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1 Introduction

In two previous papers [1, 2|, we developed a method of computing the ratio-
nal part of the one-loop amplitude directly from the Feynman integral and
applied it to compute the rational part of the 5-gluon amplitude. The result
agrees with the well-known result of Bern, Dixon and Kosower [3] obtained
firstly by using string-inspired method. In this paper we use our method
to compute explicitly the rational part of the 6-gluon amplitude in QCD.
For all the 8 independent helicity configurations, we computed explicitly all
cases except the all plus helicity case, as this is a well-known finite ampli-
tude [4]. For the three helicity configurations which have explicit results
published [5, 6, 7, 8], we found complete analytic agreement. For the re-
maining two MHV cases we compared with result of Berger, Bern, Dixon,
Forde and Kosower [9] obtained by using the bootstrap recursive relations.
We find complete agreement. The results obtained by Berger, Bern, Dixon,
Forde and Kosower in [9] are more general all-multiplicity one-loop MHV am-
plitudes. Our method shows its power by firstly obtaining also the analytic
results for the rational part of the rest 2 non-MHV helicity configurations
of the one-loop 6-gluon amplitude. Our method and the bootstrap recursive
approach complement each other quite nicely.

The constant effort to calculate higher-point one-loop amplitudes in gen-
eral and 6-point amplitude in particular lies in the application to the forth-
coming experimental program at CERN’s Large Hadron Collider (LHC), as
there are lots of processes with many particles as final states [10]. We refer
the reader to [1] for a discussion and extensive references for the recent efforts
in computing the multi-particle one-loop amplitudes and the recent develop-
ments inspired by twistor string theory [11, 12]. Here we will concentrate on
the 6-gluon one-loop amplitude in QCD.

In principle any one-loop amplitude in QCD can be computed by using
Feynman diagrams and Feynman rules. The 4-parton amplitude was com-
puted in this way by computing the many Feynman diagrams [13]. However
using this brute-force method to compute even the 5-gluon one-loop ampli-
tude was quite a challenge. Starting from 1987, Bern and Kosower devel-
oped the method to compute one-loop amplitude by string theory [14]. The
5-gluon one-loop amplitude was computed firstly in this way by Bern, Dixon
and Kosower [3]. It turns out that the lessons learnt from string theory are
quite useful. In fact one can forget about string theory and only keeps the



tricks learnt in these lessons [16, 17, 18]. Subsequently other 5-parton ampli-
tudes were later computed by using either standard Feynman diagrammatic
technique [19] or supersymmetric decomposition and perturbative unitarity
20].

However the string theory (inspired) method is still not powerful enough
and the analytic computation of the 6-gluon one-loop amplitude is quite a
challenge. Only for special helicity and special models, some analytic results
are known [4, 5, 21].

To make progress, it is a good strategy to decompose the QCD amplitude
into simpler ones by using supersymmetric decomposition:

AQCD — AN=4 _ 4AN:1 chiral + AN:O or scalar’ (1)

where A2YP denotes an amplitude with only a gluon circulating in the loop,
AN=%1 have the full N = 4,1 multiplets circulating in the loop, and AV=°
has only a complex scalar in the loop.

By using the general properties of the one-loop amplitude, Bern, Dunbar,
Dixon and Kosower proved that the supersymmetric amplitudes AV=*! are
completely determined by 4-dimensional unitarity [15], i.e. the amplitude is
completely cut-constructible and the rational part is vanishing (see [1] for
more detail explanation). For MHV helicity configurations, explicit results
were obtained for AV=! in [15]. The recent development of using MHV
vertices to compute one-loop amplitudes leads to many new results for the
cut-constructible part [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. In particular,
Bedford, Brandhuber, Spence and Travaglini [22, 26] applied the the MHV
vertices to one-loop calculations. Britto, Buchbinder, Cachazo, Feng and
Mastrolia [31, 32, 33] developed efficient technique for evaluating the rational
coefficients in an expansion of the one-loop amplitude in terms of scalar box,
triangle and bubble integrals (the cut-constructible part, see [1] for details).
By using their technique, it is much easier to calculate the coefficient of box
integrals without doing any integration. Recently, Britto, Feng and Mastrolia
completed the computation of the cut-constructible terms for all the 6-gluon
helicity amplitudes [33].

In order to complete the QCD calculation for the 6-gluon helicity ampli-
tudes, the remaining challenge is to compute the rational part of the helicity
amplitudes with scalar circulating in the loop.

As we reviewed in [1], there are various approaches [34, 35, 36, 37, 6, 7|
to compute the rational part. In particular, Bern, Dixon and Kosower [6, 7]
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developed the bootstrap recursive approach which has leads to quite general
results [38, 8, 9]. In this paper we will use the approach as developed in [1]
and apply it to compute the rational part of the 6-gluon one-loop amplitude
in QCD (see also [9]) which are the last missing pieces for the complete partial
helicity amplitudes of the 6-gluon one-loop QCD amplitude. The usefulness
of this approach was checked in [2] by reproducing (the rational part of) the
well-known 5-gluon one-loop amplitude of Bern, Dixon and Kosower [3]. See
[16] for a general review.

For the helicity configurations (172+¥3t47576%) and (1727374+5%67),
the cut-constructible parts are zero and the rational parts were known already
[4, 5]. These rational parts have also been derived by using the bootstrap
recursive method [8]. We also computed the rational part of (1727374+5761)
by using our new method and found the same analytic result.

For the so call “split-helicity” configurations (1727374%5%6%) and (17273~
475%67), the computation of the rational part is a recent achievement [7, 8].
By using our method, we also computed the rational part for these two helic-
ity configurations. The results obtained agree with their results after taking
into account the (rational) terms absorbed in L,,. The proof is done by using
Mathematica by expressing all spinor products in terms of 12 independent
spinor products after explicitly solving the equations from momenta conser-
vation. We will not give any details in this paper.

A general strategy for computing the remaining 4 helicity configuration
was outlined in [6]. Explicit results for the all-multiplicity MHV one-loop
amplitudes, including the remaining two MHV helicity configurations of the
6 gluons (17273747576") and (17273" 475767), were given in [9]. Inde-
pendently we also obtained the explicit results of the rational parts for these
two MHV helicity configurations of the 6 gluons, see Sects. 4 and 5.

Due to the appearance of the 3 mass triangle integrals in the remaining
2 non-MHV helicity configurations (172737475%6%) and (17273~ 475767),
the analytic results are much more complicated. The results can be actually
presented in a compact form by exploiting the symmetry of the amplitude.
As we showed in [1], the 2-mass hard box rational part can be expressed in
terms of 2-mass and 3-mass triangle integrals. If we write the final results
in terms of the 2-mass and 3-mass triangle integrals, the analytic result is
actually not too complicated and would be well suited for inputs into any
program for computing physically interesting quantities. One of main goal
of this paper is to obtain explicit analytic results for the rational parts of
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these two non-MHV helicity configurations. They are the last missing pieces
for the complete partial helicity amplitudes of the 6-gluon one-loop QCD
amplitude. Although our computation was done by hand, we have also input
our analytic results into Mathematica codes. These codes would be useful for
others to check our results and as inputs to compute physically interesting
quantities.

This paper is organized as follows: in the next section we recall briefly
the Feynman diagrams and the Feynman rules, tailored for the purpose of
computing the rational part of the 6-gluon helicity amplitude. A brief review
of tensor reduction was given in Sect. 3. The rest 4 sections of the paper
present results with some intermediate steps. In Sect. 8 we briefly discuss
the factorization properties of the one-loop amplitudes and the checks done
for the NMHYV results. We collect some explicit results for the rational part
of Feynman integrals in the Appendix.

2 Notation, the Feynman diagrams and the
Feynman rules

A word about notation: we use the same notation as given in [1]. We use
€i(i+1)--(i+n) tO denote the composite polarization vectors for sewing trees to
the loop.

For the purpose of this paper we consider only the Feynman diagrams
and Feynman rules for the one-loop gluon amplitude with scalar circulating
in the loop. We don’t follow the usual convention of differentiating differ-
ent particles by different kinds of lines because there are only two kinds of
particles: gluons and scalars, and scalars only appear in the loop.

For explicit calculation of the one-loop amplitude by the usual Feynman
diagram technique, we can first collect all terms with the same loop structure
into one entity. Generally a few cyclicly consecutive external lines are joined
in tree diagrams and connected to the same point on the loop (sewing trees
to loop). We denote the sum of all these contributions by Pj41)...(i+m—1) for
m such external lines. For m = 1,2, 3, the relevant Feynman diagrams were
shown in Fig. 1. Explicitly we have:

Fi(p) = (&,p) = (e,p— ki), (2)



i+1 i+1
1+ 1

i+2 142 i+2

+
i1 = i+1 + it + it
7

Figure 1: The Feynman rules for sewing trees to loop. The blob denotes an
expansion of tree amplitude.

(€i7 Ei—l—l)v (3)

1
) ((Ei(i-l-l)u €ira) + (€, €(i+1)(i+2)>>v (4)

Pivy(p) = (€+1),p) —

= N

Piiy1)(i+2) (p) = (€i(i+1)(i+2) P

where €..’s are composite polarization vectors introduced in [1]. The compu-
tation of these composite polarization vectors is a simplified version of the
general recursive calculation of the tree-level n-gluon amplitudes [39].

Considering all these different tree diagrams just as the same diagram and
denoting them by multiple parallel lines attached to the loop, we have only 51
different Feynman diagrams for the 6-gluon one-loop amplitude (with scalars
circulating the loop). Some representative diagrams are given in Fig. 2. The
counting goes as follows:

e 1 hexagon diagram, the diagram (a);

e 6 pentagon diagrams because there are 6 different ways of combining
two consecutive external lines, diagram (b) with i =1,---,6;

I

e 15 box diagrams which are further divided into 6 two mass hard box
diagrams (diagram (c)), 3 two mass easy diagrams (diagram (d)) and
6 one mass diagrams (diagram (e));
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Figure 2: All the possible one-loop Feynman diagrams for six gluons. The
index ¢ can run from 1 to 3 in (d) and (1), and 1 to 6 in the rests if there is
an index 7.

e 20 triangle diagrams: 2 three mass triangle diagrams (diagrams (f) and
(g)), 6 + 6 2 mass triangle diagrams (diagrams (h) and (i)) and 6 one
mass triangle diagrams (diagram (j));

e 9 bubble diagrams (diagrams (k) and (1)).

We use the notation I2™0 | 12 and 2™ to denote the rational part
of the Feynman integrals from the diagrams (c), (h) and (i). The rational
parts from the diagrams (f) and (g) are denoted by I3™ and I3™ respectively.
Explicit results from [1] are collected in the Appendix for quick reference.

It is straightforward to compute the rational part from each diagram. A
better way to organize the computation is to use the simple tensor reduction
formula derive in [1]. To simplify things further we also organize the result
into a summation over the symmetry group. This is possible if the choice
of the reference momenta also preserves the symmetry of the (rational part
of the) amplitude. The results for different Feynman diagrams connected
by symmetry operation can be obtained easily by using symmetry operation
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on the rational part directly. In this way we need only to compute the
different Feynman diagrams not connected by symmetry operation. This
roughly reduced the number of different diagrams (needed to be computed
explicitly) by a factor of the rank of the (finite) symmetry group. Even
for Feynman diagrams which are invariant under the symmetry operation,
it’s also possible to split the results into serval pieces which are related by
symmetry operations.

After we briefly review the tensor reduction formulas used in this paper
in the next section, we will then present some intermediate steps and the
results for the rational parts of the various (sets of) Feynman diagrams for
the 4 different helicity configurations in 4 sections. At the beginning of each
section we spell out the symmetry group of the helicity configurations. The
final result for the rational part is written mostly as a summation over the
symmetry group. We gave only the explicit result for the identity group
element. Others are obtained by symmetry action. We will indicate which
diagram(s) gave the relevant contributions. We also gave the explicit choice
of the polarization vectors for each helicity configuration. Our choice of the
polarization vectors preserves the symmetry of the helicity configurations.

3 Review of Tensor reduction of the one-loop
amplitude

There is a vast literature on this subject [40]. The tensor reduction relations
we will use for our calculation of the 5- and 6-gluon amplitudes are quite
simple. It was based on the BDK trick [34] of multiplying and dividing by
spinor square roots. We purposely made the specific choice of the reference
momenta in this paper to make all tensor reduction simple enough to ob-
tain relatively compact analytic results for (the rational part of) the 6-gluon
amplitude.

For tensor reduction with only 2 neighboring same helicity external glu-
ons, it is possible to choose the reference momenta to be each other’s mo-
menta, i.e. € = )\15\2, €9 = )\25\1. The tensor reduction is done by considering
the contributions from 2 diagrams together and the result formula is shown
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Figure 3: For two adjacent same helicity, the tensor reduction for the com-
bination of two diagrams is even simpler.

pictorially in Fig. 3. The exact algebraic formula is:

(€1,p + k1) (€2, p) (€12,p+ k1) — (€1, €2)/2
(p + k1)2p2(p — k2)? (p+ k1)%(p — ko)?
1, 1/2 . 1/2 )
P’ (p+k)? (p—ke)?
(b) (c) (d)

Figure 4: For three adjacent same helicity, the tensor reduction for the com-
bination of these four diagrams is also quite simple.

For three adjacent particles with the same helicity, we choose the following
polarization vectors (omitting an overall factor for each polarization vector):

€4 = A, €5 = Nhs, €6 = Ase. (6)

Then the tensor reduction of the 4 diagrams shown in Fig. 4 is given as
follows:

<77 5) P4(p)
2(65) p*(p — ka)?

A+ A+ A +A; =
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(n5) Po(p — kus)
2 (4 5> (P - k‘45)2 (P - k456)2'

which has nice symmetric property under the flipping operation 4 « 6.
Sometimes we also need the reduction formulas for A, + A, or A, + A.:

Py(p) Ps(p — k) N Pys(p)

_|_

(7)

A+ Ay T e T o
_p2((?i’ 2)2 2<7<745§> l(p _1k45)2 - ]H : (8)

et e = e P huT
1A=

where p = p — ky.

4 MHV: Ag(1-2+374-576+)
For this helicity configuration, the symmetry group is
G=A{1,0,1,07},

where 0 = (2 < 6,3 <> 5) and 7 = (i — i + 3) are the two generators of the
symmetry group. We have o7 = (1 <> 4,2 < 3,5 < 6). Under the symmetry
action o (or o7) the ordering of the external lines is reversed. The reversed
ordering can be easily transformed to the standard ordering (clockwise in
our convention) by using the symmetric or anti-symmetric property of the
composite polarization vectors. From this change of the ordering, there is
an overall sign of (—)" for n-point amplitude which matched the same factor
from the reversing of the ordering of the color factor.

The polarization vectors for this helicity configuration can be chosen as
follows:

Az Ao Ao A3
_ _ 10
2T 3oy C T 23y (10)
Aehs s
_ _ . 11
=65 T (56) (11)
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We can leave the reference momenta of € 4 arbitrary. To be specific, an
explicit symmetric choice is €; = ’\[12\1}4 and €, = A[ﬁ}l To ease the writing, we
will omit all the denominators of these polarization vectors and simply use
€ = >\35\2, etc. The overall factor will be reinstated in the final result.

By using the above symmetry group G, the 51 Feynman diagrams are
classified into 10 sets. Representatives (or all Feynman diagrams) from each
set are shown in Figs. 5 to 14. The diagrams are ordered from higher point
diagrams to lower point diagrams because the tensor reduction of higher
point diagram often gives pieces which are cancelled by lower point diagrams.
Our strategy is to make this (local) cancellation manifest by grouping these
diagrams together. We now compute the rational part of each set of diagrams

in turn.

3t 5+ 5 3

2+ 6" 6 2

1~ 1 1 1
(a) (b) (c) (d)

Figure 5: These 4 diagrams are tensor reduced simply with the two pairs of
external lines ko3 and ks with the same helicities.

The 1st set consists of 4 Feynman diagrams as shown in Fig. 5. The
rational part can be computed quite easily by using tensor reduction with
the two pairs of external lines ko3 and ks with the same helicities. The
Feynman diagrams reduced to only bubble diagrams. The rational part is:

1

Ry = _ﬁ (4(€1> k‘612) (64, k‘345) +2 2(61, k12) (64, k12)
G

+  (e1, k123) (€4, kase) + (€1, kser) (€a, k‘234))

1
+ % (2(312 + S34 + Sa5 + 861) — 45345 — S123 — 8234) (61, 64)- (12)

The correction terms are cancelled between the 3 diagrams obtained from the
1st step of tensor reduction from hexagon (+ pentagon) to box. By analyzing
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the symmetry property of the various terms, we can write this result as a
summation over the symmetry group G. Explicitly we have

1 1
Rl(l) = —% <(€1> k‘z) (64, klZ) + 5(61, k612) (64, k345)
1 1
+ 1(61, k123) (€a, k456)> + 5(4812 — 25345 — S123) (€1,€1), (13)
Ri(g) = g(Ri(1)), (14)
Ry, = Z Ri(g). (15)
geG
314 3114
5+
2+ 2 2
6+
1~ 1
(a) (b)

Figure 6: This set has 8 diagrams. The other 6 diagrams are obtained by
symmetry operations. The above 2 diagrams can be reduced simply with
k5,6-

The 2nd set consists of 8 diagrams and two representatives are shown in
Fig. 6. The rational part from these two diagrams gives Ry(1) and we have:

Ro(1) = (€3, €4) (€1, k2) <2(€2>k561) (€2, k34) N (62,]{;1)>
8 S61 — S345  S34 — S234 512

1
— —((€2,€30)€1 + (€2, €1)€34 + (€1, €34) €2, k5 — k)

18
1

Y ((€2, €34) (€1, ko) + (€2, €1) (€34, k2))
1

+ E (62, 61) (634, k’l + 2/{?2)

12



Sg1 1+ S345

6(561 - 5345)2
S34 1 S234

T Ty — s ? (2 Rt (s ko) (€1 )

6(s61 — S345) (a1, ha)(er, o) — (s, bs) (€1, k)
(€2, k34)

- k k
12(531 — S931) (€34, ko) (€1, kis6)

(62, kﬁl)(€34> k‘z)(ﬁl, k2)

Se1 + S345
— ————— ((e2, €34) (€1, k2) + (€2, €1) (€34, F
12(s61 — S345) (€2, €aa)(er, k2) + (€2, €1) (€sa, Ko))

834 1 S234
— ——— ((€9,€ €1, ko) + (€2, €1)(€34, k2)). 16
24(s314 — s234) (o2 ea)(er, ko) + (€2, €0) (s, k) (16)

IS
—

3t 6T

2+

[l =2}
o

(a) (b) (c) @

Figure 7: This set has 4 diagrams. The first 2 diagrams and the last 2 are
related by the symmetry operation 7.

The computation of the rational part from the 4 diagrams shown in Fig. 7
is also easy by using tensor reduction with kg3 or ks¢. Here we need a
correction term to the naive tensor reduction in D = 4 (see [1] for explicit
computation of the correction term). The result is:

1
Rs(l) = Rs(O'T) = % (645, ]fs) (6617 k2)
+  — (28345 — Sa5 — Se1 — 3523) (€15, €61)- (17)

36

The tensor reduction for the two diagrams shown in Fig. 8 is also easy
with the 2 external momenta kg3 because of the same adjacent helicities.
They are reduced to bubble diagrams. As in the last case with the reduction
of the 2 mass hard diagram, we also need a correction term to the naive
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4 4
3+ 5 5
6 6
3
2
2+ 1~ 1

(a) (b)

Figure 8: This set has 8 diagrams. The other 6 diagrams are obtained by
symmetry operations.

tensor reduction in D = 4. By including the correction term we have

1 1

- 18 (€1, k2) (€as6, k3) 4+ == (2512 — S123 — 3523) (€1, €456). (18)

Ra() 3

In the above we have used the physical condition of the (composite) polariza-
tion vectors. The term with the factor se3 comes from the correction term in
the tensor reduction from the (one mass) box diagram. The other 6 diagrams
(in 3 pairs) give the contributions Ry(c), R4(7) and Ry(oT).

4

, 5
3 5t 6 4 6
3
ot ? 3 ; 2 1
(b) (c)

(a)

[=2 Nl NV

(S
>

(d)

Figure 9: This set has 4 diagrams. (a) and (b) are related by symmetry
operation o, whereas (c¢) and (d) are related by symmetry operation 7.

The 4 diagrams shown in Fig. 9 gave the most complicated algebraic
expressions for this helicity configuration. We gave the results in 2 parts:

<2 6) [ (62,]?34) (€2>k561)
1 _
Fsa 1) 4(25) | 534 — S234  S61 — S345 (€ €4)6or, F)

<2 6) [ (627]634) (527k61) ]

+ — €1, ¢€6) (€34, k
4<2 5> | 534 — S234 S61 — S345 ( ! 6)( o 2)
(25) [ (e2, k1) (627k1)‘|

+ + €1, ko) ((€3, €45) + (€34, €
4<2 6> | 561 — S345 S12 ( ! 2)(( ’ 45) ( 5 5))
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and

Rs54(1)

+ (2, ko) (er, €315) l
+ (€1, ka)(esas, ko) l

+ (€1> k‘z)(€345, k2)

((€2, €34)€61 + (€2, €61)€34 + (€34, €61) €2, K5)
1
<— {— ((€2, €345)€1 + (€2, €1)€345 + (€345, €1)€2, Ke)

1
+— (€1, €2) (€345, ko — kG)]

6
2 { 1 {834 + S234 | Se1 + S345
(25) 112 +

6)
— ((€a, €345)€1 + (€2, €1)€345, k2)
6)

€2, €34)€61 + (€2, €61)€34, ko
534 — S234 S61 — 5345 (( ’ ) ( ’ ) ’ )

(534 + S234) (€2, k3a)  (S61 + 5345) (€2, Kig1)
(€34, k) (€61, k2) [ 6 (531 — 59312 6501 — 5915)? ]
[(62, k34)(€34, k2)(€617 ks) + (62, kﬁl)(€347 k5)(€617 k2)H
6(534 — S234) 6(s61 — S345)
25) [ Se1 + S345
26) |12

€, k61) (€345, K2) [(

k
(361 _ 8345) ((627 6345)61 + (62, 61)5345’ 2)

se1 + 83a5) (€1, k2) (€1, ki) H
6(s61 — 5345)° 6(s61 — 5345) ||’

{
{
( (19)

= (ka, ks) (€34, €61) [— e T e e

+  ((€34, k2) (€61, ]fs) (634 ks 61 k2)

Sl

5 (36)(25)
18 <2 6> 18 (26)2 ]
4(23)(56) 1 <36)<25>]

9 (262 18 (26)2
(23)(56)  se1+ 5345

4(26)? 861 — S345
(23)(56) (23)(56)

1(26)?
S34 + S234 <2 3> <5 6>
834 — 5234 4 <2 5>2 (634’ k2>(€61’ k2) (20>

(6345, k?)(ela k2)]
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The complete rational part is R5(1) = R51(1) + Rs2(1).

2+t 2t

= oy Gt

(a) (b)

Figure 10: This set has 8 diagrams. Others are obtained from the above 2
diagrams by symmetry operations.

The rational part from the 2 mass triangle diagrams shown in Fig. 10 can
be written directly by using eqs. (106) and (107). We have

1
Rea1(1) = o (7(€2, €34) (€561, k2) — T(€2, €561) (€34, ko) + 4(€34, €561) (€2, k34))
S3q4 t+ S
— ﬁ ((62, 634)(6561, k’g) + (52, 6561)(634a k2))
34 — S234
S34+ S
— ﬁ (€2, k34)(€34, ko) (€561, K2)
1 (€2, k3a) (€561, k2)]
— —(e3,€ €9, € +
4( 3 &) [( 2 50 S34 — S234
1 €2, k3q)(€34, F
- Z((€5>€61) + (€56, €1)) [(62,634) + (62, Esa) s 2)] ; (21)
534 — 5234
1
Rgo(1) = 36 (7(€2, €345) (€61, k2) — T(€2, €61) (€345, k2) — 4(€345, €61) (€2, K1)
Se1 + S
+ H ((62, 6345)(661, k‘g) + (62, 661)(6345> k2))
— 8345
Se1 + S
+ ﬁ (62, k61)(53457 k2)(€617 k2)
1 (€2, k1) (€345, k2)]
— —(€q,€ €9, € +
4( 6 €1) l( 2 €345) 861 — 5345
1 €2, ke1) (€61, F
— J((en i) + (e 63)) [(ama i teaullen 2)] - ®
S61 — S345
Re(1) = Rsq(1)+ Rea(1). (23)
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3+ 61

ook
w
D

2+ 5+

(a) (b) (c) (d)

Figure 11: This set also has 4 diagrams. The last 2 are obtained from the
first two diagrams by the 7 symmetry operation.

The diagrams in Fig. 11 can be easily computed either directly or by
using the tensor reduction formula with correction terms. We have:

1

R;(1) = Ry(o7) = 3 23 ((€a5, €61) + (€4, €561) + (€436, €1))
1
- 593 (€4561, k2). (24)

2+

39

g 1
-

(a) (b)

Figure 12: This set has 8 diagrams. The other 6 diagrams are obtained from
these two diagrams by symmetry operations. The rational part from diagram
(a) cancels the rational part from diagram (b).

The rational parts from the two diagrams in Fig. 12 have very nice prop-
erty. By using the relation (e;, ko) (€2, k1) = s12(€1, €2) for a pair of neighbor-
ing lines with opposite helicities, one shows that they cancelled each other
and the sum of the rational parts is identically equal to zero, i.e.,

Rg(1) = 0. (25)
This result is also true for the other helicity configurations as long as the 2

massless external lines in the 1 mass triangle diagram have opposite helicities.
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3 4 4 5

2 5 3 6

1 6 2 1
(a) (b)

Figure 13: This set has 2 diagrams. The 2 diagrams are related by the o
symmetry operation.

For the diagrams in Fig. 13, we have

1
Ro(1) = Ro(7)= BT 5123(€123, €456) (26)
1
Ry(0) = Ry(o7) = Ry(1)|a6305 = g S (€234, €561)- (27)
In the above, the indicated permutations are applied to the polarization
vectors, momenta and kinematic variables.

W &= Ot
—

Figure 14: This diagram is the most symmetric one. It leads to a rational
part which is invariant under all symmetric operations.

The diagram shown in Fig. 14 is invariant under all symmetry operations.

The rational part is:
1

Ry = —§ 5345(63457 6612)- (28)
Dividing by the rank of the (finite) symmetry group gives Rio(g):
1
Rlo(g) = 36 3345(534576612)7 g=1,0,7, or oT. (29)
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Combining all the above results together, the complete rational part is
given as follows:

R=F Y R(g)=F > > Rig), (30)

geqG geGi=1

where .

RN oy
is an overall factor from the omitted factors of the polarization vectors. The
explicit form of R is not quite illuminating and we will not write down it here.
To be sure that the above result is correct we have chosen another completely
different set of reference momenta for the polarization vectors and obtained
the same analytic result (in a quite different form of course). To do some

consistency checks, let us consider the double pole terms from R(1):

A2(1) = ﬁ [(62, k‘61)(€345, k2)(€61, k2) - (62, kﬁl)(€34> k‘z)(ﬁl, k2)
(25) (26)
- <2 6> (62, k‘61)(€345, k2)(€1, kz) + <2 5) (634, k2)(€61, k2)(€2, k61)}
+ 6%22 —_i_ Zi; [g g; (€34, ko) (€61, K2) (€2, K3a)
- % (62, k34)(€34, kz)(ﬁ, k2) - (62, k34)(€34, k2)(€5617 k2)] . (32)

We have checked that these terms agree with the result of cut-constructible
part [26] (75 terms) as required by the absence of spurious poles in the com-
plete amplitude (cut-constructible part + rational part), up to simple pole
terms. These residual simple pole terms adding together with the simple pole
terms from our explicit computations also agree with the cut-constructible
part of [26] (75 terms).

In comparing with the notation of Bern, Dixon and Kosower [6], R is one
half of what they called R(z). The exact relation is:

1 2
R=1 (R(z>|z:0 - Atm) , (33)

by striping away a factor of i cpr. By using the Mathematica code provided
by them for their result, we have done a numerical check by comparing our
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result with the result of Berger, Bern, Dixon, Forde and Kosower [9]. The
check is done by randomly assigning a set of complex rational numbers to
the 12 independent (i j) and [ij]. We found exact match without suffering
the usual real number approximation because all computations are done with
rational numbers.

We note that this numerical check actually gives a proof of the equivalence
of our result and the result of [9]. This is because a rational function with a
limited number of different denominators and a fixed degree can only depends
on a finite number of free parameters. Although we have no exact estimation
of the number of these free parameters, the number (over a few thousands)
of checks we have done should be quite enough.

5 MHV: Ag(1727374+576+)
For this helicity configuration, the symmetry group is
G=A{1,0},

where 0 = (1 <> 3, 4 <> 6). The polarization vectors are:

>
flr
>
[\
>
>

3 N\2

T ° T B (34)
e RS

2= 52y ST @5y (35)

SR VR TP 3)

ot
W
ot
D

(54) (56)
We note that the above choice of reference momenta preserves the symmetry
of the amplitude manifestly.

For this helicity configuration, there are some diagrams which are G-
invariant. Even for these diagrams it still simplifies to split the result into
2 parts which are related by the symmetry operation o. In the following
we will present the results of the rational part from the various diagrams
in a uniform way such that the complete result is obtained by summing
over various individual terms and over the symmetry group, although the
symmetry group G only has rank 2.
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The 51 Feynman diagrams are split into 12 sets. We now give the results
for the rational part from each set in turn, with some explanations of the
tricks we used.

5+ 456
5 6 4 5
4t 6" 4 6
3= - 3 nl 3 Zil 3 1
2+ 2 2 2
(a) (b) (¢) (d)
Figure 15: This set has 4 Feynman diagrams. See text for the logic of this
combination.

The first set shown in Fig. 15 has 4 Feynman diagrams. This includes the
sole 6-point diagram. The logic for considering these four diagrams together
is that the tensor reduction gives only two one mass easy box diagrams which
can be easily computed following the method elucidated in [2]. The rational
part is:

(25)%(56) [1 S12 + S345
8<26>2<45> S12 — S345

N (25)(56) ( (€1, ko) (€3, kas) (€6, F12)

Rl(l) =

} (€1, ki) (€3, k)

6<26><45> S12 — 5345
L s194 8345

2 (512 — S345)?

1
Lo I (g 6o 1) + (e, Ko) (6 €3))

(€3> k‘G)(Gﬁ, k‘12)(€1, k‘G)

4 519 — S345

1
—5(61, 66)(63, 2/{51 + k‘@)
1

- Z((Ela €6) (€3, ko) + (€3, €6) (€1, kb’))) (37)

The 4 diagrams shown in Fig. 16 can be reduced similarly as in the above
and the rational part is:

_ <25> (63774745)
Rz(l) = 6(45) (812_8345(€6>k12)(€12,k6)
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456
4t 6 4 2 Z 6
1
3- 2
(a) (b) (© (@

Figure 16: This set has 8 diagrams. The other 4 are obtained by the sym-
metry operation o.

1 S12+ S3a5
—s (63, K k k
2 (512 — 5345)2(63’ 6) (€6, k12) (€12, ko)

1s1o+s
T (e o) ) + (e, ) (€12, Ko))
S12 — S345

7
- E((EG, 612)(63, 2]€1 + kﬁ) + (66, 63)(612, kﬁ))) . (38)

by omitting a one mass triangle diagram which will be cancelled by a bubble
diagram from the tensor reduction of Fig. 19.

3
2t 4 3~ e g
5+ 5+
6
1~ 6+ 2 2+ 1
(a) (b) (c) (d)

Figure 17: This set has 4 diagrams. The first 2 and the last 2 are related by
symmetry operation o.

The rational part from the diagrams in Fig. 17 is:

Rg(l) = —% {—i (1 ziz%:iz) (61,]{36)(634,]{36)
+ %(5(/{52, k‘@)(€34, 61) — 4(61, k‘@)(€34, k‘g))]
A T
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1 sio 4835
2 (512 — S345)?
1 (812 + S345

(61, kﬁ)(€347 kﬁ)(g(a, ]fl)
4
—1(56, 61)(634, ki — ks) - §(€67 61)(634, kz)}

9

56 3

56) (). 1)@, 1) (14 2 )
S12 — S345

S12 — S345

2((cneonlen k) + (b))

+ M(Eg, kGl)(eﬁla k'Z)] )

561 — 5345

+ 1) ((e34: k6) (86 €1) + (e1 ko) (6, €31))

by also omitting a one mass triangle diagram which will be cancelled by a

bubble diagram from the tensor reduction of Fig. 19. Here €5 = Ao \q.

ation o.

The 4th set shown in Fig. 18 has 2 diagrams which are related by the

5
| n N Il 4+
3
5
2+ 1= of 6
1
(a) (b)

Figure 18: This set has 2 diagrams which are related by the symmetry oper-

symmetry operation o. The rational part from the first diagram is:

Ry(1) = _4(?26(?) l(ﬂ;iﬁ)_(es(?’;j;?m) + (€4, 66)] (€3, €45) + (€34, €5))
<25><56> S12 t S345
N 4(26)> [_ S12 — S345 (€1, ko) (€345, ko)

8
+§(1€27 ke) (€1, €345) — (€1, k) (€345, 2ka + kﬁ)}

(56) [_1 512 t S345

_l_
3<26> 2 (812 — 8345)2

(61, kﬁ)(€6> k‘12)(€345> k‘G)
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(812 - 8345 ) (€6, €345) (€1, ko) + (€6, €1) (€345, ko))

S12 — S345

_ %( €1) (€345, k1 + 2ko) + ;((61, €315) (€6, k) + (g, €1) (€345, k2))
(25)
3(26> [3((61,6345)(62,14:6) (€2, €315) (€1, ko))
Lo (ko) (o
- 2 (861 — 3345)( 15 k) ( 2714361)] : (40)
o fls 6+
j 6
! 5
4+ 2 .

(a) (b) (©) (d)

Figure 19: This set has 4 diagrams. The first 2 and the last 2 are related by
symmetry operation o.

The rational part from the diagrams in Fig. 19 is:

_ 1 (gﬁ7 k1)<6127 kﬁ)
Ry(1) = 6<25>[56](€127634) 120512 — S313) (3(€s, €4) — 4(€34, k3))
1 s12+ 8315 .
- ——— (6, k k k
6 (512 — 53152 (€6, k1) (€12, k) (€34, K6

1 s19+s
5o (e ) (erz: K)o+ (o, 12) (eaa. Ko)
12 S12 — S345

1 s -
%(_7(667 €34) (€12, k) + 7(6, €12) (€34, 2k5 + ki)
+4(€g, k1) (€12, €34) — (6, €12) (€3, €4)), (41)
where &5 = A)\g as defined before. As we said before, the bubble diagrams
from tensor reduction cancel the rational part from the 1 mass triangle dia-
grams from tensor reduction in Figs. 16 and 17.

The 4 diagrams shown in Fig. 20 can be reduced by using the two adjacent
helicity legs k45 or ks and the rational part from the first two diagrams is:
1 . 1

Re(1) = 5((61, €234) (€6, k1) — (€, €234) (€1, Ke) + 5(6234, ke — k1)(€s,€1))
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o~
T
=~

e

(&) (b) (©) (d)

Figure 20: This set has 4 diagrams. The tensor reduction was by using the
two adjacent same helicity legs k45 for (a) + (b), and ks ¢ for (c) + (d).

(25) 1
—MSQME,(E?,, 6612) — 6<25>[56](61, 6234). (42)

5+ 456
4+\q>/6+ 5 6 4 5 <:>
47: : - ~ : :)%6
321 321 321 321
(a) (b) (c) (d)

Figure 21: These diagrams have the same upper parts as the diagrams shown
in Fig. 15. Here the bottom part has k; 23 pinched together.

The 4 diagrams shown in Fig. 21 have the same upper parts as the 4
diagrams shown in Fig. 15 after from the bottom part which have kj 3
pinched together. The rational part can be easily computed and we have:

Re(1) = —%@5)[56](64, e13) + 1—12<25>[6|k1236123|4]. (43)

The diagram shown in Fig. 22 is a two mass easy box diagram which is
invariant under the symmetry operation . The rational part is:

o 1 S34a+ S
Rs(1) = =75 (ko ks)(esa, co1) — Jlesa, ks)(eor, s) ﬁ
4 1 S¢1+ S
+ _(634’k5>(€617k2> - _(6347k2)(€617k2> M (44)
) 4 S61 — 5345
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J’_
] 5
6
+
2 1

Figure 22: A two mass easy box diagram which is invariant under the sym-
metry operation o.

3 6

4 1

5 2
2+ 5t

6 3

1 4

(a) (b)

Figure 23: This set has 4 Feynman diagrams. The other 2 diagrams are
obtained by symmetry operation ¢ from the above 2 diagrams.

The rational part from the first diagram in Fig. 23 is:

1 s61 + Saas
ém(@, K1) (€61, ko) (€345, o)

1 S61 + S345 (
12 s61 — S345

_i%((%l, k2)((€s, €15) + (€34, €5)) + (€6, €1) (€345, k2))

R9,1(1> ==

€2, €345) (€61, k2) + (€2, €61) (€345, k2))

1
—%(9((62, €345) (€6, €1) + (€2, €61) (€3, €15) + (€2, €61) (€34, €5))
+7(—(€2> 6345)(661, k2) + (€2> 661) (6345, k‘z))
+4(€61, €345) (€2, k‘61)), (45)
and the rational part from the 2nd diagram in Fig. 23 is:

1 s34+ s
Ry5(1) = gﬁ(%, ksa) (€34, k5) (€612, Ks5)
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1 534+ S345
12 834 — 8345

_i%((@m ks)((€6, €12) + (€61, €2)) + (€3, €1) (€612, ks5))

_% (9((65, €612) (€3, €4) + (65, €34) ((€6, €12) + (€61, €2)))

—7((65, 6612)(634, ks) - (65, 634)(6612, ks))
+4 (€34, €612) (€5, k‘34))- (46)

((65, 6612)(5347 ]fs) + (65, 534)(56127 k5))

= o Ot

4+ 6+

(]

(a) (b)

Figure 24: These 2 diagrams are related by the symmetry operation o.

The rational part from the second diagram in Fig. 24 is:

1 519+ S35
N s CLDICOENICTLY

1 519+ s
_EM((%’ €315) (€12, ko) + (€6, €12) (€315, ko))
512 — 5345

1 (eg, k k
__(66, 12)(6127 6>((€3,€45) + (634,65))
4 812 — S345

_3_16 (9(€6> €12)((€3, €15) + (€5, €34))
+7((€6, €345) (€12, k) — (€6, €12) (€345, K6))

—4 (€12, €345) (€6, k‘12))- (47)

Adding these three results together, we get:
Ry(1) = Rg1(1) + Roa(1) + Rg3(1). (48)

R973(1) ==

The rational part from the first 2 Feynman diagrams is:

1
Rip(1) = 6(€5a€6)(€1234>k5)
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6t +

oo
ot
IR =Y
= Ut

5% 4+
(a) (b) (c) (d)

Figure 25: This set has 4 diagrams. Tensor reduction is easy with ks g or
]{3475.

— 3(65, €6)((€1, €234) + (€12, €34) + (€123, €4)). (49)

There are other 8 Feynman diagrams which has the same form as given
in Fig. 25, but with the 2 massless legs of the 1 mass triangle having opposite

helicities. These gave 0 by using the previous result, eq. (25). We will not
show these diagrams here.

5 6 4 5

4 13 6

3 2 2 1
) (b)

(a
Figure 26: 2 bubble diagrams.

The last 2 diagrams were shown in Fig. 26 and the rational part is:

1
Ry (1) = —§8345(€345, €612)- (50)

Combining all the above results together, the complete rational part is
given as follows:

R=F Y Rlg)=F Y3 Ri) (51)

geG g€eG i=1

where
1

F= 1223 (25)2(45) (56) (52)

is an overall factor from the omitted factors of the polarization vectors.
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The above result was also cross-checked with the explicit results of Berger,
Bern, Dixon, Forder and Kosower [9] and we found exact (rational number)
agreement.

6 NMHV: Ag(1-2-3+45+6")

Starting from this section we will compute the rational part for the two
non-MHV helicity configurations. These will give much more complicated
algebraic expressions if one wrote down the complete expressions. The strat-
egy we used is to use another level of definition and express the result either
explicitly or implicity through the (rational part of the) 2 mass and 3 mass
triangle integrals, and the 2 mass hard box integrals. The explicit results in
terms of the more elementary quantities, i.e., spinor products and kinematic
variables, are collected in an appendix for quick reference.

For the NMHV (17273%475%6"), the symmetry group is G = {1, 0} where
o = {i < 7 —1i} followed by conjugation. We can choose the following
polarization vectors:

R s

CT T 9T (Bey (53)
Do Aehs

_ _ 54
A s

€ = 42 _ A5A3 (55)

@2 ° T B3y

We note again that we omitted the overall factors for all polarization vectors.

3+ 4=
5 2 2 5
1= 6" 6 1 1 6
(a) (b) (c) (d)

Figure 27: Diagrams (a) and (d) are invariant under the symmetry operation
o. Diagram (b) changed to diagram (c) under the symmetry operation o.

The first set of diagrams are given in Fig. 27 which includes the only
hexagon Feynman diagram. The tensor reduction can be done either with
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ks or ki 2, but we can not do tensor reduction with both for all terms. By
doing tensor reduction firstly with k56, we have:

1 1
R1 = <—](1) ](5) + 5 [(5) [(6) + 5 [(1) [(6)) (63,]) — ]{?12>(€4,p — ]{7123)
@) 512
x ((e,p)(e2,p = k1) + I'Y ((€12,p) + 5 )] (56)

where I® denotes the inverse propagator between k;_; and k;. The last
factor can be reduced further with the external momentum ks by noting the
following relation:

512> _ I k1o

(e1,p)(e2,p— k1) + ® ((e12,p) + 53 7(7%271?— 7) —1(3)(74717]9)- (57)

By using these results the rational part can be computed easily. We have:

Ry = I3™(ki,e3,€4) + (€4, ks) I3 (1, €3)

1 (o o
-3 [[3? (4)(64, k1, €3) + (S56 — Sa234) I§ (4)(64, 63)}

1 m m
- 5 [Ig? (3)(63, €4, k12) + S12 I§ (3)(63, 64)}
1 1
+ % 534 (634, k12) - %((63, k‘z)(€4, k3) - 2823(63, 64))
1
— 5((63, k12)(€s, kse) + 25123(€3, €4)). (58)
3t 4=
2~ 5+

Figure 28: This diagram is invariant under the symmetry operation o: 1 <
6, 2« 5, 3 < 4 (with conjugation).

The diagram shown in Fig. 28 is invariant under the symmetry operation
o. Its tensor reduction can be done for ky and ks because of our special
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choice of the reference momenta for €5 4. We have:

Ry = —(43)[32](I1® — 1(6)1“ (A2A1,p) (A3, p) (€61, p)
+ (B3I - 1) I (MM, p) (AeAs, D) (€61, D)
+ (TP (MaA,p = ki2) — IO i, p— E))

X (1D (AsAg, p + k) = IV (AsAa, p + kse)) 1 Por(p),  (59)

where

Ps1(p) = (€61, 0 + k) — %(56761)- (60)

The rational part is computed by using the formulas for box and triangle
integrals and we have:

R2 = —<4 3) [3 2](I2mh(2 ()\25\1, >\65\37 661> Lim@) ()\25\1, )‘65‘37 661>>
+ (54)[43] (]im (A1, A6 A5, €61) — Ifmh (>\4)\1, A6 A5, €61))
+ [2m( ()‘6>\37€617 M) — (6|k45|3] I??m (Asd, €61)
- ((661> k‘45) (66, 61)) ] ()\65\?” >\4
[2m(4 ()\4>\17 >\6>\37€61) <4|/€23\1] I§m @ (>\6>\37€61)
) )

+  ((e61, ka3) — —(66, €1) Izm(4 ()\6)\3, )\4)\1
1

_|_

- [gm()%;\l, €61, >\6>\3> — ((e61, ka3) — 5(66, €1)) Ig’m(&;\l, >\65\3)
7 1
+ e S34(€34, €61) + 1 (64) [13] (e61, k3 — ka), (61)
where
g34 = 634|63—>)\55\3 e4—>)\45\1
<6 4) [1 3] (6 4 [1 3]
- - — . 2

The four Feynman diagrams in Fig. 29 are related by symmetry operation
0. The rational part from diagrams (a) and (b) is:

1 om 1 om
R3(1) = 3 § (3)(637645766)‘1‘1]; (3)(5372<€67k12)545_(547€5>56)
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(S

3 4
5 2
1- 6 ; 1 o 2
(b) (c) (d)

Figure 29: 4 Feynman diagrams which can be reduced easily with k5 ((a)
and (b)) or ks ((c) and (d)). (c) and (d) are obtained from (a) and (b) by
symmetry operation o.

1 2m ]- F2m
+ 5 I§ (6)(66, €3, 645) - Z ]9? (6)(€6> 2(63, k12)€45 + (€4> 65) 63)

1
- f{:’m(€457 €3, €6) + ((645, ka3) + 5 (€4, 65)) I§’m(63, €6)- (63)

The rational part from diagrams (c) and (d) is denoted as Rsz(c). It is
obtained from R3(1) by the symmetry operation o.

Y

Figure 30: These 4 diagrams have the same structure as those in Fig. 27 with
ks 4 replaced by ksa.

For the 4 diagrams shown in Fig. 30, the rational part can be obtained
by using the same tensor reduction techniques as for Fig. 27 and the rational
part is:

1
Ry = %((634, kz)(]ﬁ, k56) - (634, k5)(k567 klz))
1
+ 18((634, k1) (ks, ke1) — (€34, ko) (K2, k1))
1
- i 534 (634, k1o — k‘56) - 6(812(634, 656) + 356(634, 612))- (64)

The rational part for the 3 two mass hard box diagrams and the one three
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3 5 1
3
IOBONOE. Ot
2 4 6
(a) (b) (©) (d)

Figure 31: Four diagrams which should be computed individually.

mass triangle diagram is:

Ry = Lfmh@)()\zj\h A5 A3, €45, €61 — (€1, €5)/2, — (€6, €1)/2)
+ ]fmh(4)()\4)\2, A6 A5, €61, €23; _(567 61)/2, —(627 63)/2)
+ [42mh(6)()\5)\67 )\1)\27 €23, €45, _(627 63)/27 _(647 65)/2)
1
+ I§””(623, €45, €61) — 5(62, €3) I§””(e45, €61)
1 1
- 5(64, 65) I§’m(661, 623) - 5(567 61) ]gm(€23, 645)7 (65)
just by using the definition of ;™" and I3™. See the appendix for explicit
formulas.
4= 5 3+ 4~
3t 2~
(a) (b)

Figure 32: 2 Feynman diagrams. The 2nd can be obtained from the first one
by the symmetry operation o.

The first diagram in Fig. 32 gives the following rational part:

Rg(1) = % E ((ea, k3)(€s12, k5) + (€4, ks) (€612, k3))

5 1
—§ (74737 k5)(647 6612) + Z ((647 k3)(56127 k3) + (64, k5)(£6127 k5))

1 [545+s 834 1 8
+ [u (€1, k3) (€p12, 3) + ———2 (eq, ks) (€p12, k:5)H
S45 — 345 34 7 5345
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+ §3§ __534(53476612>+[3 )(5375476612)

% (€6, €12) + (€61, €2)) lgm(g)(% €1)] - (66)

The rational part of the other diagram Fig. 32 is Rg(0) and it is obtained
from Rg(1) by symmetry operation o.

OO BONO:

Figure 33: This set has 8 Feynman diagrams. Four more diagrams are ob-
tained from these four diagrams by the symmetry operation o. The above
four diagrams can be reduced easily with ks .

The four diagrams shown in Fig. 33 gave the following rational part:

1
R;(1) = 8 (€1, ks5) (€123, k) + e (2545 — S123 — 3556) (€123, €4)
1 1
+ 8 (€1, ke) (€234, k5) + 8 (2561 — 5230 — 3556) (€1, €234). (67)

R (o) is obtained from R7(1) by symmetry operation ¢ (with conjugation).

4

+
3 5

6
1

-
Figure 34: A 2 mass easy box diagram.

The rational part from the diagram shown in Fig. 34 decomposes as
Rg(1) + Rg(o) and we have:

<2‘k34|5]2 (634, k2) (6617 k2)
3 (534 - 5234) (861 - 8345)

Ru()) = ol | Rlels] 2lesls) +
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62 m - 1 29, .
* é 2; I§ ” (A2A1, €34, €61) — B) § (2)()\2)\17 (€6, €1)€34 + (€3, €4)€61)

2m( ()\2)\1, €34, €61) + ; ]2m(2 ()\25\1, (€6, €1)€34 + (€3, €4)€61)
[15](62)
N W ((k2, ks) (€34, €61) — (€34, k2) (€61, Ks5)), (68)

whereas Rg(o) is obtained from Rg(1) by symmetry operation o (with con-
jugation).

a0 O OO!

Figure 35: Four 2 mass triangle diagrams which should be computed indi-
vidually.

The diagrams in Fig. 35 gives the following rational part:

Rg(l) = Igm(l)(€1>€23,€456)+[§m(3)(€3>€4s>€61z)

+ f??m@)(Ez, €34, €561) + fgm(z)(@v €315, €61)
1 om
3 I:)? (1)(61, (€2, €3)€a56 + ((€1, €56) + (€a5, €6))€23)

1

-5 lgm(g)(@,, (€4, €5)€612 + ((€6, €12) + (€61, €2) )€45)

1 o om
-5 Ig? (2)(62, (€3, €1)€561 + (€5, €61) + (€56, €1))€34)
1 .

~ 3 I§’”(2)(62, ((€3, €15) + (€34, €5))€61 + (€6, €1)€345)- (69)

The rational part from the first two diagrams in Fig. 36 is:

1 1
Ryo(1) = 1512 (€3, €456) + (€34, €56) + (€3, €a56)) — 6 s12(€3456, k1).  (70)
The last contribution to the rational part is from the remaining three
bubble diagrams shown in Fig. 38 and it is given by:

1
Ry = —§(8123(€123, 6456) + 8234(6234, 6561) + 3345(6345, 6612))- (71)
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Figure 36: Four 1 mass triangle diagrams which can be computed either
directly or by tensor reduction with ko or ks .

Figure 37: These 8 diagrams gave vanishing contribution to the rational part.

The complete result for the rational part is:

R=F| > R+ > > Ry, (72)
i=1,2,4,5,11 i=3,6,7,8,9,10 g
where ]
F = , (73)
(35) [24] ([12] (56))*
is an overall factor.
7 NMHV: Ag(172737475767)
In this case we chose the following polarization vectors:
A As A6 Ao
= — = —— 74
Ash; Ao
= = — 75
A3 A (76)

“T T3 T e
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o
w
W = ot

(a) (b) ()

Figure 38: The three remaining bubble diagrams.

This helicity configuration has the biggest symmetry group which is Zg gener-
ated by 7 : ¢ — 7+ 1 accompanied by conjugation. Because of this symmetry
group, we need only to compute a few diagrams from each set and the com-
plete result will be obtained by a summation over the symmetry group. For
a invariant diagram, tensor reduction often (partially) destroyed the sym-
metry and the symmetry is not manifest in the resulting expression of the
rational part. In this case it is often simpler to give the complete result for
this invariant diagram as a whole or as a summation over only a subgroup of
the symmetry group Zg.

Let’s first start with the diagram (a) in Fig. 2. We can do the tensor
reduction with k; 4 and we have

Ry = —(5)[56](I" — 1) (1® — 1W) (1®) — 1) (\3A4, p)(As A2, )
<3 2>[2 1(I® = 1®) (19 — 1) (1 — 1) (AsA5, p) (M5, p)

- 1® (>\3)\5 D— k1)()\65\2717 — k12) ()\25\67]9 — k13) ()\55\3,]9 + ke)
- [(2) I (AaXe, p + ks6) (Ashs, p + k6) (Ashs, p) (Asha, p — kn2)

+ IO TD (NgAs, p — k1) (NeAa, p — k1) (Aade, p + ksg) (AsAs, p + ke)
+ J<2> I (XA, p — E12) (Made, p — K1as) (Ashs, p + k) (Ashs, ). (77)

We denote the contribution (to the rational part) of each term by R&i), 1=

1,---,6. Let’s compute the various terms explicitly. We have
2| k564 2|kos3|4 ~
RY = —(45)[56] [2 l 2ksold] 2kl ] (AsA, ka)
S56 — S456  S23 — S234

+[§)m(>\25\47 )‘65‘2) - jg)m(k25\47 >\65\2)
1] (6]k12|2 6|k45|2 <
L [l Ohal2] 5, ] -

512 — 5345 S45 — 5123
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R§2) can be obtained from Rgl) by the symmetry operation 73, i.e.:

R® = (RVM|_ia), (79)

where * denotes conjugation: () < [].
The contribution from the 3rd term in eq. (77) is:

1
6
+ BlRaI3 I ads, ko) — 157 (s, Mg, ko)
+ (Ko, k23) I5™ (AsAs, AsAs) + I3 (AsAs, ki, AsAs)
] 1 6\k1|2] (ko &
T L | LU

S61 — 5345

RY = — (k. ki) (ks i) — (31Kal5] 13O (s s, k)

R§4) can be obtained from Rf’) by the symmetry operation 73 just as for the
term R?) from Rgl).
The rational parts from the last two terms in eq. (77) are

1 1
Rf’) = §(k3, ks) (K2, k) + 18 (2(ks, ko) (K2, ks)

—(ks, k3)(ka, ke) — (Ks, ko) (K2, k3))

1 <2|k‘34]{36k’61|2] <2|k‘34k’6k’34|2]
- 5 - (k3ak2)
S61 — 5345 534 — S234
1 | (3|ke1ksksa|3 3|ke1ksker|3
_ 5 l( | 615 34\ ]_( | 615 61| ]] (kﬁ,k5), (81)
534 — 5345 S61 — S234
1 1
RY = 5 (ks ks) (ka ko) + 75 (2(ks, ko) (ks hs)
—(ks, k3)(ka, ke) — (ks, ko) (K2, k3))
1 | 2|ksske(kas — k12)]2 2|(kys — k12)kgki2|2
. l< [Rasko(kes — k12)[2)  (2(kss — kiz)khuo| ]] (ks i)
S45 — S123 S12 — S345
1 | (Blkssks(kis — k12)]D 5|(kss — k12)k3ki2|D
. l< [kashks(kss — kiz)[5) (5] (kss — kiz)kghuo| ]] (ks ko). (82)
S45 — S345 S12 — S123

In summary the rational part from the six-point diagram (a) in Fig. 2 is:
6 .
Ri=)_ RY. (83)
i=1
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It is manifestly invariant only under a subgroup of the symmetry group,
because the reduction procedure breaks the symmetry group and keeps only
a subgroup manifest. Of course, R; must have a hidden symmetry as the
final result doesn’t depend on how one proceeds with the tensor reduction.
We have checked that R; do have the full Zs symmetry.

For the diagram (b) with ¢ = 2 in Fig. 2, the computation proceeded
much as the computation of the 6-point diagram as given in the above. The
result is:

Ro(1) = =L (AeAs, Ashs, €61, Ashi; — (6, 1) /2, —(3]ka[1])
—  (6]ko34] ]fmh(4)()\5)\3, €61, A3 A1)
S N [ SERCTAR )
[53] 9 3 61, V5 5 61, V3
5 1
3 (K3, ks) (6€61]4] + 1 ((6]k3]4] (€61, k3) + (6]ks[4] (€61, ks))
1 [s45 + 5 Say + 8
1|22 Gkl (e, ) + S (k4] (e, )|
S45 — 5345 {34 — S345
[15] [(63)[34] 3 (AsAs, ka) (€61, ks)
A5\ —
+ [3 5] 9 ( 5 37661) 515
1 (5« < R _
+ §845 (6457661>_[32 (5)()\5)\3704)—]33 (5)(>\5>\37€617>\6>\4)}
[14] 3m Y 72m(4) Y
- <2|k‘3|4] @(]3 (>\6>\2,€61)—13 ()\6)\2a€61))
L5] p2mih) 3 5\ 17 (Ao ha, A\ 4
+ @4 (A5, AgAa, €61) — Iy (A6, As A1, €61) | (84)
where
. 1 .
ve = (AeAa, k3) €61 — 5(66761))\6)\47 (85)
€15 = €a5leyngis =
(65) . « (34] . (65) [34]
AsAg — —— AgA — (ks — ks).
15 N T pa M T s pa e ) (86)

There are three different kinds of box diagrams shown in Fig. 2. First,
the rational part of the 2 mass hard box with two massless external lines ks 3
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is:
2mh(2) .
R3(1) = [4 (6276376457661a_(64765)/27_(66761)/2)- (87)

The explicit expression in terms of the rational part of triangle integrals and
other more primitive quantities is given in the appendix.

The rational part of the two-mass easy box with massless external lines
ko5 is decomposed into two parts R4(1) + R4(4) and we have:

R = GBS |5t e * 75 Gl B2
o B2 e, )
o § e s [CTIERCIOHE)
— T (ol ) (e
—((€34, ka) (€61, ks) + (€34, ks) (€61, K2)))- (88)

R4(4) is obtained from Ry(1) by the symmetry operation 73. The rational

part from one of the one mass box diagram, i.e. diagram (e) with i = 2 in
Fig. 2, is:

(62

Rs(1) = 2; {— ((es, ko) (€561, ka) + (€3, ka) (€561, k2))
(

1
ko, k4) (€3, €561) + 1 ((€3, ko) (€561, k2) + (€3, k1) (€561, ka))

/\

+ +
+ {834 8234 63, kz) (6561, k2) + fa T oa (€3> k‘4) (55617 kf4)”
834 — S234 S23 — S234
- m {5 ((657 661) + (5567 61)) i??m(4)(€47 63)
1 2m
—i—§ 534 (634, 6561) - I?? (4)(64, €561, 63) . (89)

The rational part for the three mass triangle with external momenta
(k‘gg, k’45, k‘@l), i.e. diagram (g) in Flg 2, is:

Ry = lg’m(€23,€45>€61)— (62763)15:%(645,661)

2
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1

1
- 5 (64, 65) I§’m(661, 623) - 5 (667 61) f{:’m(6237 645)- (90)

The rational part from the 2 two-mass triangle diagrams, i.e. diagrams
(h) and (i) with ¢ = 2 in Fig. 2, is:

1

R6(1> = Igm@)(Ez’ €34, 6561) - 5 I§m(2’(e2, UG)
2m 1 2m ~
+ I§ (2)(€2>€345, 661) - 5 ]3? (2)(62,1)6)
ve = (€3,€1)€s561 + ((€5,€61) + (€56, €1)) €345 (91)
Us = ((e3,€15) + (€34, €5)) €61 + (€6, €1) €3a5. (92)

All the one-mass triangle diagrams combined with the corresponding bub-
ble diagrams give vanishing contribution to the rational part, as all two neigh-
boring gluons have opposite helicities for this helicity configuration. The
remaining 3 bubble diagrams give the following contribution to the rational
part:

1

Rg = 3 (S123 (€123, €456) + S234 (€234, €561) + S345 (€345, €612))- (93)

Adding all the above results with appropriate symmetry operations, the
final result for the rational part is:

6 6
R=F |Ry+ (Rolimit1)"+ Ri+ Rs +>_>_ Ri(j)] . (94)
=2 j=1
where R;(j) = 7771(R;(1)) and
Fe ! (95)

(62) (24) (46) [15][31][53]’

is an overall factor.

8 Factorization and the NMHYV amplitudes

The results obtained in the last 2 sections for the rational parts of the 2
NMHV amplitude are quite complicated analytic expressions. To present
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the results in a readable form we have used 3 level definitions. The first level
is all scalar products (including all kinematic variables) in terms of spinor
products. The second level is the composite polarization vectors €;+1).... The
last level is the rational part of box and triangle integrals in terms of some
elementary functions.

If we make a naive expansion of all the level 2 and 3 definitions, the
resulting analytic expression is actually quite large. Although our results
were derived rigorously from first principle, it would be best if we can make
some independent checks for these results, especially to detect some human
errors or typos. A trivial but quite useful check is that the rational part
should have the correct spinor weight [18].

One stringent check is factorization. The factorization in one-loop gauge
theory was discussed in detail by Bern and Chalmers in [43]. The 2-particle
factorization properties were discussed in [4, 36]. As two momenta becomes
collinear the one-loop amplitudes behave as [4, 15]

Ayl — 3 (Split”™(at, b%) ALTP( - (a b))
A==%

I Splitl__)\loop(a)\a> b)\b) A:;iel( .. (CL + b))\ .. )) , (96)

where k, — zK and k, — (1 — 2) K, with K = k, + ky, K?> = s — 0.
Similar relation also holds for multi-particle factorization. The tree and 1-
loop splitting amplitudes in massless QCD have been given in [15, 43, 20]. As
we have a complete knowledge of the 4- and 5-gluon amplitudes at tree and
one-loop level, it is straightforward to derive a set of relations which must
be satisfied by the 6-gluon amplitude. These relations provide an extremely
stringent check.

Berger, Bern, Dixon, Forde and Kosower have done this check by using
their factorization check program and found that the results given in the last
two sections in fact pass the check for all channels. The Mathematica codes
used by them were input by us by using the formulas given in this paper.
The codes are available up request and/or they will be stored somewhere for
free use.
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Appendix: Formulas for the rational part of
some Feynman integrals
For quick reference we list here the explicit formulas for the rational part of

some Feynman integrals. The derivation can be found in [1].
Firstly, for the bubble integral we have:

dPp (e1,p)(e2,p)
Llese) = /mD/Q P2(p + K)?

1
= 1—8((61,1() (€2, K) — 2 K? (€1, 62)). (97)
where K is the sum of momenta on one side of the bubble diagram.
For three mass triangle integral with external momenta { K7, K5, K3} and

arbitrary polarization vectors € 23 we have
_ dPp (e1,p) (e2,p — K1) (€3, p + K3)
I3(e1,62,63) = — D2 B 5 D) )
irP/ p*(p — K1)*(p + K3)
= _FO(51> 52, 83)((61, Kl) (62, Kl) (63, K2)
+(€1, K3) (€, K3) (€3, Ka) + (€1, K3) (€2, K1) (€3, K3)
+(€1, K3) (€, K1) (€3, Ka) — (€1, K1) (€2, K3) (€3, K3))

I
NE

(61, Ki) (62, Ki) (63, Ki) Fz’(sb 52, 53)

~.

1

ﬁ((sl — S — 83) (61, K1) (62, K1) (637 K3)

+ (52 — 53 — 51) (€1, K1) (€2, K2) (€3, K)

+ (53— 51— 52) (€1, K3) (€2, K2) (€5, K3))

+ % ((e1, €2) (€5, K3 — K2) + (ea, €3) (€1, K1 — K)
+(€3, 61) (62, K2 — Kl))

1
+ A ((617 €) (€3, K3 — K3) s1(s2 + s3 — 51)
+(€2, €3) (€1, K1 — K3) sa(s3 + s1 — s2)
+(€3,€1) (€2, Ko — K1) s3(s1 + 52 — 53))
1
+ m ((61, 62) (63, Kl) (83 — 82)(82 + S3 — 81)
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+<€2, 63) (61, Kg) (81 — Sg)(Sg + 81 — 82)
+ (€3, €1) (€2, K3) (82 — 51) (51 + 52 — 83)),

where
10 §1S592S83 (81 + S9 + 83)
Fo(s1,82,83) = 3AZ + 6A ;
5 (81 + 89 — Sg) S983 (81 — Sg)
Fi(s1,82,83) = 3A? + YN
5 (Sg + 83 — Sl> S351 (82 — Sl>
Fy(s1,89,83) = IAZ + YN
5(s3+ 81 — $2) s182 (83— S2)
Fy(s1,892,83) = 32 + YN
A = s7+85+55—2(51 80+ 8953+ 8351),
and s; = K?.
For degree 2 polynomial we have:
_ 4% €i,p) (€, p)
Iy(ei ;) = - D/2 2 2 2
irPl2 p*(p — K1)*(p + K3)
1
= g x (51 (e K2) (6. Ka) + (6. KG3) (e, )
+ sz (e, K3) (6, K1) + (65, K1) (¢, K3))
+ 53 (e K1) (65, Ko) + (61, K3) (65, K1) ) +

1
5 (Eiv Ej)

. (104)

For 2 mass triangle integrals the above formulas simplify greatly. They

are:

dPp (€1,p) (€2, p)
Iz(e1,60) = /Z',]TD/2 P2(p — k1)*(p + K3)?

_ 1 (K3 + K3)

=3 (e1,€2) + 2(KZ— K2) (€1, k1) (€2, k1)

((€1> Kz) (62, kl) - (61, kl) (62, Ks))
2(K3 — K3) ’

1 €1, K3) (€2, k
13(61,62) = —(61,62)4-(21([(222)_([2(;)1),

2
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and

_ de (€1,p) (€2,p — k1) (€3, D)
Ble) = / TP P2 (p— k)2 (p + Ks)?
= (4K~ Th) (e1,0) — (2 8) + 401, ) (o2, 5))
(K3 + K3)
- m (61, K2) (62, k‘l) (63, kl)
(€1, K2) ((€2, k1) (€3, K3) — (€2, K2) (€3, k1))
6 (K35 — K3)

(K3 + K3)

— m ((61, 62) (63, ]{31) + (61, 63) (62, ]{31)), (107)
where ¢, satisfies the physical condition (e, k1) = 0 and ey 3 are arbitrary
4-dimensional polarization vectors.

For degree 3 two mass easy box integrals we have:

(3| Ko[1] [ (€2, k3) (€3, k3)
2 (K3 —t)(Ki — s)

]fme()\sj\la €2, €3) = — (ks — k1,5 < t)] .(108)

If two of the polarization vectors satisfy the physical condition, i.e. (1, k1) =
0 and (€3, k3) = 0, we have

[zme(elae%ei’)) = -

(€1, k3) (€3, k1) l(€2>k‘3) (€2>k‘1)1

2 (ky, k3) K3—t K-t
_(617 K) (€2, k1) (€3, k1) _ (€1, k3) (€2, k3) (€3, Ku) (109)
2(K3—s) (Ki—1) 2(K3—t)(Ki—s)
The formula for degree 3 two mass hard box integral is:
~ 1| K3|2
Izmh()\l)\g,EQ,Eg) = < ‘4§| ] 14(62,63), (110)
~ 2|K;5)1
Izmh()\Q)\l,EQ,Eg) = < ‘4§| ] 14(62,63), (111)

where

]4(62, 63) = (62, ]{71)(63, K4) + (62, K4)(€3, ]{31) -+ (62, ]{32)(63, Kg)
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1
-+ (62, Kg)(Eg, ]{52) — Z [2 (K32K2 — tz + 5)(62, ]{712)(63, ]{712)

+ (K54 Kj —s—2t) (K5 — K7 + s)(e2, Ky) (€3, Ky)
+(K3 = K3 + ) (€2, K3) (€3, K3)))|

K+t K2+t
+ m (627 kfl)(ESa k’l) + @ (62, k’g)(@n k2)a (112)
and
0 = K;Ki—(Ki+Ej)t+(s+1)t, (113)
A = Ak}, K2 K3), (114)
Als1,82,83) = “’% + Sg + S% — 2(s182 + 8983 + S351), (115)

are functions of the external momentum invariants.
In order to give the formulas for the rational part of the degree 4 polyno-
mial, we define:

_ 1 dPp (e, p) (e2,p — K1) (€3,p — K12) (€4, p + Ky)
Iy(e1, €2,€3,€1) = | - D/2 B B B) 2 )
iT p*(p — K1)*(p — K12)*(p + Ku)
(116)
where K5 = K; + K,. For two mass easy case (K;3 = k3 are massless
external lines), we have

< < 1 (Ki+s Ki+t
Li(AsA1, €2, M Az, €4) = 1 (Kzg . + K% — (€2, k1) (€4, k1)
1 (K2+t K2+s 5
1 <K§2 — + Kj% . (€2, k3)(€as kz) — 9 (K1, ks) (€2, €4)
4
+ 5 ((e2, k) (e, ks) + (€2, ks)(ea, k1)), (117)
- - 5
Li(MAs, €2, M A3, €4) = 9 (1]e2|3] (1]es|3]
n (1| K[3]2 [ (e2,k1) (4, ka) (€2, k3) (€4, k3) (118)
3 (K3 —s) (K7 —t)  (K§—t)(K;—s)]

Other cases can be either obtained by conjugation or relabelling £; 3.

For 2 mass hard box (K2 = k12 are two massless external lines), we
define:

2mh .
I4 (61,62,63,64703,C4>

46



and

2mh
I4

+ 4+ + +

_|_

where

= Li[(e1,p)(€2,p — k1) ((€3,p + Ka) + c3)((€1,p + Ky) + c4)]
_ / dPp (e1,p)(€2,p — k1) ((€3,p + Ku) + ¢3)((€4,p + Ku) + c4)
imP/2 p? (p— k1)? (p — k12)? (p + K4)? ’
(119)

1715 o Aa, €3, €45 C3, Ca)
1 1

QIR - G (nelkeKakalin) (es, €4) =t (1122) [ 1] 12 (A o, €3, €4)

t (nolkol ] I5™ (€3, €4) + (122) i1 1] <%(<1|€3|2] cs + (1]es]2] c3)

1
F(Uesl2] 4+ (Teaf2) e, Thy + 2k, +9 K4))

1

_8 <772 2) [771 2] ((63, ]f12) (64, ]f12) — 2519 (63, 64))

1_18 (n2| (k2 4 K3)|mi]((€3, ko + K3) (€4, kg + K3) — 21 (€3, €4))

e (Rl 3l (e, ) e, ) — 2R3 e, )

(2| K3|771) (137 (22, €3, €4)

I3 (m2Xa, (c3 — (€3, K3))ea + (ca + (€4, Ky + ki1))es))

IE™(v, e3,€4) + I3™(v, (c3 — (€3, K3))eq + cae3), (120)
(m2| Ka 1] <i32m(>\17~717 €3, €4)

I3 (M, (3 — (€3, ks + K3))eq + (ca + (ea, K4))€3)}= (121)

—_

v = (2| K3 1Ay + (2] K3] 2] Aot — (Ko, K3)maiiy . (122)

The opposite helicity case is obtained by conjugation.
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