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Abstract

Given a right G-set X, S.J.Witherspoon in [11] has introduced a k-algebra Dx (G)
and give an equivalent description of the category modDx (G).

In this paper, the authors firstly define one special kind of quivers Qx(G) with
relations px such that Dx(G) is isomorphic to k(Qx(G),px), a factor of the path
algebra, and hence the category modDx (G) can be described by the representation
of such quivers with relations. Then, under some certain conditions when X is also
a group, they show that Dx(G) admits a Hopf algebra structure; isomorphically,
kE(Qx(G),px) admits a Hopf algebra structure although Qx(G) is not a covering
quiver, which means that the quantum double D(G) is isomorphic to a factor of a
path algebra. They also find a sufficient and necessary condition under which Dx(G)
becomes a quasi-triangular Hopf algebra, generalizing the classical quantum double
D(@G) for a finite group G. In this case, Dx(G) is called a non-balanced quantum
double. Finally, some common properties held by Dx (G) and kG are considered, such
as the semisimplicity, the unimodularity and the representation type, which indicated

that Dx (G) still keeps some nice properties which are true for kG.

2000 Mathematics Subject Classifications: 16W35, 16W30, 16G60, 16G20

1 Introduction and Preliminaries

In this paper, k is a field, modules are always finitely generated right modules over an
k-algebra and tensor products are over k unless otherwise indicated. All concepts about

quantum doubles and Hopf algebras can be found in [6] and [9], while the concepts about
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path algebras and representations of quivers can be found in [1] and [2]. And, G always
denotes a finite group and X a finite right G-set. For a k-algebra A, denote by mod A the
category of finitely generated right A-modules.

Firstly, let us recall the Hopf algebra structure of the quantum double D(G) of the
group G. D(G) = (EG?)* ® kG as k-vector spaces. If denote by {¢4}scq the k-basis of
(kGP)* dual to {g}4eq, then D(G) has a k-basis consisting of all elements ¢4 ® h, which
is briefly written as ¢4h, for g, h € G. On this basis, the multiplication is defined by
Pghdgh' = Ggdpyp-1hh!, which is nonzero if and only if g = hg’h~". Thus the unit is
Ip@ =22 geG Pgla, where 1g is the identity of GG. The comultiplication is given by

Alpgh) =Y du-1gh @ puh,
zelG
the counit by e(¢gh) = 61,4, and the antipode by S(¢gh) = ¢p-1,-1,h~ . Moreover, it is

known that D(G) is a quasi-triangular Hopf algebra with the universal R-matrix

R=) g®¢, € D(G)® D(G).
geG

As well-known, the theory of quantum double and quantum group play an important
role in the field of mathematical physics, especially for its quasi-triangularity which pro-
vides a way to construct solutions for the Yang-Baxter equation. In the classical quantum
double D(G) = (kG°P)* ® kG, the two groups on both sides of ® are coincide. In this
paper, we hope to consider the possibility of the similar theory when the balance between
the left and the right G’s is destroyed. For this aim, we will generalize the quantum double
to the so-called non-balanced quantum double by replacing D(G) by Dx(G) where X is
a right G-set, and in some special cases X need to be a normal subgroup. Furthermore,
as one of the motivations of this theory, we plan to consider, in our other preparing pa-
per, how non-balanced quantum double arises in conformal field theory, specifically, in
the theory of holomorphic orbifolds, as similarly in [8] for the quantum double of a finite
group.

S.J.Witherspoon in [11] gave the algebraic structure on Dx(G) = (kX)* ® kG and
found an equivalent description of modDx (G) through vect(X, G), the category of finite
dimensional G-equivalent k-vector bundles.

In Section 2, we mainly give two k-algebras which are isomorphic to Dx(G), one
is a factor of the path algebra k(Qx,px) and the other is the smash product algebra
(kX)*#kG. Hence we get another important equivalent description of modDx (G) by the
quiver representations of (Qx, px)-

In Section 3, under some certain conditions on the right G-set X and on the G-action,
we make Dx(G) to become a Hopf algebra. Hence we accidently find a special class of
quivers (Jx, which are not covering quivers, i.e. there is no Hopf algebra structure on

the path algebra kQx, but there is a Hopf algebra structure on its factor k(Qx,px).
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Moreover, we consider some properties of the Hopf algebras Dx(G) and k(Qx, px), such
as semisimplicity, unimodularity and the cohomology groups of the trivial module k. They
indicate that Dx (G) still keeps some nice properties which are true for kG.

In Section 4, when X is a subgroup of G, we give a sufficient and necessary condition
under which it can become a quasi-triangular Hopf algebra, generalizing the classical
quantum double D(G) of the group G. We give such quasi-triangular Hopf algebra a new
name, non-balancd quantum double, since X can be a proper normal subgroup of G.

In the last section, we consider the representation type of Dx(G) by proving that
Dx(G) and kG have the same representation types when the ground field k is algebraically

closed.

2 Algebraic Structure of Dx(G)

Throughout this section, G is a finite group and X is a finite right G-set with the action
written as z9. In [11], S.J.Witherspoon introduced the associative algebra Dx(G) and
found an equivalent description of modDx (G) through vect(X, G), the category of finite
dimensional G-equivalent k-vector bundles. In this section, we firstly give two k-algebras
which are both isomorphic to Dx(G), one is a factor of a path algebra and the other is
a smash product algebra. Hence we get another important equivalent description of the
category modDx (G) via representations of quivers.

Recall that in [11], as a vector space over k, Dx(G) = (kX)* ® kG has a basis {¢, ®
9}zex,gec Where ¢, is the dual element of x in (kX )*. Write ¢, ® g briefly by ¢,g. Then
Dx(G) becomes into an associative algebra with the multiplication ¢,g¢,h = ¢m¢yg—l gh
and the unit 1p, (@) = > _,cx Pzlg- In case X is the G-set G under conjugation, then
Dx(G) = D(G), the classical quantum double of G.

A G-equivalent k-vector bundle U on X defined in [11] is a collection of finite dimen-
sional vector spaces {U,}.cx, together with a representation of G on their direct sum
Y zex Uz satisfying U, - g = Uys for x € X, g € G, where U, is called the z-component or
fiber of U. If u is an element of the kG-module ) U, we write u = ) __y u,, where
u, € U, for each x € X.

If U and V are two G-vector bundles on X, a morphism f : U — V is a kG-module
map f: > x Uz — > cx Ve which preserves fibers, that is f(U;) C V, for all z € X.
An isomorphism is an invertible morphism.

Denote by vect(X, G) the category of all finite-dimensional G-equivalent k-vector bun-
dles, which is an abelian category.

One of the main results in [11] is the following:

Theorem 2.1. ([11]) There is an equivalence between the category modDx(G) and the
category vect (X, G).
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Now, we give some other ways to describe the category modDx (G) by finding out two
new k-algebras which are both isomorphic to Dx(G) as algebras.

For a finite right G-set X, define a quiver Q = Qx(G) (write Qx briefly) by setting
the vertex set Qo = X and the arrow set Q1 = {z — 29 : =z € X, g € G}. Here we think
any two arrows (r — 29) = (y — y") if and only if 2 = y and g = h.

Clearly, the number of arrows from x to y equals to the carditional number of the set
{g: y=2a9, g € G}. Since G is a group, it can be easily checked that:

(i) there is a loop & — x'¢ for every vertex x € Qo;

(ii) there is an arrow x — y if and only if there is an arrow y — x;
(iii) if there are two arrows © — y and y — z, then there is an arrow z — z,
(iv) the number of arrows starting from (or ending at) any vertex is equal to |G|.

By (i), (ii) and (iii), the arrow — in fact defines an equivalent relation on X. Each
equivalent class is corresponding to one G-orbit, and is corresponding to a connected
component of the quiver (). Hence @ is connected if and only if there is a unique G-orbit.
Moreover, given a G-set X and a G’-set X', denote their corresponding quivers by

Q = Qx(G) and Q' = Qx/(G’) respectively, then we have:

Proposition 2.2. Q = Q' as quivers if and only if there is a bijection ¢ : G — G’ and a
bijection v : X — X' satisfying ¢(z9) = 1 (z)?9).

Proof. (<): 1 is considered as a bijective map between the vertex sets Qo and @y,

then we can extend v onto the whole quiver () by defining

Y@ — 2%) = () — P(a?) = Y(x) — P(2)*9 € Q)

for any arrow £ — 9 in Q1. Then, it is easy to check that 1 is also bijective on Q1,
then it is an isomorphism from Q to Q' as quivers.

(=): Let 7 be a bijection from @ to @', then ¢y = 7 |g, is a bijection from X to X'.
Since m(z — z9) = 7(x) — w(29) € Q] for any arrow z — 9 in @1, there must exist
a unique ¢’ € G’ such that 7(29) = 7(z)9". Define a map ¢ : G — G’ by setting ¢(g) = ¢/,
then 1 (x9) = ¥(2)?9). Obviously, ¢ is a bijection from G to G’ since 7 is an isomorphism
between Q and Q'.

The End.

Define a set of relations as
px = {(& — 29 — 29" — (z — 29"), (t — 216) —e,: z€ X, g,h € G},

where e, is the trivial path of length 0 corresponding to the vertex x € Q. In the
following, we call this kind quivers with such relations (Qx, px) the associated quiver to
the G-set X. Consider the k-algebra k(Qx,px) = kQx/ < px >, where < px > denotes
the ideal of the path algebra kQ x generated by the set of relations px. For simplicity, for
a path p in kQ x, we still write p to stand for its image p in k(Qx, px). Thus, we find the

following fact:
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Theorem 2.3. For a finite group G and its finite right G-set X, Dx(G) = k(Qx, px) as
algebras, hence the category modDx (G) is isomorphic to the category modk(Qx, px).

Proof. Define a k-map F : Dx(G) — k(Qx, px) by sending ¢, g to the arrow x — z9,
then F'(¢rg0yh) = F(¢.9)F(¢yh), for any z,y € X and g,h € G. Indeed,

F(¢xg¢yh) = F(¢z¢yg*19h)
{ F(¢zgh), z=1y9

1

0, wFy
r— a9 29=y
1o 9 Fy

F(¢og)F(¢yh) = (z — %)y — y")

{x—>x9—>x9h, 9=y

0, x9 #y
r— a9 29=y
o I Fy

And F(lpy(a)) = F(Xeex $2la) = Xgex (@ — 2'6) =3 exr = Li@x, px)-
So F' is an algebra homomorphism.

Clearly, F' is an isomorphism with the inverse homomorphism
F Yo — 29) = ¢p9.
The End.

Corollary 2.4. If there is a group isomorphism ¢ : G — G’ and a bijection ¢ : X — X'
such that (x9) = (x)?9), then k(Qx(G), px) = k(Qx/(G"), px:) as algebras, equiva-
lently Dx (G) = Dx/(G") as algebras.

Proof. We only prove the result k(Qx(G),px) = k(Qx/ (G, px’) as algebras. By
Proposition 2.2, Qx(G) = Qx/(G’) as quivers under the extended map of 1. It can also
be extended to an isomorphism of algebras from kQx(G) to kQx/(G’), which we also
denote by 1. The left thing we need to do is proving the isomorphism preserves relations.
Indeed,

Yz — 2'6) = P(z) — ()P = Y(z) — »(2)' = ey() = Y(ea),

and
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o — 2% —a) = (o — ab(a? — o)

= (%(@) — $(@)79) (1(2)719) — () #0P")

The End.

Denote by rep(Qx, px) the category of finite dimensional representations of (Qx, px).

It is well-known [1] and [2] that rep(Qx, px) is equivalent to the category modk(Qx, px).

Therefore we have the second corollary of Theorem 2.3, which gives an interesting way to
describe Dx (G)-modules:

Corollary 2.5. The category modDx(G) is equivalent to the category rep(Qx, px),

where (Qx, px) is the quiver with relations associated to the G-set X .

To see the correspondence clearly, we give the equivalent functor on objects. For any
Dx(G)-module U, define a k-space U, = U - ¢, for each vertex x € Qo, and a k-map
Up—ga : Uy — Ups by Up— 20 (uy) = uy - g for each arrow & — x9. Then one can check
that U,__, 1o = idy, and Uy 00 Up—ps = U, on. Hence Uyep = {(Uz), (Up—z9)} is
a representation of (Qx, px). Conversely, for any representation U = {(Uy), (Uy—z9)} of
(Qx,px), let Upy(a) = D pex Uz With the action (3, x uz) - ¢yh = U, n(uy). Then
Upy(q) is the corresponding module in modDx (G).

In the final part of this section, we give another equivalent description of the algebra

Dx(G) by smash product algebra.

Theorem 2.6. There is a left kG-module algebra structure on (kX)* such that Dx(G) =
(kX )*#kG as algebras. Hence, the category modDx(G) is isomorphic to the category
mod (kX )* #kG.

Proof. Define a left kG-action on (kX)* by g- ¢, = ¢_,—1. Then it is easy to check
that:
(i) lg: ¢z = bu,
(ii) (gh) bz =g (h- a),
(iil) g 1kx)s = €(@)1rx)*
(iv) g (@ady) = (9 D2)(g - by)-

Indeed, (i) and (ii) are trivial; (iii) and (iv) are from the following equalities:

9 - laxy=9- (Z bz) = Z Gg—1 = Z br = Lx) = €(9) L x>

zeX zeX zeX
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and

(g : ¢ac)(g ' ¢y) = ¢wg*1¢yg*1 = 535g*17 yg*1¢$g*1 = 536, y(g : ¢$) =g- (¢x¢y):

then (kX)* becomes a left kG-module algebra. The equality

G29Pyh = Gpu o190 = d2(g - dy)gh

implies that the multiplication in Dx(G) coincides with that in (kX)*#kG, which means
that Dx(G) = (kX )*#kG as algebras.
The End.

3  Hopf Algebra Structure of Dx(G)

In this section, for a finite group G and its right G-set X, we will find a Hopf algebra
structure on Dx(G) and then on k(Qx,px). For this aim, we always suppose in this
section, the right G-set X is also a finite group, and any g-action is a group automorphism
of X. That is, (zy)? = 29y, 1% = 1x for any z,y € X, g € G due to the invertibility of
the group action.

A classical example will be given in Section 4, when X is a normal subgroup of G and
the action of G on X is the conjugation.

Under the assumption as above, we have:

Theorem 3.1. Dx(G) has a Hopf algebra structure with

(a) the multiplication: P29byh = ¢® 41 gh,

(b) the unit: 1py(G) = Lpex P2la,

(c) the comultiplication: A(D29) = D pex Pa—129 ® Pag,

(d) the counit: €(629) = 014 25

(e) the antipode: S(¢29) = Pz—1)s9 " = dzo)-19 "

Proof. 1t is easy to check that Dx(G) = (kX)* ® kG becomes into a coalgebra with
the comultiplication and the counit given in (c) and (d). Here, we need only to prove the
following:

(i) A is an algebra map.

Indeed, for any x,y € X and g,h € G,
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Al¢zg)Adyh)

(D~ 0129 ® ¢ag) O dp-1,h ® duh)

acX beX

Z Z ¢a_1xgd)b_1yh’ ®@ pagPph

aceX beX

YD ba1a1yye 1 9B © Gadyy 1 gh

aceX beX

YD batabprye o1 90 @ dadyy 1 gh

acX beX

Y Pa10Gyr o 1D ® Pagh

aeX
{ Zan Ga-129h @ pogh, == y!fl

0, z#yl
A(pegh), ==y
0, vAY

A(¢f£¢y971 gh)
A(pagdyh)

where the forth and fifth equalities hold due to the assumption that any g-action is a

group automorphism of X.

A(lpy (@)

(ii) € is an algebra map.

A(Z ¢11G)

zeX

Z Z ¢a*1x1G ® ¢pala

rzeX aeX

Z(Z (ba*lach) ® ¢alc

aceX zeX

> O tle) @ ¢ala

aeX beX

- dle) @ () dala)

beX acX
Ipx(@) ® lpy(a)-

Indeed, for any xz,y € X and g,h € G,

(Lpy) =€) dsla) =

rzeX

and

Z 61)(,:1: =1,

zeX



3 HOPF ALGEBRA STRUCTURE OF Dx(G) 9

€(¢mg¢yh) =

1
0, otherwise

, r=y=1x

1
0, otherwise

= e(Pzg)e(dyh).

(i) S*id=1id*S =ne.
Indeed, For any x € X and g € G,

(S*id)(¢eg) = Y S(ba-129)bag

aeX

= Z ¢(x—1a)gg_1¢ag

aeX

= Z ¢(r*1a)9 d)ag lg

aeX

= Z (b(x*l)gag dasla

aeX

= Oy 1y D Pasla

aeX

— 51){,1 Z ¢a1G

aeX
= (¢29)1Dy ()

Similarly, one can prove that (id x S)(¢z9) = €(¢29)1p(@)-
The End.
Under the algebra isomorphism F' defined in Theorem 2.3, we can define a Hopf algebra
structure on the factor k(Q x, px) of the path algebra kQ x, and show that it is isomorphic
to Dx(G) as Hopf algebras.

Theorem 3.2. Isomorphic to Dx(G) as Hopf algebras, there is a Hopf algebra structure
on k(Qx,px) as follows:

Alr — 29) = Z(ailx — (a7 '2)9) @ (a — a9)
acX

Aley) = Z €a—1z @ €4

acX
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€lx —29) =012

elez) =014,

Sz —az9) =@ 1) —zt =)t —z!

S(er) = ey—1
where (Qx, px) is the quiver with relations associated to the G-set X.

Proof. Using the algebra isomorphism F' defined in Theorem 2.3, we need only to prove
the following facts:
(i) F is a coalgebra map.

Indeed, For any z € X and g € G,

AF(¢rg9) = A(x — 29)

= Z(a_lx — (a_lx)g) ® (a — a¥)
acX

= (F®F)(Z ¢a*1x9®¢ag)

aeX
= (F@F)A(¢z9),

€F(¢zg) = €(x — 29) = d15,0 = €(¢29)

(i) FS = SF.
Indeed, For any « € X and g € G,

FS(629) = F(¢z-1y09 ") = (a7')) — 27! = S(z — a9) = SF(¢29).
The End.

Remark 3.3. Similarly, there is an isomorphic Hopf algebra structure on smash product
algebra (kXP)*#kG.

Next, we consider some common properties held by Dx(G), k(Qx(G), px) and kG,
such as semisimplicity, unimodularity and the cohomology groups of the trivial module.
It is well known that kG is a semisimple Hopf algebra if and only if the characteristic

of k does not divide the order | G | of G. Similarly, we have the same result for Dx(G).

Proposition 3.4. (a) The Hopf algebra Dx(G) defined in Theorem 3.1 is semisimple if
and only if the characteristic of k does not divide the order | G | of G.

(b) The Hopf algebra k(Qx,px) defined in Theorem 3.2 is semisimple if and only if
the characteristic of k does not divide the order | G | of G.

Proof. We need only to prove the case for Dx (G).
Take t = deG ¢1g9, where 1 is the identity 1x of the group X. Then for any

pzh € DX(G)a we have t((bzh) - deG G19P.h = deG ¢1¢xg*19h = (51,:0 deG P19h =
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01,2 D_geq P19 = €(¢zh)t, sotis aright integral in Dy (G). Furthermore, €(t) = €(}_ e #19)
=Y e €(¢19) =| G |. By Maschke’s theorem for finite-dimensional Hopf algebra, Dx (G)
is semisimple if and only if €(¢) # 0 for some right integral ¢t in Dx(G), equivalently, if
and only if the characteristic of k does not divide the order | G | of G, since the space of
right integals is of dimension one.
The End.

By [9], a finite dimensional semisimple Hopf algebra must be unimodular. But here,
without any restriction, kG is always unimodular with ¢ = ) gec 9 generating both the
space of left integrals and the space of right integals. Similarly we have the same result
for Dx(G).

Proposition 3.5. The Hopf algebras Dx(G) and k(Qx, px) are unimodular.

Proof. We need only to prove the case for Dx(G). Take t = 3 . ¢1g9, where 1
is the identity 1x of the group X. Then for any ¢,h € Dx(G), we have (¢.h)t =
deG ¢zhprg = deG GzP1hg = 014 dec ¢1hg = 014 deG $19 = €(@pzh)t, so t is a left
integral in Dx(G). From the proof of Proposition 3.4, t is also a right integral in Dx(G).
Then the space of left integrals coincides with the space of right integrals since they are
both of one dimension. Therefore the Hopf algebra Dx(G) is unimodular.

The End.

Finally, we discuss the cohomology groups H"(Dx(G), k) and H"(k(Qx,px), k) of

the trivial modules k.

Proposition 3.6. For each natural number n,

(a) the cohomology groups H"(Dx(G), k) and H™(kG, k) are isomorphic, where the
former k is the trivial Dx(G)-module and the latter is the trivial kG-module;

(b) the cohomology groups H"(k(Qx,px), k) and H"(kG, k) are isomorphic, where
the former k is the trivial k(Qx, px)-module and the latter is the trivial kG-module.

Proof. We need only to prove the case for Dx (G).

Let I be the subspace deG k¢1, g and Io the subspace leixGK neq k@zh. Then
I and I, are two ideals of Dx(G) such that Dx(G) = I @ Is. Obviously, I; is isomorphic
to kG as algebras. In this way, any kG-module M has a Dx(G)-module structure as

é m-g, x=1x
m- ¢rpg =
; 0, otherwise

Indeed, it can be checked that

m-lDX(G):m-ZqﬁmlG:m-lG:m
zeX
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and

m- (¢xg¢yh) = m:- ¢x¢ g*lgh

m - dagh, w=1y9
0, otherwise

. mgh7 x:ygille
0, otherwise
(m-g)-h, z=y=1x
0, otherwise

= (m-¢ug) - oyh

So modkG can be embedded into modDx (G) as a full subcategory and this embedding
preserves projectivity. Indeed, for P a projective kG-module, there exist a kG-module
Q and a positive integer n such that P @ Q = kG®™ as kG-module, and hence as the
induced Dx (G)-module. Then we have

PaQeaI® =~ kg g 1o = [0 g [0 ~ p(G)@m)

as the induced Dx(G)-module. So the induced Dx (G)-module P is also projective.
Under this embedding the trivial Dx(G)-module k is the image of the trivial kG-
module k. Indeed for any A € k and ¢,g € Dx(G),

)"¢mg = €(¢$g)/\

B A, r=1x
0, otherwise
5(9))\, r=1x
0, otherwise

B A-g, z=1x
0, otherwise
Thus a projective resolution of the trivial kG-module may be considered to be a projec-
tive resolution of the trivial Dx (G)-module, hence the cohomology groups H"(Dx (G), k)

and H"(kG, k) are isomorphic for each natural number n.
The End.

4 Non-Balanced Quantum Double Dx(G)

As said in the introduction, we hope to consider on D(G) = (kG°P)* ® kG what would
happen when the balance between the left and right G’s is destroyed. In this section,
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we shall find out some suitable conditions under which the Hopf algebra structures of
Dx(G) and k(Qx, px) are quasi-triangular. We call such quasi-triangular Hopf algebras
Non-balanced Quantum Double when X is not isomorphic to G.

Hence, throughout this section we suppose that the right G-set X is also a group and
any g-action is a group automorphism of X such that Dx(G) and k(Qx, px) respectively

has a Hopf algebra structure as in Theorem 3.1 and Theorem 3.2.

Theorem 4.1. When X is a subgroup of G, then

(a) the Hopf algebra structure on Dx(G) given in Theorem 3.1 is quasi-triangular
with the universal R—matriz Ry =) . x * ® ¢ if and only if X is a normal subgroup of
G and the G-action is given by conjugation;

(b) the Hopf algebra structure on k(Qx, px) given in Theorem 3.2 is quasi-triangular
with the universal R—matriz Ry = Z%yeX (y — y*) ® e, if and only if X is a normal
subgroup of G and the G-action is given by conjugation.

Moreover, they are isomorphic as quasi-triangular Hopf algebras since Ry = (FQF)R;.

Proof. We only need to show the case for Dx(G).

Firstly R = R; € Dx(G) ® Dx(G) since X is a subgroup of G. Moreover,
(i) R is invertible with R™' =% 27! ® ¢,.

Indeed,

RR'Y = (Y z06)(Y 2 @)

zeX zeX
Y e s 6,
rzeX yeX
= Z 1X b2 ¢$
rzeX

= lIpy@) @ lpy@)

since 1x = 1. Similarly, R"'R = Ipy@) ® lpy(a)-

(i) (A®id)R=R¥R®, (id® A)R=RY¥R" where R =Y 1 ® ¢ @ 1p (),
RY =3 ex®®1py(c)®bryand R® =37 1p,(c) ® T @ ¢a.

Indeed,

([d@ AR = Y > 2041, da

aeX xeX

= Z Z aa_lx ® ¢a—1z ® Ga

aeX zeX

= Zzay®¢y®¢a

acX yeX

= O a®lpe)®6)D_ y® by ®1py(c)
acX yeX

— R13R12
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(ARidR = Y 118 ¢,
zeX

= > > Ry ddy

zeX yeX

= D) 2®1lpee) @)D 1pyic) @YD ¢y)

zeX yeX
— R13R23

(iii) The left thing we need to do is to find out the condition under which RA(¢yh) =
AP(¢pyh)R for any ¢, h € Dx(G).
Indeed,
AP(@yh)R = (Y $ah® dg1,h) (D 2 éy)

aeX zeX

= Z Z Gohz @ ¢a—1y¢xh_1h

aeX zeX

= Z qbah(a_ly)h ® ¢a*1yh

acX

= ) ¢yu-rha’ @ ¢y

zeX

RA(¢yh) = (O 2®¢:)(D da-1,h ® dah)

zeX aeX

= DD D1yt Bh @ daiah

reX aeX

= Z ¢(ac*1y)“371 .’L'h ® ¢xh

zeX

Hence, since {¢,9 : © € X,g € G} is a k-basis of Dx(G), RA(¢yh) = AP(¢p,h)R
for any ¢,h € Dx(G) if and only if D g-ryye—rTh = ¢yz-1ha™ for any ¢,h € Dx(G) and
z € X, if and only if 2" = h™'ah for any 2 € X and h € G.

The End.

Since {1} and G is two special G-sets under conjugation, note that:

(i) When X = {14}, the non-balanced quantum double is just the group algebra kG,
which is a trivial quasi-triangular Hopf algebra with the universal R-matrix R = 1¢ ® 1.
Correspondingly, k(Q{1.},pf1,}) is also a trivial quasi-triangular Hopf algebra with the
universal R-matrix Ry = (1¢ — 1g) ® (1g — 1), where the quiver (Qqi,}, p{15}) 18 just
a unique vertex with |G| loops.

(ii) When X = G, Dx(G) is just the classical quantum double D(G) with the universal
R-matrix Ry = Y .5 g ® ¢¢. Correspondingly, k(Qg, pe) is also a quasi-triangular Hopf
algebra with the universal R-matrix Ry = > o0 D eq,(h — g 1hg) ® ey

We know [10] that a quasi-triangular Hopf algebra is called minimal if it has no

proper quasi-triangular Hopf subalgebra. It is obvious by [10] that the unique minimal
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quasi-triangular Hopf subalgebra contained in Dx (G) is the quantum double D(X). Thus,

we have:

Corollary 4.2. The quasi-triangular Hopf algebra Dx(G) given in Theorem 4.1 is mini-
mal if and only if X = G.

As a part of the theory of representations of non-balanced quantum double, we have

the following property about its representation ring:

Corollary 4.3. When X is a normal subgroup of G and the the action is given by x9 =
g~ txg, the representation rings R(Dx(G)) and R(k(Qx,px)) are both commutative.

Proof. We only need to show the case for Dx(G).

For any two right Dx(G)-modules U and V, define a k-map ¢ : U®V — V@ U by
sending u ®@ v to ), x V- @ u- ¢,. It is bijective since R = )y = ® ¢, is invertible.
Furthermore, ® is a Dx(G)-module homomorphism. In fact, for any ¢,h € Dx(G), we

have:

D(u@v)-pyh) = (D u-Pe-1,h®v - Pah)

acX

- ZZ(U'gbah)'x@(u'qsa—lyh)'gﬁx
aeX xeX

— ZZ(“‘$)‘¢a—lyh®(“‘¢’x)'¢ah
zeX aeX

= (Zv.x®u.¢x).¢yh
reX

= P(u®v)- ¢yh

where the third equality is from the fact that RA(¢yh) = A%(pyh)R by Theorem 4.1.
The End.

About the non-balanced quantum double Dx(G) in Theorem 4.1, we only consider
the case that X is a subgroup of G. It is natural for us to discuss the opposite side, i.e.
when G is a subgroup of X. Unfortunately, we can not find a suitable universial R-matrix.

Actually, we have the following statements as remarks:

Remark 4.4. When G is a subgroup of X, set R=3_ .59 ® ¢4 € Dx(G) @ Dx(G).

(a) Although R is non-invertible, there exists an element R = deG gl® ¢g €
Dx(G) ® Dx(G) satisfying RRR = R and RRR = R, that is, R is regular under the
meaning of von Neumann’s.

(b) Similarly as the proof of Theorem 4.1, it can be checked that Dx(G) is almost co-
commutative with the reqular element R € Dx (G)®Dx(G), or say RA(¢yh) = AP (p,h)R
for any ¢,h € Dx(G), if and only if the G-action is given by conjugation when restricted
onto G.
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(¢c) In general, (A ®id)R = R¥R? and (id ® A)R = R¥R'? do not hold. However
we can show that R1?RBR? = R RV R if and only if G is an abelian group and the
restriction of the G-action on G is just the identity map on G, which means that under

this special case R is a solution of the quantum Yang-Bazxter equation.

Of course, the similar conclusions on k(Qx(G), px) also hold under isomorphism.

5 Representation Type of Dy (G)

In this section we shall consider the relation between the representation types of Dx(G)
and of kG, under the assumption that the right G-set X is also a group and any g-action
is a group automorphism of X, i.e. such that Dx(G) and k(Qx, px) respectively has a
Hopf algebra structure as in Theorem 3.1 and Theorem 3.2.

Firstly, let us recall some concepts from [4] and [5]:

(a) A k-algebra A is said to be of finite representation type if there are only finitely
number of non-isomorphic finitely generated indecomposable A-modules;

(b) A k-algebra A is said to be of tame type if it is not of finite representation type,
and for any positive integer d, there are a finite number of k[T]-A-bimodules M; which are
free as left k[T]-modules such that all but a finite number of indecomposable A-modules
of dimension d are isomorphic to some k[T]/(T — \) @) M; as A-modules for \ € k;

(c) A k-algebra A is said to be of wild type if there is a finitely generated k < X, Y >-A-
bimodule M which is free as a left k¥ < X, Y >-module such that the functor —®p«xy~ M
from the category modk < X,Y > to the category modA preserves indecomposability
and reflects isomorphisms.

The famous tame-and-wild theorem of Drozd’s in [4] and [5] states that a finite di-
mensional algebra over an algebraically closed field k, which is not of finite representation
type, is either of tame type or of wild type, but not of the both types. Therefore it gives
the classification of finite dimensional algebras over an algebraically closed field k due to
the representation type.

In order to discuss when Dy (G) is of finite representation type, we cite the following
three results from [2]. About the definitions of hereditary, preinjective and preprojective,

one can also find in [2].

Lemma 5.1. ([2]) A finite dimension hereditary k-algebra A is of finite representation

type if and only if all A-modules are both preinjective and preprojective.

Lemma 5.2. ([2]) Let A be a k-subalgebra of a finite dimensional k-algebra B.

(a) Suppose A is a two-sided summand of B, i.e. B=A® C as two-sided A-modules for
some C. Then A is of finite representation type if B is of finite representation type.

(b) Suppose M is a B-summand of M ®4 B for any M in modB, i.e. M ®4 B =
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M ® N as B-module for some N. Then B is of finite representation type if A is of finite

representation type.

Lemma 5.3. ([2]) Suppose G is a finite group whose order is dividing by chark = p.
Then kG 1is of finite representation type if and only if every Sylow p-subgroup of G is a

cyclic group.
Firstly, we give the following result about finite representation type:

Theorem 5.4. Dx(G) is of finite representation type if and only if kG is of finite repre-

sentation type.

Proof. From [9], we know that every finite-dimensional Hopf algebra is free over any of
its Hopf subalgebra. Consider kG = ekG as a Hopf subalgebra of Dx(G), then Dx(G) =
kG®") as kG-bimodules for some positive integer n. By Lemma 5.2 (a), kG is of finite
representation type if Dx(G) is of finite representation type.

Conversely for any M in modDx (G), it has a induced kG-module structure by re-
striction. We claim that M is a Dx(G)-direct summand of M ®yg Dx(G), where the
Dx (G)-action on M ®ia Dx(G) is given by right multiplication.

In fact, define a k-map ¢ : M Qg Dx(G) — M by sending m® ¢,g to m-¢,g. Clearly
¢ is Dx(G)-epimorphism. Define a k-map ¢ : M — M ®ic Dx(G) by sending m to
Y owex M- ¢z @ ¢ Then for any ¢,h € Dx(G),

b(m-gyh) = D (m-gyh) - ¢r @ dq

zeX

= ) m-(dyha) © s

zeX

= > m($ybu-1h) @ ¢y
zeX
= m-¢p,h® ¢yh

= m-¢y®h¢yh
= m'¢y®¢yha

Ym)-gyh = (D m-¢p®ds) - dyh

zeX

= ) om0 @G0k

zeX

Hence 9 is also a Dx(G)-homomorphism. Furthermore,

ww(m)ztp(zmqﬁm@éx):Z(m@c)qﬁx:Zm((ﬁx(bx):quﬁm:m,

zeX rzeX zeX rzeX

0 1 is a split monomorphism and M is a Dx(G)-direct summand of M ®ic Dx(G).
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By Lemma 5.2 (b), Dx(G) is of finite representation type if kG is of finite representa-
tion type.
The End.

Corollary 5.5. (a) If the characteristic of k does not divide | G |, then Dx(QG) is of
finite representation type,

(b) If the characteristic p of k divides | G |, then Dx(G) is of finite representation
type if and only if every Sylow p-subgroup of G is a cyclic group.

Proof. (a) By Proposition 3.4, Dx(G) is semisimple. So all Dx(G)-modules are both
projective and injective, hence also both preprojective and preinjective. In particular its
radical radDx (G) = 0 is projective. Therefore Dx(G) is hereditary algebra. By Lemma
5.1, Dx(G) is of finite representation type.

(b) It is directly from Lemma 5.3 and Theorem 5.4.

The end.

About the tame type, we need the following result in [7]:

Lemma 5.6. ([7]) For a finite dimensional k-algebra A, let M be k[T|-A-bimodule which
is free over k[T|. Then M is indecomposable as k[T]-A-bimodule if and only if k[T)/(T —
A) ®pr) M is indecomposable as k[T]/(T — \)-A-bimodule for X € k.

Theorem 5.7. Dx(G) is of tame type if and only if kG is of tame type.

Proof. (i) kG is of tame type if Dx(G) is of tame type.
For any indecomposable right kG-module M in modkG, it has a right Dx(G)-module
structure, denoted by Mp (), given by m - ¢pg = 61, am - g. If Mp oy = M' & M" is a

nontrivial decomposition in modDx (G), restricting onto kG, we have

M = (Mp, () lka= M |ra ®M" |1

a nontrivial decomposition of M in modkG since kG, as a Hopf subalgebra, has the
same unit to Dy (G). This contradicts to that M is indecomposable as kG-module. Thus
Mp (@) is indecomposable in modDx (G).

For any positive integer d, since Dx(G) is of tame type, there are a finite number of
k[T]-Dx (G)-bimodules Mj, My, ---, M, which are free as left k[T]-module such that all,
but a finite number, of indecomposable D x (G)-modules of dimension d are isomorphic to
E[T]/(T — X) @k My as Dx(G)-modules for some 1 < j < n and some A € k. Hence
all, but a finite number, of indecomposable kG-modules M of dimension d satisfying
Mp (e = k[T]/(T — A) @kpr) M as Dx (G)-modules for some 1 < j < n and some A € k.
Restricting onto kG, we have M = (Mp (@) lkc= K[T]/(T — N) @iy (M; lra) as kG-
modules. Each M; | e must be free over k[T'] since the left module structure has not been
changed. Then {M; |rg: j = 1,2,--- ,n} is a finite set of k[T]-kG-bimodules which are
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free as left k[T]-modules such that all, but a finite number, of indecomposable kG-modules
of dimension d are isomorphic to k[T]/(T — \) @) (M; k) as kG-modules for some
1 < j <n and some \ € k. Hence kG is of tame type.

(ii) Dx(G) is of tame type if kG is of tame type.

For any positive integer d’, since kG is of tame type, there are a finite set of k[T]-kG-
bimodules {M jd/ : J € Jg} indexed by a finite set Jg, all of which are free as left k[T7-
module such that all but a finite number of indecomposable kG-modules of dimension d’
are isomorphic to k[T]/(T — \) @y M. jd/ as kG-modules for some j € Jy and some A € k.

Since any M j‘-i/ is finitely generated over kG, M Jd/ ®ra Dx (G) is finitely generated over
Dx(G). From the freeness of M ;l’ over k[T, one can deduce the freeness of M Jd/ ®raDx (G)
over k[T] since Dx(G) is free over kG. Hence we get a finite direct sum decomposition
M;l’ ®ra Dx(G) = @leL l with Mdl indecomposable k[T]-Dx (G)-bimodules and free
over k[T]. Then {M j,l :j € Jy, 1 € Lj} is a finite set of indecomposable k[T]-Dx (G)-
bimodules which are free as left k[T]-modules. By Lemma 5.6, each k[T]/(T' —\) ®y7) M]?fll
is indecomposable as k[T|/(T — \)-D x (G)-bimodules, hence is indecomposable as Dx (G)-
module since k[T]/(T — \) = k as algebras.

For any indecomposable N in modDx (G) of dimension d, let N |xg= N1 @ --- & Np,
be a direct sum of indecomposable kG-modules. By the claim in the proof of Theorem
5.4, N is a Dx(G)-direct summand of N ®;g Dx(G). But N ®rg Dx(G) = (N1 @
Dx(G))& & (Np ®ra Dx(G)), by Krull-Schmidt theorem, there exists a t (1 <t < m)
such that N is a Dx(G)-direct summand of Ny ®rg Dx(G). Let dimN; = pu(t), then
u(t) < d. Since kG is tame, for all but a finite number of such N and IV, it satisfies that
Ne 2 k[T /(T = A) @kry M]’-i(t) for some j; € J,,4) and A € k. Moreover,

— A) @ M ( ) ®kG DX(G)
= K[T/(T = X) ®ry @ ]t,

leL;,
= B FIT/T =) @y ML)
leL;,

Ni ®re Dx (G)

I
=
=
>
ﬂ

We have known above that each k[T']/(T — \) @) M ;Z (tl) is indecomposable as Dy (G)-
module, hence there must exist some s € Lj, such that N = k[T]/(T — ) ®pp) M]’i(s)
Dx (G)-modules.

Then for any positive integer d, {M;l |1 <i<d, je Ji,l e L;}is a finite set of
E[T]-Dx (G)-bimodules whose members are all free as left k[T]-modules and such that all
but a finite number of indecomposable Dx (G)-modules of dimension d are isomorphic to
some K[T]/(T — \) @1y M]’l for A € k. Hence Dx(G) is of tame type.

The End.

By Theorem 5.4 and 5.7, due to the Drozd’s tame-and-wild theorem, we obtain the

following;:
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Corollary 5.8. When k is a algebraically closed field, Dx(G) and kG has the same
representation type. In particular, the classical quantum double D(G) and the non-balanced

quantum doubles Dx (G) have the same representation type as the group algebra kG.

An interesting fact given from the above discussion is that the representation type of
the Hopf algebra Dx(G) is independent of the property of the finite group X. The same
result also hold for £(Qx(G), px) under isomorphism.
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