¢.

For any fixed point (¢,z) in the existence domain of the smooth solution, it follows

from the first equation in (2.19) that

t
ot.a) = o0.0)+ [ 1L (rayar (2.39)
Noting (2.20) and (2.23)-(2.24), we have
Inug() < 9(t.2) < Inug(a) + & {sup 1po(®)] + sup qo<y>\} Lo (239)
yeR yEeR

On the other hand, deriving the first equation in (2.19) with respect to x gives

(620 = 3(0n+:) = 3r +5), (2.40)
that is,
1 t
¢r = ¢02(0,2) + 2/0 (r+ s)(7,z)dr. (2.41)
Using (2.20) and noting (2.37), we have
Bt < PO N up rg(y)] -+ sup o)) | (2.42)
Uo(ﬂf) yeR y€ER

Proof of Theorem 2.1. Notice that ug(z) is a smooth function with bounded C? norm
and satisfies (1.7). On the other hand, notice that u(z) is a smooth function with bounded
C! norm and satisfies (2.22). Then it follows from (2.18) that

0 < po(z) < suppo(z) £ Py < oo,
x€R

(2.43)
0 < qo(w) < sup go() 2 Qo < oo
Thus, it follows from (2.39) that, in the existence of the smooth solution
Inm < ¢(t,z) <InM + %(Po + Qo)t. (2.44)
On the other hand, noting (2.15), we have
M2 1(PotQo)t < X <z, (2.45)

11



From any interval [a, b] in the x-axis, we introduce the following triangle domain, which

is the strong determinate domain of the interval [a, ]
Afap) = {(t,w)‘a+m‘%t<x<b+M‘%t}. (2.46)

It is easy to see that, in order to prove Theorem 2.1, it suffices to prove that, for
arbitrary interval [a, b] in the x-axis the Cauchy problem (2.19)-(2.20) has a unique smooth
solution on Ay, .

Noting the estimates (2.23)-(2.24), (2.37), (2.39) and (2.42), for any point (¢,z) in

Alq,p we have following a priori estimates

0 <p(t,z) < sup po(y) < Py, (2.47)
y€la,b]
0<q(t,2) < sup qo(y) < Qo, (2.48)
y€la,b]
|r(t,x)|, |s(t,z)] < max{ sup |ro(y)|, sup \so(y)\} < 00, (2.49)
y€la,b] y€la,b]

1 1
Inm < ¢(t,2) <InM+ 5 { sup |po(y)| + sup !cm(y)} t <M+ 5 (Po + Qo)te,),

y€la,b] y€[a,b]
(2.50)
s?pb} lug ()]
z€la,
|pz(t, )| € ————— + { sup [ro(y)| + sup |80(y)|} tab)> (2.51)
m y€Ela,b] y€la,b]
where
b—a

tap) = s — MY
In the estimates (2.47)-(2.51), we assume that the solution exists. The above a priori
estimates (2.47)-(2.51) implies that the Cauchy problem (2.19)-(2.20) has a unique smooth

solution on the whole triangle domain A, 3. This proves Theorem 2.1. |

Theorem 1.1 follows from Theorem 2.1 immediately.

3 Asymptotic behavior — Proof of Theorem 1.2

In this section, we shall establish some uniform estimates on the global smooth solution
(¢, p,q) of the Cauchy problem (2.19)-(2.20) as well as its derivatives r and s. Based on
this, we can prove Theorem 1.2.

We first prove the part (I) of Theorem 1.2.

12



We now assume that (1.4) holds, i.e.,

ui(z) = @]y, er. (3.1)
uo(z

Therefore, all the estimates mentioned in the previous section hold. Under the hypothesis
(3.1), we next establish some decay estimates which play an important role in the proof
of Theorem 1.2.

Noting the assumption (3.1) (i.e., (1.7)), we obtain from (2.18) that

po(x), qo(z) =20, VzeR. (3.2)
In the present situation, similar to the argument in Section 2, we have
p(t,x) >0, q(t,z) >0, VY(t,z)cR" xR. (3.3)

Thus, it follows from (2.19) that

1
P = Apa < =9 (3.4)
and
1 2
@+ Az < — 0 (3.5)

For any fixed point (0,«) in the z-axis, along the characteristic £ = £_(¢;0, «) it holds
that
po(e)
1+ Lpo(a)t
—po(c
4P0
This implies that, for any point (¢,z) € Rt x R, we have
po(§-(0;t, x))

1+ %po(ﬁ—(O;t,x))t

p(t,€-(t;0,)) < <P, Vt=0. (3.6)

p(t, ) < <, (3.7)

namely,

p(t,z) < C1, V(t,z) € RT xR, (3.8)

here and hereafter C; (i = 1,2,---) stand for the positive constants independent of ¢ and
x, but depending on €, M and the C? norm of ug and C! norm of u;.

Similarly, we can prove
q(t,z) < Oy, V(t,z) e RT xR. (3.9)

In what follows, by maximum principle for hyperbolic systems (see Theorem 2.1 in

Kong [4]), we establish the decay estimates on r and s.

13



Noting (2.34), we have
1
A—B=—-q>0.
2(] 2

(3.10)

We now apply the maximum principle derived in Kong [4] to the system (2.35) and obtain

|7"(t,l‘)|<maX{ sup |ro(y)|, sup |80(y)|},
yel(t,z) yel(t,x)

where I(t,z) and £_(7;t,z) are defined as before. Let

N = sup |ro(y)| + sup |so(y)|-
yeR yeR

By (3.3), it follows from and (3.11) that
Ir(t,z)] < N, V(t,7) € Rt xR.

Similarly, we have

|s(t,z)] < N, V(t,7) € Rt xR.

Next we estimate ¢(t,x) and its derivatives. It follows from (2.39) that

1
m < ¢(t,z) <In M + (P + Qo)t,

as a consequence, by (2.8)

m < u(t,x) < M exp {;(Po + Qo)t} .

To estimate ¢; and ¢, we use (2.11) and (2.13). By (2.11) and (2.13), we have

1 1 ¢
br = 5(1)4‘ a), ¢z= 56’2(}7— q)-
Thus, it follows from (3.8) and (3.9) that
C1+ C
’¢t(t7x)| < ! 2 2 < 037
Ch+ Oy

| (t, )| < %exp {; [lnM + %(P@ + Qo)t] } 5 < Cyexp{Cst}.

We now estimate ¢,;. Noting (2.30) and (2.11), we obtain from (2.13) that

_e 1 ¢
r=Dpy =VUgFe€ 2¢QC.Z’_§€ 2(25920’

_® 1 _»¢
§=(qgy = Uy — € 2¢zm+§e 2¢:25

14

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



It follows from (3.20) that
Lt et = L et 42
Gz = 5¢* {(7“ s)+e 2¢x}— 2{(r s)e2 +q§x}. (3.21)
Thus, by (3.15), (3.13)—(3.14) and (3.19) we obtain
|z (t, x)| < Coexp{Crt}. (3.22)

We finally estimate the scalar curvature R. By the definition, we have

(Inu) gy .

= 2
R - (3.23)
Noting (2.8), we obtain from (3.23) that
R(t.z) = Lox 24
(t,x) = prt (3.24)
Using (3.21), we have
¢
I L (i Lo ey ,
(t,x) = g =3 (r—s)e 2 + (@;e 2) . (3.25)

Thus, by (2.13) we get

R(t,x) =

N

{(r - S)e*% + (p;q)Q} - (3.26)

Then, using (3.13)—(3.15) and (3.8)—(3.9), we have

R(t,2)| < % {2N exp {—; lnm} + i(c1 4 02)2} <Cs V(tz)€RT xR
(3.27)
(3.27) implies that, for any fixed (t,7) € R? x R there exists a positive constant k such
that
|R(t,z)| <k, (3.28)

where k depends on m, M, the C? norm of uy and C' norm of uy, but independent of ¢

and x. This proves the part (I) of Theorem 1.2.

Remark 3.1 From the above argument we observe that, in order to estimate the scalar
¢

curvature R, we need to estimate the quantities: re” 2 and 867%. A more convenient way

is as follows: let

T=re 2, §=—se 2, (3.29)

15



then it follows from (2.31) that

i — Ny = —3p(7 — 3),
(3.30)
5+ A5 = —2q(3 7).

Noting (3.8) and using Remark 4 in Hong [3] or Theorem 2.4 in Kong [4], we have
min{ inf 7(0,z), inf 5(0,z)} < 7(t,x), 5(t,z) < max{sup7(0,x),sup §(0,z)}  (3.31)
z€R Tz€R z€R Tz€R

for any (t,z) € RT xR. (3.31) gives the uniform estimates on the upper and lower bounds

iy ¢ ¢
of the quantities re” 2 and se” 2.

We next prove the part (II) of Theorem 1.2.

In what follows, we assume that (1.4a) is satisfied, i.e., it holds that

w(@) > DLy eR, (1.4a)
ug ()

where € is an arbitrary positive constant. Obviously, under the assumption (1.4a), (2.22) is

always true, and then all the estimates mentioned above hold. In fact, under the hypothesis

(1.4a), we may furthermore establish some decay estimates which play an important role

in the proof of the part (II) of Theorem 1.2.
Noting the assumption (1.4a), we obtain from (2.18) that

€ a

po(x), qo(z) = i M', VzeR. (3.32)

Introduce
p=up, §=uq. (3.33)
Then it follows from (2.8), (2.11) and (2.13) that

1

p=u+ Nk q=u— \}aux (3.34)
This gives
u(t, ) = up(x) + /Ot(ﬁ + §) (7, x)dr. (3.35)
On the other hand, similar to (2.14), we have
b~ e = =5~ D)
Jf 41“ (3.36)
a + ﬁfjm = E@(ﬁ —q).
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Noting (3.3), (3.16) and (3.33), we observe that
—p>0 —G>0, V(tz)eR"xR. (3.37)
Then, by Remark 4 in Hong [3] or Theorem 2.4 in Kong [4], it follows from (3.36) that

min{inf ¢(0, ), inf §(0,2)} < p(t,z), ¢(t,r) < max{supp(0,z),sup§(0,z)}  (3.38)
z€R z€R z€R z€R
for any (¢,x) € RT x R. Noting (1.3) and (3.32), we have
Co < p(t,x), §(t,xr) < Crp, V(t,z) €RT xR. (3.39)
Thus, it follows from (3.35) that
011(1 + t) < u(t,x) < 012(1 + t), W (t,x) eRT xR. (3.40)

Noting (3.33) gives

B i), glte) <

RT xR A1

where 013 S 09/012 and 014 Z 010/011

We next establish some decay estimates on r and s.
Noting (2.34), we have
1
A-—B= 5 (3.42)

We now apply the maximum principle derived in Kong [4] to the system (2.35) and obtain

|r<t,w>\<max{ sup [ro(y)], sup |30<y>|}exp{— /O 1Q(T,£(T;t,w))d7}, (3.43)

yel(t,x) yel(t,z) 2
where I(t,z) and £_(7;t,z) are defined as in Section 2.
Let

N = sup |ro(y)| + sup |so(y)|- (3.44)
yeR yeR

Noting (3.41), we obtain from (3.43) that

b
r(t, )| < Nexp {—0213/ dq-}
0

1+7
< Nexp {ln(l + t)_015} (3.45)
_ N
(1 t)Cs”
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Similarly, we have

We now estimate ¢,...
Noting (2.30) and (2.11), we obtain from (2.13) that
1
T =Py =Ug+ eigqb:ca} - 567%¢ia
(3.47)
_2 1 ¢ 5
§ =4y = Uy — € 2¢a:x+§e 2¢x'
It follows from (3.47) that
1l A ¢ 9
¢mx—§e2 {(r s)+e 2%}*5{(7" s)e2 +q§x}. (3.48)
We finally estimate the scalar curvature R.
By the definition, we have
1 xrxr
R = 0Wse (3.49)
u
Noting (2.8), we obtain from (3.49) that
R(t,z) = 2 (3.50)
, r .
Using (3.48), we have
)
R _%{(T—S)e2+¢i}_1 _% _% 2 251
(t2) = ~ =S =9+ (geE) H (351
Noting (2.8), (2.11) and (2.13), we get
Rit,z) =75 p—a\’ (3.52)
2] Vu 2 ' '
Then, using (3.40)-(3.41) and (3.45)-(3.46), we have
1 2N Cra — 013)2
R(t,z)| < = , +
’ ( )‘ 9 { (1 + t)mln{C'ls,ClG}, /011(1 + t) < 2(1 + t)
1 1
<C (3.53)
7 { (L ymnicncnrts T T2 }
1
< * xR,
< Cis (1 + t)min{Q,min{Cls,C16}+%}7 v (t’ I) ERT xR
Taking k > Cig and vy = min{2, min{Cys, C1s} + 3}, we obtain from (3.53) that
|R(t,z)| < V (t,z) € RT x R. (3.54)

This proves the part (II) of Theorem 1.2. Thus, the proof of Theorem 1.2 is completed.
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4 Blowup phenomena and formation of singularities — Proof

of Theorem 1.3

In this section we will investigate the blowup phenomena of hyperbolic geometric flow and
the formation of singularities, provided that the assumption (1.7) is not satisfied.
Throughout this section, we assume that (1.2) holds. As in Theorem 1.3, we assume

that there exists a point xg € R such that

ug (o) < 0. (4.1)
In this case, we choose
!/
ui(z) = () , VzelR (4.2)
up(z)

In what follows, we shall prove

Theorem 4.1 For the initial data uo(x) and uy(z) mentioned above, the Cauchy problem
(1.5) has a unique smooth solution only in [O,Tmax) x R, where
~ 4
T = — o 4.3
"= b e (o)) ()

where
3

po(x) = 2ug(x)u, * ().

Moreover, there exists some point (Tmax, Tx) such that the scalar curvature R(t,z) satisfies

R(t,x) — oo as (t,2) /" (Timax, Tx)- O (4.4)

Proof. As in Sections 2-3, it suffices to study the Cauchy problem (2.7), equivalently, the
Cauchy problem

( +
¢t - 1%7
1 2
Pt — APz = —Z(p + 3pq),
! (4.5)
G+ A = —1((12 + 3pq),

 t=0: ¢= Inug(z), p=po(x), ¢ =0,
where po(z) is defined by (2.18).
Noting the last equation in (2.19), we observe that the above Cauchy problem becomes

1
¢) =3P,
C2 (4.6)

1
Pt — Apy = —ZPQ;
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t=0: ¢=Inu(x), p=po(z). (4.7)
On the other hand, by (2.18) and (4.2), we have
u

()

(x

o~

po(z) =2 (4.8)

u

Oolw

~—

Thus, passing through any fixed point (0,«) in the z-axis, we draw the characteristic
¢ = &_(t;0,) which is defined by (2.25). Along the characteristic £ = £_(¢;0,«), it

follows from the second equation in (4.6) that

po(a)

p(t,&-(t:0,a)) = T+ Ipo(a)t
1

(4.9)
In particular,

po(Zo)

p(t,&(t;0,20)) = m
i

(4.10)

for t € [O, ()) Here we have made use of (4.1). By (4.1), we find pg(z¢) < 0, and
PolTo
then — > 0. (4.10) implies that
po(o)
(L& (£0,20) \ —00 as t, —— (4.11)
(50,2 —00 — . .
g ’ po(xo)

(4.11) shows that the smooth solution of the Cauchy problem (4.6)-(4.7) exists only in
finite time. For any a € R, (4.9) always holds. Combining this and (4.11) gives (4.3).

We next prove (4.4). For simplicity, we assume that

po(xo) = ig{f&po(m) < 0. (4.12)

By (4.9), we have

[po ()] o =

Ip(t,z)| = = Ipo (o)t V (t,z) € [0, Thax) X R. (4.13)

On the other hand, it follows from the first equation in (4.6) that

1 t
p(t,x) = po(a) + 5 / p(r,z)dr, (4.14)
0
and then

1 t
ot o) < ]+ 3 [ O,

1-1

2|po(z)|co < 1 >1
=|InM|+ In{1— =|po(zg)|t , V(t,x) €10, Thax) X R.
|+ S ] (1,7) € [0, Ta)
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We next estimate r and s. Noting the second equation in (2.30) and the fact ¢ = 0,
we have

s=0, V()€ |0, Thax) X R. (4.16)

Thus the Cauchy problem (2.31)-(2.32) reduces to

3
Tt — Ay = ——=pr,
4 (4.17)

t=0:7r=ro(z) £ ph(x).

Thus, along the characteristic £ = £_(¢;0, «), it holds that
t

/ p(r, (730, a))dT} . (4.18)

3
r = py(a) exp {—4 i

By (4.13), we have

-1
|T(ta$)|<\p6($)|coexp{?m1n<1—i|p0(950)|t> } Y (t,2) € 0, T) * B

(4.19)

In particular,
3 [ ~
r(tagf(t; 07330)) :Pa(ﬂfo) exp{_4/ p(Tv g(T;vaO))dT} ) Vi< Tmax- (420)
0
Noting (4.12), we have
po(w0) = 0, (4.21)

and then,

r(t,&-(t;0,20)) =0, Vite€0, Thax)- (4.22)

We finally estimate R. By (3.26) and (4.22), we have

R(E(50.00)) = 3 {rexpl=5) + 12} (1.6 (0:0.20)

X (4.23)

= §p2 (tu 5— (t7 07 .T())) .

Noting (4.10), we obtain
: _ 1 i) =
R(t,&_(t;0,20)) = = N 5/ +oo as t /" Thax- (4.24)
8 (1= lpo(zo)t)
Denote

To = & (Tmax; 0,20) £ Lim  £_(¢;0,z0). (4.25)

t—Tmax

It is easy to see that the desired (4.4) comes from (4.24) directly. This proves Theorem
4.1. |

Theorem 4.1 is nothing but Theorem 1.3. Thus Theorem 1.3 has been proved.
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Remark 4.1 Under the assumptions of Theorem 4.1, the scalar curvature R goes to posi-
1 ~
tive infinity at algebraic rate = s (t,z) tends to the blow up point (Tiaz, T+).

max ~

5 Radial solutions to hyperbolic geometric flow

In this section, we shall investigate the radial hyperbolic geometric flow, i.e., we shall
consider the radial solution u = u(t, ) of the nonlinear wave equation (2.5). More precisely

speaking, we consider the Cauchy problem
Ut — Alnu = O,

t=0: wu=wp(r), w =ui(r),

where ug, w1 are smooth functions of r, in which

r=+22+1y2>0. (5.2)

In what follows, we will state and prove some formulas which are useful in the study
of radial solutions to the hyperbolic geometric flow.

As in (2.8), let

Dt ) = nult,r). (5.3)
Then (2.5) becomes
b= e (s 4 1) 4 =0 (54)
Similar to (2.11), we denote
V=t W=t (55)

Then, the equation (5.4) can be equivalently rewritten as

wy — v = 0,

Introduce

T2w, (5.7)
we have

Lemma 5.1 p and v satisfy the following equations

2
oy (EY E(X_K) _
e — Xhr = ( 5 )+2 S5 (p—v),

ptv\? 1lox p
Vt+XVr:_< B >+2(+2>(M—7/),

(5.8)
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(5.9)

[VIESS
U

where

Proof. We calculate

W
Ut — Xy = (v+e*5w> - e’% (v+e*§w>
t T
_¥ _¥ _¥ v 1 _»
=v +e 2wt—§e 2wy —e 2 (v, +e 2wr—§e 2 WY,

1 _» 1
=Vt — 567571)1% - eiwwr + ieiwwwr (510)
1 1 1
=V Wy +—w | — v — fe_%wwt — e‘¢wr + —e"”wwr
r 2 2
1 1 1
— 4 (Ze ¥ = Zve T 4 eV | w.
T 2 2
In (5.10), we have made use of (5.6). Noting (5.7), we obtain from (5.10) that
2
+v 1 _» +v ez Lz
o= xpe == (552 ) +(ceE - BT R E
2 r 4 4 2
) (5.11)
S 0 R e
B 2 roo2/ 2
Similarly, we can prove
(5.12)

p+v\? X my RV
vt xve = e
2 2
This proves Lemma 5.1. |
It is easy to see that the C? solution of (2.5) is equivalent to the corresponding C*

solution of the following system of first order

+v
17Z)t = a 9
2
w+v X V\p—v
“t_"”’”__< 2 > +<?_§> 9 (5.13)
2
() (x ey
\ Uy + XVp = < 9 ) + , + 5 5
where x is given by (5.9).
Similar to Lemma 2.2, we can prove
Lemma 5.2 It holds that
—v
pe = (Xp)r = —pv + x(u%)
O (5.14)

— UV
vi + (xv)r = —pv + X(NQT)
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Similar to (2.30), let
n=Hlr, °7="r. (5.15)

By a direct calculation, we have

Lemma 5.3 7 and v satisfy

3p+v BP—V X \HK—V (X V\N—Y
M= X1 = — (n+v)—< + +<*—*)7,

4 4y r2) 2 ro 2) 2
O (5.16)
_ pt3v (kY X\ p—V (X?B)u
Yt + XV = 4 (77+7) <4T‘ +7‘2> 92 + r 9 9

Lemmas 5.1-5.3 play an important role in the study on the global existence and blowup
phenomenon of the radial solutions of the hyperbolic geometric flow. The key point is to
establish the estimates on the terms with the factor % in the equations (5.8) and (5.16).
This kind of estimates is a difficult and key point in the study on the theory of hyperbolic

partial differential equations, and still remains open.

6 Some geometric properties on general Riemann surfaces

In this section, we consider the geometric properties of solutions of the hyperbolic geo-
metric flow on Riemann surface of general initial value. We first give some special explicit
solutions of the reduced equation of the hyperbolic geometric flow to highlight some special
forms of the solutions. Then we derive the reduced equation of the hyperbolic geometric
flow in more general conformal class and give some results about certain important quan-
tities like the total mass or volume function which illustrate some geometric obstructions
to the long time existence of the reduced problems, as well as the existence of periodic
solutions.

Let us consider a simple case, let (.Z, g) be a complete Riemann surface with a metric

of conformal type
g=p(x,y)° (da® + dy?) .
Here we can assume that .# is globally conformal to R? or T2. If we look for the solutions

of the hyperbolic geometric flow (1.1) or (1.12) in this conformal class, as in Section 1, we

can reduce this system explicitly to

2
gtg—mnu:o, (6.1)
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where u = p? and A is the standard Laplacian. This can be done by a simple observation
that the Ricci curvature can be written in terms of the Gaussian curvature as Ric (g;) =

K g, and the Gaussian curvature can be written as K = —p%Aln p-

Setting w = Inu, same as (2.9) we have

2

2
Ow | |oul” e Aw =0. (6.2)

22 ot

The equation (6.2) is reminiscent of the traditional wave map and semilinear hyperbolic
equation in two dimension. In general, it is not easy to handle globally. We first search

for some special solutions.

Example 6.1 (Solutions of separation variables) We look for solutions of (6.2) with

the following form
w=[f(@)+g(zy).

We have )

2
& f ‘df 9w A g =,

a2 |dt

this means

a2 ' |dt

f  |df
f@)
e < + ‘dt

2

where c¢ is a constant independent of ¢, z,y. So we can solve these two equations by
SO = §t2 tat+b,
and
Ag = ceI@Y), (6.3)

where a,b are arbitrary real numbers, and ¢ (z,y) is a solution of (6.3) which is the
famous Liouville equation which has arisen in complex analysis and differential geometry
on Riemann surfaces, in particular, in the problem of prescribing curvature. We just
notice that when the Riemann surface is compact, there is no solution to (6.3) unless

c=0. O

Example 6.2 (Solutions of traveling wave type) We look for solutions of (6.2) of the

type
w=f(zr—at),

where a is a real number, then we have the following ordinary differential equation
ef (a2f// +a2f’2) _ f// =0,
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which can be solved explicitly in the following implicit form

el — f=ciz + co. O

Let (.#, go) be a Riemann surface with metric gg. We shall call metrics gy and g point-
wise conformally equivalent if g = ugy for some positive function u € C* (.#), whereas
we say that metrics go and g are conformally equivalent if there is a diffeomorphism &
of . and a positive function v € C* (.#) such that ®* (¢) = ug. Although we assume
that the Riemann surface is globally conformal to R? in the above simple setting, we
can investigate the hyperbolic geometric flow in the same pointwise conformal class in
more general setting. Let (.Z,gy) be a Riemann surface with metric gy, we would like
to search for solutions of the hyperbolic geometric flow in the pointwise conformal class
(M ,u(t,-)go), where u (t,-) is a function with parameter t.

To make the problem more tangible, we first prove the following lemma.

Lemma 6.1 Let g9 and g be point-wise conformally equivalent metrics on the Riemann
surface M such that g = ugy for a positive smooth function u, and k() is the Gaussian

curvature of (A, go), then the Gaussian curvature of (A ,ugg) is

K (z,y) = % (k: (z,y) — %Ago lnu> , (6.4)

where (x,y) € A is any local parameter and A4 denotes the Laplacian with respect to

metric go. O

Proof. Let {w?, wg} be a local oriented orthonormal coframe field on (., gp). If we set
wi = uw?, then {wy,ws} is a local oriented orthonormal coframe field for g. It is worth
to notice now that the Gaussian curvature k of (., gg) is determined by the following
equation
ki Awy = dily,
where ¢, denotes the Riemannian connection form go.
Now we compute the connection 19 form of (#Z,u(-)go). Let du = ujw + usw.

Then
1
dwy = <Mdu A WY — Vaugdy A wg)

Uz o U1 g 0)
=—|—w] — —wy + A ws.
<2u 17 5,%2 P12 2
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Thus
u9 (75} 1
%W? - %wg + ol = ¢y — 5 * dInwu,

where * denotes the Hodge star operator. So we conclude

P12 =

1 1
Kwi Awy = dipra = dply — id*dlnu = kw) Aw) — EA (Inu) W AWy,

and the result follows immediately. |

From (6.4) we can reduce the hyperbolic geometric flow (1.1) in a point-wise conformal

class to
0*u
o2 = NgoInu — 2k (z,y), (6.5)
and moreover we can consider the Cauchy problem for (6.5)
0*u
2 = Do lnu—2k (z,y), (6.6)

t=0: u=up(z,y), u=ui(z,y),
where ug is a positive function and u; is an arbitrary function on .Z.

Let us now consider (6.5) or (6.6). As investigated by Kong and Liu [6], we know that
the hyperbolic geometric flow on three dimension has a deep relation with the Einstein
equations. It is a challenging problem to find periodic solutions and blowing up phenomena
of the hyperbolic geometric flow as in the Einstein equation case. It is interesting that in
two dimensional case we can prove the following theorem which gives some obstructions
to the existence of smooth long time solutions and periodic solution of (6.6).

In order to state our result, we introduce

Definition 6.1 A solution of (6.6) is regular, if it is positive and smooth. n

Theorem 6.1 Let (#,go) be a compact Riemannian surface with metric go, x () de-
notes its FEuler characteristic number. If u(t,x,y) is a reqular solution of (6.6). We
have

(a) If x (A) > 0, then any solution of the reduced problem (6.6) must blow up in finite
time for any initial value (ug,u1);

(b) If x (M) # 0, there is no periodic regular solution of equation (6.5). Moreover in
the case x (M) = 0, if there is a periodic solution u (t,z,y) of (6.5), then we must have
Ju(t,z,y)dVy, = c for some positive constant c;

“ (c) If x (M) =0, andu (t,x,y) is a regular solution of (6.6). Then if [ ui (z,y)dVy, <
M

0, u(t,z,y) must blow up in finite time. O
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Proof. Let u (t,z,y) be a regular solution of (6.5) or (6.6). We denote the volume of .#

with respect to the metric u (¢, x,y) go by

v<t>=/u<t,x,y>dm.

M
Then taking integration on both sides of (6.5) and using Gauss-Bonnet formula, we have

2V (t
VI~ (),

this means

V (t) = 21X (M) t* + c1t + co (6.7)

for some constants ¢; and cy. If we consider the Cauchy problem (6.6), we can easily get

the numbers ¢; and ¢2, c2 = /uo (x,y)dVy, and ¢ = /u1 (x,y) dVy,. From (6.7) we

conclude (a) by the assumptioﬁﬂx () > 0. Otherwise, fo/r/[some sufficiently large number
T, we have V (T') < 0, which is impossible.

To prove (b), we just notice that if u (¢,z,y) is a periodic solution of (6.5), then V ()
must be a periodic function of parameter ¢, which is impossible unless y (.#) = 0 and
c1 =01in (6.7).

The conclusion (c) can also be concluded from the expression (6.7). In this case we

have
V (t) = c1t + ca,
but
1= /Ul (z,y) dVg, <0,
M
so u (t,z,y) must blow up in finite time. This proves Theorem 6.1. |

From the above theorem, we see that problem (6.6) or equation (6.5) have essential
geometric obstruction to the existence of long time solution or periodic solution. However,
as in the study of Ricci flow on Riemann surfaces, we consider the following normalized

equation for the equation (6.5)

0%u 4y (M)
— =Ny Inu—2 —_—
atQ go 11U k (xa y) + v (90) ) (68)

t=0: u= uo(:r,y), Ut = ul(xay)v

where V' (go) denotes the volume of .# with respect to metric go. We have
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Theorem 6.2 Let (#,go) be a compact Riemann surface with metric go, x () denotes
its Euler characteristic number. If u (t,x,y) is a reqular solution of (6.8), then we have

(i) If /u1 (x,y) dVy, < 0, then the volume function V (t) is linearly contracting and
/A

U (t,w,y)(must blow up in a finite time;

(i) If /u1 (x,y) dVy, > 0, then the volume function V (t) is linearly expanding. O
M

This theorem can be proved in a manner similar to the proof of (6.7), here we omit
the details.

Theorem 6.2 reveals that the hyperbolic geometric flow has very different features from
the traditional Ricci flow, because even for the normalized equation (6.8) we can not get
the long-time existence of solutions which depends on the velocity u;. This also gives an
evidence that, by choosing the initial velocity of the hyperbolic geometric flow, we may
obtain the long time existence of the corresponding solution. We believe that the above
results may reveal some interesting features of the Einstein equations about the expansion
of the Universe, if one could connect the foliation of solution of the Einstein equations
in three dimension with the solution of (6.6) or (6.8). We will pursue this problem in a

forthcoming paper.
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