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Abstract

The rational part of the 5-gluon one-loop amplitude is computed
by using the newly developed method for computing the rational part
directly from Feynman integrals. We found complete agreement with
the previously well-known result of Bern, Dixon and Kosower obtained
by using the string theory method. Intermediate results for some
combinations of Feynman diagrams are presented in order to show the
efficiency of the method and the local cancellation between different
contributions.
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1 Introduction

In a previous paper [1], we developed a method for computing the rational
part of the one-loop amplitude directly from the Feynman integral. The pur-
pose of this paper is to apply this method to compute the rational part of the
5-gluon one-loop amplitude. The result agrees with the well-known result of
Bern, Dixon and Kosower [2] obtained first by using string-inspired method.
(Other 5-parton amplitudes were later computed by using either standard
Feynman diagrammatic technique [3] or supersymmetric decomposition and
perturbative unitarity [4].)

The computation of the multi-particle one-loop amplitude in QCD is a
very difficult problem. Even for 4-parton amplitude the computation is quite
non-trivial [5]. For 5-gluon amplitude a new method was developed [6] by
using string theory.

The constant effort to calculate multi-leg one-loop amplitudes lies in
the application to the forthcoming experimental program at CERN’s Large
Hadron Collider (LHC), as there are lots of processes with many particles as
final states [7]. We refer the reader to [1] for a discussion and extensive ref-
erences for the recent efforts in computing the multi-leg one-loop amplitudes
and the recent developments inspired by twistor string theory [8, 9].

In order to compute multi-leg one-loop amplitude in QCD, it is a good
strategy [10] to decompose the QCD amplitude into simpler ones by using
supersymmetric decomposition:

AQCD = AN=4 − 4AN=1 chiral + AN=0 or scalar, (1)

where AQCD denotes an amplitude with only a gluon circulating in the loop,
AN=4,1 have the full N = 4, 1 multiplets circulating in the loop, and AN=0

has only a complex scalar in the loop.
By using the general properties of the one-loop amplitude, Bern, Dunbar,

Dixon and Kosower proved that the supersymmetric amplitudes AN=4,1 are
completely determined by 4-dimensional unitarity [10], i.e. the amplitude is
completely cut-constructible and the rational part is vanishing (see [10, 1] for
more detail explanation). For MHV helicity configurations, explicit results
were obtained for AN=4 in [10]. The recent development of using MHV
vertices to compute one-loop amplitudes leads to many new results for the
cut-constructible part [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. In
particular, Bedford, Brandhuber, Spence and Travaglini [11, 15] applied the
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the MHV vertices to one-loop calculations. Britto, Buchbinder, Cachazo,
Feng and Mastrolia [20, 21, 22] developed efficient technique for evaluating
the rational coefficients in an expansion of the one-loop amplitude in terms
of scalar box, triangle and bubble integrals (the cut-constructible part, see
[1] for details). By using their technique, it is much easier to calculate the
coefficient of box integrals without doing any integration. Recently, Britto,
Feng and Mastrolia completed the computation of the cut-constructible terms
for all the 6-gluon helicity amplitudes [22].

In order to complete the QCD calculation for the 6-gluon helicity ampli-
tudes, the remaining challenge is to compute the rational part of the helicity
amplitudes with scalar circulating in the loop. In general, we need an efficient
and powerful method to compute the rational part of any amplitude.

As we reviewed in [1], there are various approaches [23, 24, 25, 26, 27, 28]
to compute the rational part. In particular, Bern, Dixon and Kosower [27, 28]
developed the bootstrap recursive approach which has leads to quite general
results [29, 30, 31]. In this paper we will use the approach as developed
in [1] and apply it to compute the rational part of the 5-gluon one-loop
amplitude. In another paper [32] we will compute the rational part of the
6-gluon amplitude in QCD (see also [31]) which are the last missing pieces
for the complete partial helicity amplitudes of the 6-gluon one-loop QCD
amplitude.

This paper is organized as follows: in Sect. 2, we recall briefly the Feyn-
man diagrams and the Feynman rules, tailored for our computation of the
5-gluon amplitude. Some simple reduction formulas are recalled briefly in
Sect. 3. In Sect. 4 we summarized all the integral formulas we will use in this
paper. Then following 2 sections present the results for the rational part of
the two independent MHV helicity configurations.

2 Notation, the Feynman diagrams and the

Feynman rules

A word about notation: we use the same notation as given in [1]. We use
ǫi(i+1)···(i+n) to denote the composite polarization vectors for sewing trees to
the loop.

For the purpose of this paper we consider only the Feynman diagrams
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and Feynman rules for the one-loop gluon amplitude with scalar circulating
in the loop. We don’t follow the usual convention of differentiating differ-
ent particles by different kinds of lines because there are only two kinds of
particles: gluons and scalars, and scalars only appear in the loop.
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Figure 1: The Feynman rules for sewing trees to loop. The blob denotes an
expansion of tree amplitude.

For explicit calculation of the one-loop amplitude by the usual Feynman
diagram technique, we can first collect all terms with the same loop structure
into one entity. Generally a few cyclicly consecutive external lines are joined
in tree diagrams and connected to the same point on the loop (sewing trees
to loop). We denote the sum of all these contributions by Pi(i+1)···(i+m−1) for
m such external lines. For m = 1, 2, 3, the relevant Feynman diagrams were
shown in Fig. 1. Explicitly we have:

Pi(p) = (ǫi, p) = (ǫi, p − ki), (2)

Pi(i+1)(p) = (ǫi(i+1), p) −
1

2
(ǫi, ǫi+1), (3)

Pi(i+1)(i+2)(p) = (ǫi(i+1)(i+2), p) −
1

2
((ǫi(i+1), ǫi+2) + (ǫi, ǫ(i+1)(i+2))), (4)

where ǫ
···
’s are composite polarization vectors introduced in [1]. The compu-

tation of these composite polarization vectors is a simplified version of the
general recursive calculation of the tree-level n-gluon amplitudes [33].
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Figure 2: All the possible one-loop Feynman diagrams for 5 gluons. The
index i runs from 1 to 5 if there is an index i.

Considering all these different tree diagrams just as the same diagram and
denoting them by multiple parallel lines attached to the loop, we have only 21
different Feynman diagrams for the 5-gluon one-loop amplitude (with scalars
circulating the loop). Some representative diagrams are given in Fig. 2. The
counting goes as follows:

• 1 pentagon diagram, the diagram (a);

• 5 box diagrams because there are 5 different ways of combining two
consecutive external lines, diagram (b) with i = 1, · · · , 5;

• 10 triangle diagrams which are further divided into 5 two mass triangle
diagrams (diagram (c)) and 5 one mass triangle diagrams (diagram
(d));

• 5 bubble diagrams (e).

It is straightforward to compute the rational part from each diagram for
a given helicity configuration. In the next two sections we will review all the
formulas needed.
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3 Tensor reduction of the one-loop amplitude

There is a vast literature on this subject [34, 35, 36]. The tensor reduction
relations we will use for our calculation of the 5-gluon amplitude is quite
simple. It was based on the BDK trick [28] of multiplying and dividing by
spinor square roots. For 5-gluon amplitude it is not so important to make a
clever choice of reference momenta. For 6-gluon amplitude it is important to
make a specific choice of the reference momenta to make all tensor reduction
simple enough to obtain relatively compact analytic results.

... +

1−

2−

p
...1

2

...

2

1

− + 1

2

...

1
2

+ 1

2

...

2
1

Figure 3: For two adjacent same helicity, the tensor reduction for the com-
bination of two diagrams is even simpler.

For tensor reduction with only 2 neighboring same helicity external glu-
ons, it is possible to chose the reference momenta to be each other’s momenta,
i.e. ǫ1 = λ1λ̃2, ǫ2 = λ2λ̃1.

1 The tensor reduction is done by considering the
contributions from 2 diagrams together and the result formula is shown pic-
torially in Fig. 3. The exact algebraic formula is:

(ǫ1, p + k1)(ǫ1, p)

(p + k1)2p2(p − k2)2)
+

(ǫ12, p + k1) − (ǫ1, ǫ2)/2

(p + k1)2(p − k2)2

= −
1

p2
+

1/2

(p + k1)2
+

1/2

(p − k2)2
. (5)

For a different choice of reference momenta,

ǫ4 = λ5λ̃4, ǫ5 = ηλ̃5, (6)

1An overall constant is omitted for the polarization vector which can be easily restated
at the end of calculation. See [37, 38] for details.
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Figure 4: A combination of 2 diagrams with the same adjacent helicity.

the tensor reduction of the 2 diagrams shown in Fig. 4 is given as follows:

Aa + Ab =
P4(p) P5(p − k4)

p2 (p − k4)2 (p − k45)2
+

P45(p)

p2(p − k45)2

= −
(ηλ̃4, p)

p2 (p − k4)2
+

〈η 5〉

2 〈4 5〉

[

1

(p − k45)2
−

1

p2

]

. (7)

Setting η = λ4, the above equation agrees with eq. (5).

4 A summary of the rational part for triangle

and box integrals

For quick reference we list here the explicit formulas for the rational part of
some Feynman integrals which are needed to compute the 5-gluon amplitude.
The derivation can be found in [1].

Firstly, for the bubble integral we have:

I2(ǫ1, ǫ2) =
∫ dDp

iπD/2

(ǫ1, p)(ǫ2, p)

p2(p + K)2

=
1

18
((ǫ1, K) (ǫ2, K) − 2 K2 (ǫ1, ǫ2)). (8)

where K is the sum of momenta on one side of the bubble diagram. The
above result first appeared in [2].

For 2 mass triangle integral with external momenta {k1, K2, K3} and k2
1 =

0, the degree 2 integral is:

I3(ǫ1, ǫ2) ≡
∫ dDp

iπD/2

(ǫ1, p) (ǫ2, p)

p2(p − k1)2(p + K3)2
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=
1

2
(ǫ1, ǫ2) +

(K2
2 + K2

3 )

2(K2
2 − K2

3)
2

(ǫ1, k1) (ǫ2, k1)

+
((ǫ1, K2) (ǫ2, k1) − (ǫ1, k1) (ǫ2, K3))

2(K2
2 − K2

3 )
, (9)

I3(ǫ1, ǫ2) =
1

2
(ǫ1, ǫ2) +

(ǫ1, K2) (ǫ2, k1)

2(K2
2 − K2

3)
, (ǫ1, k1) = 0, (10)

and the degree 3 integral is:

I3(ǫi) ≡
∫ dDp

iπD/2

(ǫ1, p) (ǫ2, p − k1) (ǫ3, p)

p2 (p − k1)2 (p + K3)2

=
1

36

(

(ǫ2, 4 K2 − 7 k1) (ǫ1, ǫ3) − (2 ↔ 3) + 4(ǫ1, K2) (ǫ2, ǫ3)
)

−
(K2

2 + K2
3)

6 (K2
2 − K2

3 )2
(ǫ1, K2) (ǫ2, k1) (ǫ3, k1)

−
(ǫ1, K2) ((ǫ2, k1) (ǫ3, K3) − (ǫ2, K2) (ǫ3, k1))

6 (K2
2 − K2

3)

−
(K2

2 + K2
3 )

12 (K2
2 − K2

3 )
((ǫ1, ǫ2) (ǫ3, k1) + (ǫ1, ǫ3) (ǫ2, k1)), (11)

where ǫ1 satisfies the physical condition (ǫ1, k1) = 0 and ǫ2,3 are arbitrary
4-dimensional polarization vectors.

For box integrals we need only 2 mass easy and 1 mass box integrals.
The 1 mass box integrals can be obtained simply by setting the mass of one
massive external line to 0 from the 2 mass easy box integral. The four external
momenta of the 2 mass easy box diagram are denoted as {k1, K2, k3, K4}.

For degree 3 two mass easy box integrals, we have:

I2me
4 (λ3λ̃1, ǫ2, ǫ3) =

〈3|K2|1]

2

[

(ǫ2, k3) (ǫ3, k3)

(K2
2 − t)(K2

4 − s)
− (k3 → k1, s ↔ t)

]

, (12)

where s = (k1 + K2)
2 and t = (K2 + k3)

2. If two of the polarization vectors
satisfy the physical condition, i.e. (ǫ1, k1) = 0 and (ǫ3, k3) = 0, we have

I2me
4 (ǫ1, ǫ2, ǫ3) = −

(ǫ1, k3) (ǫ3, k1)

2 (k1, k3)

[

(ǫ2, k3)

K2
2 − t

+
(ǫ2, k1)

K2
4 − t

]

−
(ǫ1, K2) (ǫ2, k1) (ǫ3, k1)

2 (K2
2 − s) (K2

4 − t)
−

(ǫ1, k3) (ǫ2, k3) (ǫ3, K4)

2 (K2
2 − t) (K2

4 − s)
. (13)
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In order to give the formulas for the rational part of the degree 4 polyno-
mial, we define:

I4(ǫ1, ǫ2, ǫ3, ǫ4) ≡
∫

dDp

iπD/2

(ǫ1, p) (ǫ2, p − k1) (ǫ3, p − K12) (ǫ4, p + K4)

p2(p − k1)2(p − K12)2(p + K4)2
, (14)

where K12 = k1 + K2. For two mass easy case, we have

I4(λ3λ̃1, ǫ2, λ1λ̃3, ǫ4) = −
1

4

(

K2
2 + s

K2
2 − s

+
K2

4 + t

K2
4 − t

)

(ǫ2, k1)(ǫ4, k1)

−
1

4

(

K2
2 + t

K2
2 − t

+
K2

4 + s

K2
4 − s

)

(ǫ2, k3)(ǫ4, k3) −
5

9
(k1, k3)(ǫ2, ǫ4)

+
4

9

(

(ǫ2, k1)(ǫ4, k3) + (ǫ2, k3)(ǫ4, k1)
)

, (15)

I4(λ1λ̃3, ǫ2, λ1λ̃3, ǫ4) =
5

9
〈1|ǫ2|3] 〈1|ǫ4|3]

+
〈1|K2|3]2

3

[

(ǫ2, k1) (ǫ4, k1)

(K2
2 − s) (K2

4 − t)
+

(ǫ2, k3) (ǫ4, k3)

(K2
2 − t) (K2

4 − s)

]

. (16)

Other cases can be either obtained by conjugation or relabelling k1,3.
The 3 mass triangle and 2 mass hard box integrals are not needed for the

computation of the 5-gluon amplitude. The rational part for these integrals
can be found in [1, 32].

5 MHV: A5(1
−2−3+4+5+)

Now we begin the computation of the rational part of the 5-gluon amplitude.
In this section we compute the rational part for the helicity configuration
(1−2−3+4+5+). For this helicity configuration we choose the following polar-
ization vectors:

ǫ1 =
λ1λ̃2

[1 2]
, ǫ2 =

λ2λ̃1

[2 1]
, (17)

ǫ3 =
λ4λ̃3

〈4 3〉
, ǫ5 =

λ4λ̃5

〈4 5〉
, ǫ4 =

ηλ̃4

〈η 4〉
. (18)

In order to keep the symmetry under 1 ↔ 2, 3 ↔ 5 manifest, we leave
the reference momentum for ǫ4 arbitrary, i.e. η is an arbitrary (holomorphic)
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spinor. The final result should be independent of η. In the following formulas
for Ri’s, we will omit all the denominators of the polarization vectors.

We classify all the 21 diagrams into 7 sets. They are shown in Figs. 5 to
11. Now let us present the results of the rational parts for these 7 sets of
Feynman diagrams.

1−

2− 3+

4+

5+

(a)

1

2

(b)

Figure 5: The first diagram is the only 5-point diagram. Its combination
with the pinched k1,2 → k12 4-point diagram leads to triangle diagrams only
by making use of the reduction formula (5).

For the two Feynman diagrams given in Fig. 5, by using the tensor re-
duction formula given in eq. (5), they are reduced to just triangle diagrams.
Because the other three external lines have the same helicities, these triangle
diagrams can be further reduced to bubble diagrams which can be computed
easily. We note that some extra terms must be added for tensor reduction
of the box or triangle integrals [1]. The final result for the rational part is
exceptionally simple and is given as follows:

R1 = −
1

18
((ǫ4, ǫ5)ǫ3 + (ǫ3, ǫ4)ǫ5, k1 − k2). (19)

For the four Feynman diagrams shown in Fig. (6), we can use the same
tensor reduction formula as above. Because we use the tensor reduction
formula for box integral, we should add an extra term. The rational part of
these four diagrams is:

R2 =
1

18
((ǫ34, k2)(ǫ5, k1) + (ǫ3, k2)(ǫ45, k1))

+
1

18
(2s51 − s34 − 3s12) (ǫ34, ǫ5)

+
1

18
(2s23 − s45 − 3s12) (ǫ3, ǫ45). (20)
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1−

2−
3
4

5+

(a)

1

2

(b)

1−

2−

(c)

1

2

(d)

Figure 6: These 4 Feynman diagrams are reduced as the 2 diagrams in Fig. 5.

The four diagrams shown in Fig. 7 can also be reduced simply. Because
we leave the reference momentum of ǫ4 arbitrary, the reduction is just to
triangle integrals by using eq. (7). The rational part is:

R3 = −
1

9
s23(ǫ̃23, ǫ51) −

〈η 4〉

18 〈3 4〉
s51(ǫ2, ǫ51) −

1

6
(ηλ̃3, k4) (ǫ2, ǫ51)

+
1

9
s51(ǫ̃51, ǫ23) −

〈η 4〉

18 〈5 4〉
s23(ǫ1, ǫ23) −

1

6
(ηλ̃5, k4) (ǫ1, ǫ23), (21)

where ǫ̃23 = ǫ23|ǫ3→ηλ̃3
and ǫ̃51 = ǫ51|ǫ5→ηλ̃5

, i.e.:

ǫ̃23 =
[1 3]

[2 3]
ηλ̃3 −

〈2 η〉

〈2 3〉
λ2λ̃1 +

〈2 η〉 [3 1]

2 〈2 3〉 [3 2]
(k2 − k3), (22)

ǫ̃51 =
〈1 η〉

〈1 5〉
λ1λ̃2 −

[2 5]

[1 5]
ηλ̃5 +

〈1 η〉 [5 2]

2 〈1 5〉 [5 1]
(k5 − k1). (23)

The Feynman diagram shown in Fig. 8 is the only 2 mass triangle diagram
which doesn’t combine with a higher point diagram. This actually gives rise
to spurious pole terms which can only be cancelled by the contribution from
cut-constructible part. The rational part is computed by using eq. (11):

R4 =
1

36
(7(ǫ4, ǫ51)(ǫ23, k4) − 7(ǫ4, ǫ23)(ǫ51, k4) + 4(ǫ23, ǫ51)(ǫ4, k51))
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3+

4+
5
1

2−

(a)

3

4

(b)

4+

5+

(c)

4

5

(d)

Figure 7: The 3rd set of Feynman diagrams. They can also be reduced easily
because of the same adjacent helicity 3+4+ or 4+5+.

4+

5
1

2
3

Figure 8: The only 2 mass triangle diagram which doesn’t combine with a
higher point diagram.

−
s51 + s23

12(s51 − s23)
((ǫ4, ǫ51)(ǫ23, k4) + (ǫ4, ǫ23)(ǫ51, k4))

−
s51 + s23

6(s51 − s23)2
(ǫ4, k51)(ǫ51, k4)(ǫ23, k4)

−
1

4
(ǫ4, (ǫ5, ǫ1)ǫ23 + (ǫ2, ǫ3)ǫ51)

−
1

4

(ǫ4, k51) ((ǫ5, ǫ1)ǫ23 + (ǫ2, ǫ3)ǫ51, k4)

s51 − s23
. (24)

The 2 Feynman diagrams shown in Fig. 9 are reduced to tadpole (one-
point) diagrams which are zero in dimensional regularization. The only con-
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1−

2−

3
4
5

(a)

1

2

(b)

Figure 9: This set has 2 Feynman diagrams. Their reduction leads to tadpole
(one-point) diagrams which are zero in dimensional regularization.

tribution is from the extra terms and the result is:

R5 = −
1

6
s12(ǫ345, k1) +

1

4
s12 ((ǫ3, ǫ45) + (ǫ34, ǫ5)). (25)

3+

4+

5
1
2

(a)

3

4

(b)

4+

5+

(c)

4

5

(d)

Figure 10: This set has 4 Feynman diagrams. Tensor reduction by making
use of eq. (7) leads to bubble diagrams.

The 4 Feynman diagrams shown in Fig. 10 are reduced to bubble diagrams
by making use of eq. (7) because the 2 massless external lines k3,4 or k4,5 have
the same adjacent helicity. The rational part is:

R6 = (ηλ̃3, k4)
[

1

4
((ǫ5, ǫ12) + (ǫ51, ǫ2)) +

1

6
(ǫ512, k4)

]

+ (ηλ̃5, k4)
[

1

4
((ǫ1, ǫ23) + (ǫ12, ǫ3)) −

1

6
(ǫ123, k4)

]

. (26)

The last 4 diagrams shown in Fig. 11 are two pairs of Feynman diagrams
with different adjacent helicities. By explicit computation we found that
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2−

3+

4
5
1

(a)

2

3

(b)

5+

1−

(c)

5

1

(d)

Figure 11: The last set has two pairs of Feynman diagrams with different
adjacent helicities. Each combination is identically zero.

each combination is identically zero. This result is true for more general case
where the composite polarization vector can be arbitrary.

Having computed all the 21 diagrams separately, the complete rational
part is obtained by adding them together. We have

R =
1

[1 2]2 〈3 4〉 〈4 5〉 〈η 4〉

[

−
1

18
((ǫ4, ǫ5)ǫ3 + (ǫ3, ǫ4)ǫ5, k1 − k2)

+
1

18
((ǫ34, k2)(ǫ5, k1) + (ǫ3, k2)(ǫ45, k1))

+
1

18
(2s51 − s34 − 3s12) (ǫ34, ǫ5) +

1

18
(2s23 − s45 − 3s12) (ǫ3, ǫ45)

−
1

9
s23(ǫ̃23, ǫ51) −

〈η 4〉

18 〈3 4〉
s51(ǫ2, ǫ51) −

1

6
(ηλ̃3, k4) (ǫ2, ǫ51)

+
1

9
s51(ǫ̃51, ǫ23) −

〈η 4〉

18 〈5 4〉
s23(ǫ1, ǫ23) −

1

6
(ηλ̃5, k4) (ǫ1, ǫ23)

−
1

6
s12(ǫ345, k1) +

1

4
s12 ((ǫ3, ǫ45) + (ǫ34, ǫ5))

+ (ηλ̃3, k4)
[

1

4
((ǫ5, ǫ12) + (ǫ51, ǫ2)) +

1

6
(ǫ512, k4)

]

+ (ηλ̃5, k4)
[

1

4
((ǫ1, ǫ23) + (ǫ12, ǫ3)) −

1

6
(ǫ123, k4)

]

+
1

36
(7(ǫ4, ǫ51)(ǫ23, k4) − 7(ǫ4, ǫ23)(ǫ51, k4) + 4(ǫ23, ǫ51)(ǫ4, k51))

−
s51 + s23

12(s51 − s23)
((ǫ4, ǫ51)(ǫ23, k4) + (ǫ4, ǫ23)(ǫ51, k4))
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−
s51 + s23

6(s51 − s23)2
(ǫ4, k51)(ǫ51, k4)(ǫ23, k4)

−
1

4
(ǫ4, (ǫ5, ǫ1)ǫ23 + (ǫ2, ǫ3)ǫ51)

−
1

4

(ǫ4, k51) ((ǫ5, ǫ1)ǫ23 + (ǫ2, ǫ3)ǫ51, k4)

s51 − s23

]

. (27)

For the same helicity configuration the rational part obtained by Bern, Dixon
and Kosower as given in [2] is:

R̃ =
2

9

〈1 2〉4

〈1 2〉 〈2 3〉 〈3 4〉 〈4 5〉 〈5 1〉
−

1

3

〈3 5〉 [3 5]3

[1 2] [2 3] 〈3 4〉 〈4 5〉 [5 1]

+
1

3

〈1 2〉 [3 5]2

[2 3] 〈3 4〉 〈4 5〉 [5 1]
+

1

6

〈1 2〉 [3 4] 〈4 1〉 〈2 4〉 [4 5]

s23 〈3 4〉 〈4 5〉 s51

−
1

6

[3 4] 〈4 1〉 〈2 4〉 [4 5] (〈2 3〉 [3 4] 〈4 1〉+ 〈2 4〉 [4 5] 〈5 1〉)

s23 〈3 4〉 〈4 5〉 s51

×
s51 + s23

(s51 − s23)2
(28)

We didn’t find an easy way to prove that these results (R and R̃) agree with
each other. With the help of Mathematica one can easily check the following
result:

R =
1

2
R̃. (29)

This shows that the rational part computed directly from Feynman integrals
agrees with the well-known result of Bern, Dixon and Kosower [2].

6 MHV: A5(1
−2+3−4+5+)

For this helicity configuration we choose the following polarization vectors:

ǫ1 =
λ1λ̃5

[1 5]
, ǫ3 =

λ3λ̃4

[3 4]
, (30)

ǫ4 =
λ5λ̃4

〈5 4〉
, ǫ5 =

λ4λ̃5

〈4 5〉
, ǫ2 =

ηλ̃2

〈η 2〉
. (31)

The reference momentum of ǫ2 is arbitrary. As before, in the following for-
mulas for Ri’s, we will omit all the denominators of the polarization vectors.
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The 21 Feynman diagrams are classified into 6 sets. Apart from the last
set, they are shown in Figs. 12 to 16. Let’s compute the rational part from
each set in turn.

4+

5+ 1−

2+

3−

(a)

4

5

(b)

Figure 12: 6 Feynman diagrams with the same adjacent helicity.

The 1st set consists of 2 Feynman diagrams which includes the only pen-
tagon diagram. Tensor reduction is easy by using eq. (5) which gives rise to
triangle diagrams. The rational part of the reduced integrals can be com-
puted by using eqs. (9) to (11) and we have:

R1 = −
1

18
((ǫ2, ǫ3)ǫ1 + (ǫ1, ǫ2)ǫ3 + (ǫ1, ǫ3)ǫ2, k4 − k5)

+
1

12
(ǫ1, ǫ2)(ǫ3, k2 − k45) −

1

12
(ǫ2, ǫ3)(ǫ1, k2 − k45)

+
s34 + s51

12(s34 − s51)
(((ǫ2, ǫ3)ǫ1 + (ǫ2, ǫ1)ǫ3, k2)

+
s34 + s51

6(s34 − s51)2
(ǫ2, k34)(ǫ3, k2)(ǫ1, k2). (32)

The 2 set of Feynman diagrams consists of 4 diagrams. They are reduced
identically as in the above. We only need to add an extra term because of
the box reduction in D = 4. The rational part from set 2 is:

R2 =
(

−
1

6
s45 +

1

9
s51 −

1

18
s23

)

(ǫ1, ǫ23)

+
(

−
1

6
s45 +

1

9
s34 −

1

18
s12

)

(ǫ12, ǫ3)

+
1

18
((ǫ23, k4)(ǫ1, k5) + (ǫ3, k4)(ǫ12, k5)). (33)

The two diagrams shown in Fig. 14 are the most complicated for the
5-gluon amplitude. There is no simple reduction formulas to simplify the
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4+

5+
1
2

3−

(a)

4

5

(b)

4+

5+

(c)

4

5

(d)

Figure 13: This set consists of 4 Feynman diagrams which can be reduced
easily because of the same adjacent helicity.

5+

1− 2+

3
4

(a)

2+

3− 4+

5
1

(b)

Figure 14: 2 Feynman diagrams which are computed by using the 2 mass
easy formulas as given in Sect. 4.

computation. One needs to use the 2 mass easy formulas as given in Sect. 4.
The explicit result of the rational part from the the second diagram is:

R
(2)
3 =

〈η 4〉 〈5 2〉

18 〈2 4〉 〈4 2〉
[(ǫ3, k2)(ǫ51, k4) − 2(k2, k4)(ǫ3, ǫ51)]

+
〈η 4〉

〈2 4〉

[

1

9
((ǫ4, ǫ51)ǫ3 + (ǫ3, ǫ51)ǫ4, k2) +

(ǫ4, k51) (ǫ51, k4) (ǫ3, k2)

6 (s51 − s23)

]

+
〈5 2〉

〈4 2〉

[

1

12
((ǫ2, ǫ3) ǫ51 − (ǫ2, ǫ51) ǫ3, k2)

+
1

18
(2(ǫ3, ǫ51)ǫ2 − (ǫ2, ǫ3)ǫ51, k4)

−
s34 + s51

12 (s34 − s51)
((ǫ2, ǫ3) ǫ51 + (ǫ2, ǫ51) ǫ3, k2)
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+
(s34 + s51)

6 (s34 − s51)2
(ǫ2, k51) (ǫ3, k2) (ǫ51, k2)

]

+
〈η 2〉 〈5 4〉

〈4 2〉 〈2 4〉

[

−
5

9
(ǫ3, ǫ51)(k2, k4) +

4

9
(ǫ3, k2)(ǫ51, k4)

+
1

4
(ǫ3, k2)(ǫ51, k2)

(

1 +
s34 + s51

s34 − s51

)]

. (34)

The rational part from the first diagram in Fig. 14 can be obtained from the
above result by symmetry transformation:

R3(1) = −R3(2)|1↔3,4↔5. (35)

We also set R3 = R3(1) + R3(2).

2+

3
4

5
1

(a)

4+

(b)

5+

(c)

Figure 15: The 4th set consists of 3 two mass triangle diagrams.

The rational part of the 3 two mass triangle diagrams shown in Fig. 15
can be directly computed by using eqs. (11) and (10). The rational part from

the first diagram in Fig. 15 is denoted by R
(0)
4 and is given by:

R
(0)
4 =

1

36
(7(ǫ2, ǫ34)(ǫ51, k2) − 7(ǫ2, ǫ51)(ǫ34, k2) + 4(ǫ34, ǫ51)(ǫ2, k34))

−
s34 + s51

12(s34 − s51)
((ǫ2, ǫ34)(ǫ51, k2) + (ǫ2, ǫ51)(ǫ34, k2))

−
s34 + s51

6(s34 − s51)2
(ǫ2, k34)(ǫ34, k2)(ǫ51, k2). (36)

The rational part from the third Feynman diagram in Fig. 15 is denoted by
R(1) and we have:

R
(1)
4 =

1

36
(7(ǫ5, ǫ12)(ǫ34, k5) − 7(ǫ5, ǫ34)(ǫ12, k5) + 4(ǫ12, ǫ34)(ǫ5, k12))

−
s12 + s34

12(s12 − s34)
((ǫ5, ǫ12)(ǫ34, k5) + (ǫ5, ǫ34)(ǫ12, k5))
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−
s12 + s34

6(s12 − s34)2
(ǫ5, k12)(ǫ12, k5)(ǫ34, k5)

−
1

4
(ǫ1, ǫ2)

[

(ǫ5, ǫ34) +
(ǫ5, k12)(ǫ34, k5)

s12 − s34

]

. (37)

The rational part from the second diagram in Fig. 15 is denoted by R
(2)
4 and

it can be obtained from R
(1)
4 by symmetry operation. In total we have:

R4 = R
(0)
4 + R

(1)
4 − (R

(1)
4 |1↔3,4↔5). (38)

4+

5+

1
2
3

(a)

4

5

(b)

Figure 16: 2 Feynman diagrams with the same adjacent helicity k4,5.

The 5th set consists of 2 Feynman diagrams which are reduced to tadpole.
The rational part is:

R5 = −
1

6
(ǫ123, k4) s45 +

1

4
((ǫ1, ǫ23) + (ǫ12, ǫ3)) s45. (39)

Up to now we have computed 13 Feynman diagrams. The rest 8 Feynman
diagrams consists of 4 one mass triangle diagrams and 4 bubble diagrams.
As we showed explicitly in the last section, they are identically zero for each
pair of triangle and bubble diagrams.

The final result for the rational part is:

R = −
1

[1 5] [3 4] 〈4 5〉2 〈η 2〉

5
∑

i=1

Ri. (40)

In comparison, the result obtained by Bern, Dixon and Kosower [2] from
string theory is:

R̃ =
2

9

〈1 3〉4

〈1 2〉 〈2 3〉 〈3 4〉 〈4 5〉 〈5 1〉
+

1

3

[2 4]2 [2 5]2

[1 2] [2 3] [3 4] 〈4 5〉 [5 1]

19



−
1

3

〈1 2〉 〈4 1〉2 [2 4]3

〈4 5〉 〈5 1〉 〈2 4〉 [2 3] [3 4] s51
+

1

3

〈3 2〉 〈5 3〉2 [2 5]3

〈5 4〉 〈4 3〉 〈2 5〉 [2 1] [1 5] s34

+
1

6

〈1 3〉2 [2 4] [2 5]

s34 〈4 5〉 s51
−

〈1 2〉 〈2 3〉 〈3 4〉 〈4 1〉2 [2 4]2

〈4 5〉 〈5 1〉 〈2 4〉2 s51

[

1

s51 − s23
−

1

s34 − s51

]

+
〈3 2〉 〈2 1〉 〈1 5〉 〈5 3〉2 [2 5]2

〈5 4〉 〈4 3〉 〈2 5〉2 s34

[

1

s34 − s51

−
1

s12 − s34

]

+
1

3

〈2 3〉2 〈4 1〉3 [2 4]3

〈4 5〉 〈5 1〉 〈2 4〉 s23 s51

s51 + s23

(s51 − s23)2

−
1

3

〈2 1〉2 〈5 3〉3 [2 5]3

〈5 4〉 〈4 3〉 〈2 5〉 s12 s34

s12 + s34

(s12 − s34)2

+

[

1

6

〈1 3〉 [2 4] [2 5] (〈1 5〉 [5 2] 〈2 3〉− 〈3 4〉 [4 2] 〈2 1〉)

〈4 5〉

+
1

3

〈1 2〉2 〈3 4〉2 〈4 1〉 [2 4]3

〈4 5〉 〈5 1〉 〈2 4〉
−

1

3

〈3 2〉2 〈1 5〉2 〈5 3〉 [2 5]3

〈5 4〉 〈4 3〉 〈2 5〉

]

×
s34 + s51

s34 s51 (s34 − s51)2
. (41)

As in the other MHV case, we didn’t find an easy way to prove that these
results (R and R̃) agree with each other. With the help of Mathematica one
can easily check the following result:

R =
1

2
R̃. (42)

This shows that the rational part computed directly from Feynman integrals
agrees with the well-known result of Bern, Dixon and Kosower [2].
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[9] F. Cachazo, P. Svrček and E. Witten, “MHV vertices and tree ampli-
tudes in gauge theory,” JHEP 0409, (2004) 006, hep-th/0403047.

[10] Z. Bern, L. Dixon, D. C. Dunbar and D. A. Kosower, “One-Loop
n-Point Gauge Theory Amplitudes, Unitarity and Collinear Limits,”
Nucl. Phys. B425 (1994) 217-260, hep-ph/9403226; “Fusing Gauge
Theory Tree Amplitudes Into Loop Amplitudes,” Nucl. Phys. B435

(1995) 59-101, hep-ph/9409265.

[11] A. Brandhuber, B. Spence and G. Travaglini, “One-Loop Gauge The-
ory Amplitudes In N = 4 Super Yang-Mills From MHV Vertices,” Nucl.
Phys. B 706 (2005) 150-180, hep-th/0407214; “From Trees to Loops
and Back,” JHEP 0601 (2006) 142, hep-th/0510253.

[12] F. Cachazo, “Holomorphic Anomaly Of Unitarity Cuts And One-Loop
Gauge Theory Amplitudes,” hep-th/0410077.

[13] Z. Bern, V. Del Duca, L. J. Dixon and D. A. Kosower, “All Non-
Maximally-Helicity-Violating One-Loop Seven-Gluon Amplitudes in
N=4 Super-Yang-Mills Theory,” Phys. Rev. D71 (2005) 045006, hep-
th/0410224;

S. J. Bidder, N. E. J. Bjerrum-Bohr, L, J. Dixon and D. C. Dun-
bar, “N=1 Supersymmetric One-loop Amplitudes and the Holomor-
phic Anomaly of Unitarity Cuts,” Phys. Lett. B606 (2005) 189-201,
hep-th/0410296;

Z. Bern, L. J. Dixon and D. A. Kosower, “All Next-to-Maximally-
Helicity-Violating One-Loop Gluon Amplitudes in N=4 Super-Yang-
Mills Theory,” Phys. Rev. D72 (2005) 045014, hep-th/0412210.

[14] C. Quigley and M. Rozali, “One-Loop MHV Amplitudes in Supersym-
metric Gauge Theories,” JHEP 0501 (2005) 053, hep-th/0410278.

22



[15] J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, “A Twistor
Approach to One-Loop Amplitudes in N=1 Supersymmetric Yang-
Mills Theory,” Nucl. Phys. B706 (2005) 100-126, hep-th/0410280;
“Non-Supersymmetric Loop Amplitudes and MHV Vertices,” Nucl.
Phys. B712 (2005) 59-85, hep-th/0412108.

[16] S. J. Bidder, N.E.J. Bjerrum-Bohr, D. C. Dunbar and W. B. Perkins,
“Twistor Space Structure of the Box Coefficients of N=1 One-loop
Amplitudes,” Phys. Lett. B608 (2005) 151-163, hep-th/0412023;

S. J. Bidder, N. E. J. Bjerrum-Bohr, D. C. Dunbar and W. B. Perkins,
“One-Loop Gluon Scattering Amplitudes in Theories with N < 4 Su-
persymmetries,” Phys. Lett. B612 (2005) 75-88, hep-th/0502028.

[17] Z. Bern, N. E. J. Bjerrum-Bohr, D. C. Dunbar and H. Ita, “Recur-
sive Calculation of One-Loop QCD Integral Coefficients,” JHEP 0511

(2005) 027, hep-ph/0507019.

[18] M. -X. Luo and C. -K. Wen, “One-Loop Maximal Helicity Violating
Amplitudes in N=4 Super Yang-Mills Theories,” JHEP 0411 (2004)
004, hep-th/0410045; “Systematics of One-Loop Scattering Amplitudes
in N=4 Super Yang-Mills Theories,” Phys. Lett. B609 (2005) 86-94,
hep-th/0410118.

[19] R. Britto, F. Cachazo and B. Feng, “New Recursion Relations for
Tree Amplitudes of Gluons,” Nucl. Phys. B715 (2005) 499-522, hep-
th/0412308;

R. Britto, F. Cachazo, B. Feng and E. Witten, “Direct Proof Of Tree-
Level Recursion Relation In Yang-Mills Theory,” Phys. Rev. Lett. 94

(2005) 181602, hep-th/0501052.

[20] R. Britto, F. Cachazo and B. Feng, “Generalized Unitarity and One-
Loop Amplitudes in N=4 Super-Yang-Mills,” Nucl.Phys. B725 (2005)
275-305, hep-th/0412103.

[21] R. Britto, E. Buchbinder, F. Cachazo, B. Feng, “One-Loop Amplitudes
Of Gluons In SQCD,” Phys. Rev. D72 (2005) 065012, hep-ph/0503132.

[22] R. Britto, B. Feng and P. Mastrolia, “The Cut-Constructible Part of
QCD Amplitudes,” Phys. Rev. D73 (2006) 105004, hep-ph/0602178.

23



[23] Z. Bern, L. Dixon and D. A. Kosower, “One-loop amplitudes for e+e−

to four partons,” Nucl. Phys. B513 (1998) 3–86, hep-ph/9708239.

[24] Z. Bern and A. G. Morgan, “Massive Loop Amplitudes from Unitarity,”
Nucl. Phys. B467 (1996) 479-509, hep-ph/9511336.

[25] For review see: Z. Bern, L. Dixon and D. A. Kosower, “Progress in
One-Loop QCD Computations,” Ann. Rev. Nucl. Part. Sci. 46 (1996)
109-148, hep-ph/9602280; “Unitarity-based Techniques for One-Loop
Calculations in QCD,” Nucl. Phys. Proc. Suppl. 51C (1996) 243-249,
hep-ph/9606378.

[26] A. Brandhuber, S. McNamara, B. Spence and G. Travaglini, “Loop
Amplitudes in Pure Yang-Mills from Generalised Unitarity,” JHEP
0510 (2005) 011, hep-th/0506068.

[27] Z. Bern, L. J. Dixon and D. A. Kosower, “On-Shell Recurrence Rela-
tions for One-Loop QCD Amplitudes,” Phys. Rev. D71 (2005) 105013,
hep-th/0501240; “The Last of the Finite Loop Amplitudes in QCD,”
Phys. Rev. D72 (2005) 125003, hep-ph/0505055.

[28] Z. Bern, L. J. Dixon and D. A. Kosower, “Bootstrapping Multi-Parton
Loop Amplitudes in QCD,” Phys. Rev. D73 (2006) 065013, hep-
ph/0507005.

[29] D. Forde and D. A. Kosower, “All-Multiplicity One-Loop Corrections
to MHV Amplitudes in QCD,” Phys. Rev. D73 (2006) 061701, hep-
ph/0509358.

[30] C. F. Berger, Z. Bern, L. J. Dixon, D. Forde and D. A. Kosower,
“Bootstrapping One-Loop QCD Amplitudes with General Helicities,”
hep-ph/0604195.

[31] C. F. Berger, Z. Bern, L. J. Dixon, D. Forde and D. A. Kosower, “All
One-loop Maximally Helicity Violating Gluonic Amplitudes in QCD,”
hep-ph/0607014.

[32] Z. -G. Xiao, G. Yang and C. -J. Zhu, “The Rational Part of QCD
Amplitude III: the 6-Gluon,” hep-ph/0607017.

24



[33] A. Berends and W. T. Giele, “Recursive Calculations For Processes
With N Gluons,” Nucl. Phys. B306 (1988) 759.

[34] G. Passarino and M. J. G. Veltman, “One-loop Corrections for e+e−

annihilation into µ+µ− in the Weinberg modes,” Nucl. Phys. B160

(1979) 151-207.

[35] Z. Bern, L. Dixon and D. A. Kosower, “Dimensionally Regulated One-
Loop Integrals,” Phys.Lett. B302 (1993) 299-308, Erratum-ibid. B318

(1993) 649, hep-ph/9212308; “Dimensionally Regulated Pentagon In-
tegrals,” Nucl. Phys. B412 (1994) 751-816, hep-ph/9306240.

[36] T. Binoth, J.Ph. Guillet, G. Heinrich, “Reduction formalism for di-
mensionally regulated one-loop N-point integrals,” Nucl.Phys. B572

(2000) 361-386, hep-ph/9911342.

[37] Z. Xu, D.-H. Zhang and L. Chang, “Helicity Amplitudes For Multiple
Bremsstrahlung In Massless Nonabelian Theories,” Nucl. Phys. B291

(1987) 392;

[38] L. J. Dixon, “Calculating Scattering Amplitudes Efficiently,” hep-
ph/9601359.

25


