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SOME RESULTS OF THE MARINO-VAFA FORMULA

Y1 L1

ABSTRACT. In this paper we derive some new Hodge integral identities by taking the
limits of Marino-Vafa formula. These identities include the formula of A1 Ag4-integral on
ﬂg,l, the vanishing result of Agchg;(E)-integral on ﬂgyl for 1 <1 < g— 3. Using the
differential equation of Hodge integrals, we give a recursion formula of Ag4_1-integrals.
Finally, we give two simple proofs of Ay conjecture and some examples of low genus
integral.

1. Introduction

Based on string duality, Marino and Vafa [10] conjectured a closed formula on
certain Hodge integrals in terms of representations of symmetric groups. Recently,
C.C. Liu, K. Liu and J. Zhou [6] proved this formula and derived some consequences
from it [7]. In this paper we follow their method to derive some new Hodge integral
identities. One of the main results of this paper is the following identity: if 1 < m <
2g — 3, then

(1) —(20—2—m)l(~1)%—3m / Agchaga—m(E)y"

Mg
m—1 —1—k(29g—1\ (29—1—k
— b (=127 R (% )(257177%)32 .
g 29 —1—k g—i-m
k=0
min(2g2—1,m—1) 2go—1—k (2g2—1\ [ 29—1—k
1 (—1)%92 %) G55
+ 5 Z bgleZ Z 29 — 1 — k I B29717m'
91+92=9,91,92>0 k=0 9

As a consequence, we find a new Hodge integral identity: if g > 2, then

_: 1
2) L Mg = 5 la(2g = 3, + by ).

g,1

and also a vanishing result: if g > 2, then for any 1 <t < g — 1, we have

(3) /7 Agchoy (B)y?0~ 170 — .
Mg
Recently, Liu-Xu [8] derived a generalized formula for Hodge integrals of type (2) by
using the A\, conjecture.
The rest of this paper is organized as follows: In Section 2, we recall the Marino-
Vafa formula and the Mumford’s relations. In Section 3, we prove our main theorem
and derive a new Hodge integral identity. In Section 4, we give another simple proof
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of Ay conjecture. In Section 5, we derive a recursion formula of A\,_i-integrals. In the
last section, we list some low genus examples.

2. Preliminaries

2.1. Partitions. A partition p of a positive integer d is a sequence of integers pp >
M2 > -+ 2> () > 0 such that

p1t et gy =d = |pl,

for each positive integer i, let

i) = (il = .1 < j < U},

The automorphism group Aut(u) of p consists of possible permutations among the
w;’s, hence its order is given by

|Aut ()| = Hmi(u)h

define the numbers
1)
K=y palpi =20 +1), oz =[] m;(p)im®.
i=1 j

The Young diagram of p has I(u) rows of adjacent squares: the i-th row has p;
squares. The diagram of x can be defines as the set of points (i, j) € Z x Z such that
1 < j < u;, the conjugate of a partition p is the partition u’ whose diagram is the
transpose of the diagram pu. Finally, we introduce the hook length of i at the squre
x € (i,7):
h(z) = pi +p —i—j+1.

Each partition p of d corresponds to a conjugacy class C(u) of the symmetric group
Sg and each partition v corresponds to an irreducible representation R, of Sy, let
Xv(C(p)) = xm,(C(p)) be the value of the character g, on the conjugacy class

C(p).

2.2. Marino-Vafa formula. Let M, , denote the Deligne-Mumford moduli stack
of stable curves of genus g with n marked points. Let 7 : ﬂg,n_ﬂ — Mgm be the
universal curve, and let w, be the relative dualizing sheaf. The Hodge bundle

E =mwx

is a rank g vector bundle over M, ,, whose fiber over [(C,z1, - ,x,)] € Mg, is
HY(C,we), the complex vector space of holomorphic one forms on C. Let s; : M ,, —
ﬂgmﬂ denote the section of m which corresponds to the i-th marked point, and let

L; = sfwr
be the line bundle over M, ,, whose fiber over [(C,z1, - ,z,)] € M, is the cotan-
gent line T}, C at the i-th marked point z;. Consider the Hodge integral
@ J I R
Mg .n
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where 1; = ¢1(IL;) is the first Chern class of L;, and A\; = ¢;(E) is the j-th Chern
class of E. The dimension of M, , is 3g — 3 + n, hence (4) is equal to zero unless
Z?:l ]1 —+ Z'ngl Zkl = 3g — 3 =+ n. Let

g

(5) AJ(u) = uf — Mud ™t (21)9N, = Z(—l)i)\iug_i
i=0
be the Chern polynomial of the dual bundle EV of E. For any partition g : puy > g >
<2 M) >0, define

B \/j1|/t|+l(/t) ll(u Zl—ll MzT+a)
(6) Coulr) = *W[ H

/ Ay (DAY (=7 = DAY (T )

Mo TEH O = i)

Yo wemHae, (),

920

(7) Cu(A;7)

here 7 is a formal variable. Note that
/ AY (DAY (=7 = 1A (7) _ |03
Moo I - i)
for I(11) > 3, and we use this expression to extend the definition to the case I(u) < 3.
Introduce formal variables p = (p1,p2,- - ,Pn, - ), and define

Pu = DPuy " Puyyy

for a partition p. Define generating functions

(8) Cximp) = Y CulhiT)pp
[p|>1
(9) Cximp)* = Xmr.

n [6], Chiu-chu Melissa Liu, Kefeng Liu and Jian Zhou have proved the following
formula which was conjectured by Marino and Vafa in [10].

Theorem 2.1. (Marifio-Vafa Formula) For every partition u, we have

C()‘;Tap) = Z % Z Z ﬁ Z %flii))em(7+%)ﬁuik/2vw ()\) p;u

n>1 po \Um pi=pi=1 [pi|=|ui) .
d v ¢ “1(7+1)k
curp = Y [ 3 MO ey o),
lu>0 \ |v|=]|ul "
where
Vo(\) = H sin[(vg, — vp + b — a)A/2] 1
L <aShei) sin[(b — a))\/2] T 12, 2sin[(v — i+ L(v))A/2]

It is known that 1

T BT Y
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2.3. Mumford’s relations. Let ¢;(E) = >7_,t');, then we have

c_1(E) = t9A, (1) :

Mumford’s relations [11] are given by

(10) ct(B)e—(E) =1,
equivalently
(11) Ay (A (—t) = (=1)9t%,
then
k: .
(12) A= Z(*l)l+12)\k—i>\k+ia
i=1
where A\g = 1 and A\, = 0 for & > g. Let z1,--- ,z,4 be the formal Chern roots of E,
the Chern character is defined by
g +oo g o
ch(E):Zelzg—k ZF’
i=1 n=1i=1
we write
(13) cho(E) = g,
1Y
(14) ch,(E) = mzxi, n=1,2,---

From the above identities we have the relation between ch,(E) and A,:

(15) nleh,(B) = > (=17, n<2g,
i+j=n
(16) ch,(E) = 0, n > 2g.
It is easy to see that
(29— lchgg 1 (B) = (~1)7'A,_1h,
(29— 2)lchag2(E) = (=1)97" ((29 = 2)Ag-2Ag — (9 = 1)A;_1) ,
(29 — 3)Ichay—3(E) = (—1)97" (3Ag_3Ag — Ag—1Ag—2) .

2.4. Bernoulli numbers. The Bernoulli numbers B,,, are defined by the following
series expansion:

(17)

t & m
et — 1 = Z Ban7
m=0
the first few terms are given by

Bo=1, Bi=-—=, By=-, B3=0, By=——, Bs=0, Bg=—.
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Finally we recall two formulas which will be used later:

T 5291
(8) UL T kLTI
sin(t/2) o 229-1  (2g)!" 7
£ g
(19) i = k2 Bydm ok,
i=1 par il

where m is a positive integer.

3. Some New Results from Marino-Vafa Formula

In this section we derive some new results from the Marino-Vafa formula, we will
need two formulas in [7, 2.1 and 5.1].

Theorem 3.1. We have the following results:
ielr=0 [Ay (DAY (1) A} (-7 — 1)]

Z o /* 1 —diyn

9>0 Mg
1 a2 A2
(20) S S UTC IR o S—
4= adsin(d\/2) Py PR 8sin(iA/2)sin(jA/2)
d _
(21) p i [Ag(l)Ag(T)AZ(—T — 1)] =—Ag_1— Ag z:k;!(—l)’C Lehy (E).
= k>0
3.1. The coefficient of A\?9. Introduce the notation
b L, 9=0,
g = 222;_?1 ‘(E;;g!l’ g >0,
then the coefficient of \29 in — Zg;} %% is
-1
22 =) =] bgd*
. (X))
If g1,92 > 0 and g1 + g2 = g, define
(23) Fg1,g2 (d) — Z i2gl_1j2g2_1.

iHj=d,i,#0
In [6] it is showed that if g1, g2 > 1, then

2g92—12g—2—k

_ S A e T
@) =3 > Sk )BT

k=0 =0
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for the rest case we have

(25) Fog(d) = > ittt

i+j—d 4,570

_ E:Z—l §)29-1

2g 1 29
_ ( 1)2g 1— k( >deZ2g 2—k
k=0
29—3 29—k—2 (2g—1—k
k(291 ( )
— _129 1-k dk? 7Bd2q 1—k—1
— (=1) ( k > ; 2g—1—k

d—1

1

— 29—1Dd*92d-1)+d?>91y =
(29 -1) ( )+ E_Z.

29—22g—k— 1en
_ < ~ g_l 29_1_k (_1)29 ! deQg—l—l
! 29 —1-Fk
k=0 1=0

d—1
1
_ 29—2 2g—1 -
+ (2g—-1)d +d E -
i=1
Note that Fy 4(d) = Fy0(d) and

)\2
(26) Z 8sin(iA/2)sin( ])\/2 Z)\Qg ( Z by, bg, Fgy .92 (d)> .

i+jy=d,i,j#0 9>0 g1+92=g

3.2. The Main Theorem. Let

Z)\QQLHS Z}\Qq/ d7—|‘r O[A (1 )AV( )A;/(—T—l)]’

920 g>0 Mg 1 —dyn
and
3 dz’:l 1 d\/2 S A2
AYRHS = — oy — — ;
s —a dsin(d\/2) 0 8sin(iA/2)sin(j\/2)
then we have
(27) LHS = /7 (Ag_1939 Hyd29t
M,

29—
— Z [29 2= k)l(=1)%9737F /7 Agchag_o_ i (E)pf | d,

g,

(28) RHS

1
Z ngg 1+b Fo, (d>+§ Z bg1bnggl,gz<d)-

= 91+92=9,91,92>0

Hence we can derive our main theorem:
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Theorem 3.2. If1 <m <2g—3 and g > 2, then

—(29—-2- m)!(—1)29—3—m/

My 1

m—1
(=1)2971=k /29 —1\ (29— 1—k
= b ~ - Boy 1-m
9;:% 29—1-k\ k J\2g—1-m) %"

Agchag—o—m (E)¢7"

+ L > by, b min(Zgi_:lmL_l) (Z1)P 1 (2, =1\ (201 -k
2 g1vg2 29—1—k‘ k‘ 29_1_m 2g—1—-m-
91+92=9,91,92>0 k=0

Remark 3.3. Liu-Liu-Zhou [7] have only considered the cases m = 2g—1 and m = 1.

3.3. The case of m = 2g — 3. If m = 2g — 3, we find that 1!ch;(E) = A;, then

LHS - / Ag 292,
My
T (—1)2 R 99 1\ (29— 1— K
RHS = b A B
ng_OQg—l—k'( k )( 2 )2

min(2g>—1,2g—4) 200 —1—Fk
1 (—1)=92 292 — 1\ (29g—1—k
+ 5 E : bglbgz E 2% —1—_Fk ( k )( 9 Bs.
91+92=9,91,92>0 k=0 9

From the above formula we obtain a new result of the Hodge integral.

Theorem 3.4. If g > 2, then

_ 1
(29) /M M1 = = [9(29 — 3)by + baby-1].

g,1

Proof. Note that

2g—4

_ (—1)2971=k /29 — 1\ (29— 1 —k

[t = s 3 SO

/Mg,1 P 2g—-1—k k 2
min(2g2—1,2g—4)

By (=1)29271=F /290 — 1\ (29— 1 —k
D VLD D e e > )

91+92=9,91,92>0 k=0

29—4 29—1—k
(=1)%¢ 20 —1\[(29g—1—-k
A = —_
! kz_: 29—1—k \ k 2 ’

let us write

w <

29—

filz) = Z (_1)29714@ (29]{;— 1) (29—2— k)x2g73—k’

2g—2

nio) = Y (i (T e,

k=0
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then
1 2g—4 2 — 1
Ai=352 <—1>29““( i ><29—2—k>, zgi(2) = (1-2)7"' =1, fi(2) = ¢} (a)
k=0
Hence (29— Dz(l—2)?972 - (1—2)29" 1 +1
fl(l') = .’I,‘2 ) fl(]') = ]-a

and we obtain

Ay =

N =

2g-1\| _ 1y/29—-1Y\
o= (o s)l =2 [ e) )
min(2g2—1,2g—4)

(—1)202=1=F /99, — 1\ (29— 1 — k
Ay = (=)=
2 > 29— 1k k 2 :

k=0

Similarly, we write

then - -
3kl (F1PTR2g - 2-K)(P5T), g2 <g-2
Ay =
2g—4 1 -
I (=R g 2 k) (P9 %),  ga=g-1.
Case 1: g9 > g — 2. Let

e 25 — 1
Fax) = Y (-1PtR(2g -2 k)< gzk )ngg’“,
k=0
2! 2g 1
= —1)292—1-k 2 29—2—k
we) = 3 e ()

Since g > g2 + 2, then 2g — 3 — (2g2 — 1) > 2 > 0 and g5(z) = fo(z). On the other
hand
go(x) = (1 — sc)292_1x291_1,
hence
a(x) = =(2g2 = 1)(1 = 2)*# 722771 4 (291 — 1)(1 — )2~ 1g?0 72

and

_ 717 92:1,
f2(1)_{ 0, 1<ga<g-—2.

Case 2: go =g — 1. let

2g9—4
fs(x) S (-1 kg -2 k) (29; 3> 2293k

k=0

2g—4
mle) = Y (cupih (e

k=0
Since 2g —3— (29 —4) =1> 0,

g3(z) _ gz_: (_1)29—3—k (29 - 3) 2293k _ (1—2)2073 1

T k
k=0
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and
dhla)=(1—2)%% —1— (29— 3)(1 - 2)* s,

therefore we have
_ _27 g= 27
fa(l) = { -1, g>2.

From the values of f1(1), f2(1), f5(1), we obtain

/7 MAg793
M

g,1
B, |1 1
= “bBaAi— o Y bybe fa(1) + Sbibe f3(1)
g1+92=9,1<g2<g—2
B
= 5 [=byAs + biby-]

1
= 12 [9(29 - 3)bg + blbg—l]

Since B,, = 0 for n odd and n > 1, we also have the following vanishing result.
Theorem 3.5. If g > 2, then for any 1 <t < g— 1, we have
(30) /7 Agchy, (B)y20 ™11 = 0,
M

9,1

4. Another Simple Proof of A\, Conjecture

Let |u| = d,1(1) = n, denote by [Cy,.(7)]x the coefficient of 7% in the polynomial
Cy...(7), and let

[ =1(k)
ngu(T) = v-l Cou(T),

B = VTS Lwe. M+ Y Bw)C1(7)

veJ(p) velC(u)

+ Z I3(V17V2)Cg1,u1 (T)ng,l/2 (T)

g1+g2=g,v'Ur?eC(p)
The set J(u) consists of partitions of d of the form
V= (:U’la"' aﬁiu"' aul(/_L)a,ui +MJ)
and the set C'(u) consists of partitions of d of the form
V= (/’Lla T 7ﬁia T 7Ml(u)aj7k)
where j + k = p;. The definitions of I, I and I3 can be found in [5]. Liu-Liu-Zhou

[6] have proved the following differential equation:

(31) %Jgﬂ(v) =—J; (7).
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It is straightforward to check that

/7_1d+n )\g
[Cg,u(T)]n_1 = A T (1 — )’
| ut( )‘ Mgn Hz 1( ,uzwz)
d+n—1
V-1 A
> n0en| = Moo [ e
veJ(u) Y [Aut(W)| SR, o0 TTiZy (1 — i)
> L()Cy1.(7) = 0,
veC(p) 1n—2
IS(VlaVz)cgl,vl(T)ng,lﬂ(T) = 0
g1+g2=g,v1Ur2eC (1) dn-2
hence, from (31) we have the identity
(32) n—1 Ag _ Z Il( ) Ag

[Aut(w)] Jxz,,, T (U= i) S Aw)] a0 TTEN (- i)

Theorem 4.1. For any partition p: 1 > po > -+ >y >0 of d and g > 0, then

Ag

(33) My ey (1= pithi)

— J29+n—3
=d by.

Proof. Recall the definition of I1(v), where v = (p1, -, iy -+ s HBj, - fny Mo + 145):

i + i
Il(lj) = 17'+ (Sﬁf My tp1 (V),
J

and it is easy to see that

Mg () 0 (0) (g () — 2
D,

Ant@)]  JAu(e)
Let
Pty = =y > flky = = gy > > g, = = pg, >0,
—_——
t1 to ts
where
S S

=1 i=1
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then

L)
2 JAut(v)]

vedJ(up)
1 i+ .
= A 7 [ (1) (my (1) — 5ﬁj )l
Al 2 T4
1 1 S
= ] |2 2 22 ha ) (B, () + Zuk Py, (1) (o, (1) — 1)
| ©i=1 i

= |Aui(,u)| *ZZ Py + ey )it +Z,Ukt (ti—1)

i=1 j#i
1
= Z > htiti+ Z pun
[Aut(p)| =t
1 S
= m Zti(d_ﬂkiti)+ZNkit? —d‘|
K Li=1 i=1
~ (n—1)d
|Aut(p)]”

By the induction of n and the initial value of the Marifio-Vafa formula
Ag 29—2
—=— =d97%,,
/Mg,l 1 — s .
we have
=d- d2g+n—1—3bg — d2_q+n—3bg.

[ i

g.n

Corollary 4.2. The following A\, conjecture is true:
2g+n—3
ki _
o P | s A

where g > 0.

5. A recursion Formula of the )\;,_; Integral

E.Getzler, A.Okounkov and R.Pandharipande have derived explicit formula for the
multipoint series of CP' in degree 0 from the Toda hierarchy [2], then they obtained
certain formulas for the Hodge integrals fﬂg /\9_11/,’1“1 ---qpFn . In this section we
give an effective recursion formula of the A\,_; integrals using Marifio-Vafa formula.
It is straightforward to check the following lemma.
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Lemma 5.1. We have the following identities

SIS (it a) |
lU -0 ), "
CIE rta)] KRS
|J];[ (M’L_l)' 1 N i=1 a=1 a

Ay (DAY (=7 = DA (D], = Ay

(A (DAY (=7 = DAY(T)], = —Ag1— D kI(=1)Fche(B)A,,

k>0
and
e, — VL .

At S, Ty (U= patds)’
_ \/j1d+n . tE i Ag
[Cg#(’r)]n B |AUt(M)| |:ﬂ b Z Z ‘| Mg.n Hz 1 1 - /1411/12)

i=1 a=1
L Yz —7 Ag—1+ Do k(=1 )= tehy (E)Ag
[Aut(p)] My.m [T, (1 — pinhs)

Now, we can state our main theorem in this section using equation (31).

Theorem 5.2. For any partition p with [(u) = n, we have the following recursion
formula

nopi—
1 Hi N

|Aut l +Z}; My [imi (1 — piths)
B n Ag—1+ Ekgo k(-1 ) Chk(E))‘g

Aut()] ., T, (1~ pan)

Il( n—1v;—1 ‘| )\q

= —924 %

ug(:) |Aut(v) [ ; ; /Mq oo TS (1 = vit)

B L(v) Ag—1+ Do KI(=1)" ey ()N,
Z |Aut(1/)| /Mq n—1 Hz 1 ( Vﬂ/}l)

+ Z Z I3(1/ ,V2)
[Aut(v1)[[Aut(v?)]

91+92=9,91,92>20 v1Uv2€C(p)

veJ(p)

/ )‘91 / /\92
M, H?:ll(l — Vi) Myy.ng H:L:Ql(l —vii)

1:m1

5.1. The A\;-Integral. In this subsection, we re-derive the \4-integral from theorem
5.2.. Let p; = Na; for some N € N and z; € R, from Kim-Liu[4]’s method and
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consider the coefficients of InINN29+t"=2 in theorem 5.2., then

n n
n(x1+-~-+xn)Hx§” /7 /\gHz/Jl]’”
1=1 an =1
n

— %ZZ(% ) () ] 2 /* A Y

i=1 j#i 1#i,j Mg.n-1 I#i,j

+ (m1+-~-+xn)Hx§” /7 )\glekl
=1 Mg.n =1

(39) - ][al [ A T]ul
=1 n =1

g,
1 & e g
S STURENLLE | FI BN WIS |
i=1 j#i 14, Mgn—1 14,

After introducing the formal variables s; € RT and applying the Laplace transforma-
tion

—+oo
/ e/ dy = K1(25)FF, s >0,
0

we select the coefficient of [}, (2s;)"*! from the transformation of (35), then we
derive

n (ki + kj)
CONCE M | IR wh oty R 1 12
n =1 1

o i=1 ji gin— I#i.j

By the induction of n, we obtain the Ay conjecture

/M Hwk, _ <29+7.L’k:’>bg,

in fact, in (36) we have
(ki + k) (29 +n —4)!
kilk;! Hl7é el (ki 4k — 1)1

ki+kj (29+n-—3 b
2g+n73 klv"’,kn 9

RHS =

1
2

1
2

#M tL.M

note that k1 +---+ k, = 2g + n — 3, therefore

%ZZ(kZJFkJ) = —Z [(n—1)ki+ (29+n—3—k)]

i=1 j#£i
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5.2. The Recursion Formula of )\,_i-integral. We have found the singular part

S > ! 1 £t in theorem 5.2., using the following theorem, we can eliminate this

part and derlve the recursion formula of A\;_q-integral. The notation [F)sng means
the singular part of F. First, in theorem 5.2., we have

LHS "
{d2g+n4bg] ‘ = ”Z Z Zd’
sing

i=1 a=1
. it —1
RHS 1 Hi— 1Hl Hit i 1
leg'*‘"_‘lb ] = 522 Nz+ﬂj Z *+(,Uz+,u]) Z p
9dsing i=1 j#i l#i,7 a=1 a=1

n pi—1 Mg — )

I Zzltzd ZZ Z MJMH'M]
=1 a=1

i=1 j#i a=p;+1
Theorem 5.3. Under the above notation, we have
RHS ] { LHS }
Togtn—dp = | o= +2(n—1)d.
|:d2g+n 4b9 sing 2ot 4b9 sing
Proof. Since

pitp;— )

ZZ Z M] Nz'f'MJ

i=1 j#i a= m+1

M (i + ,Uj L N? (pi + .uj)
IS DY
i=1 j#i a= /,LJ-'rl i=1 j#i a=p;+1
_ T (i + Nj (i + F‘]
- Yy > SH»3
i=1 j#i a=1 i=1 j#i a=1
L e M1+M] uz+ug
dmd, D YD
i=1 Jj#i  a=l1 i=1 j#i a=1
IR RNy uﬁua Ry uﬁuj
MDY ZZZ
i=1 j#i a=1 i=1 j#i a=1
+ i 5 (uﬂrug -
piy Y ZZ (i + 1),
i=1  j#i a=1 i=1 j£i

where we use the identity

Hitptg—

,LLZ+/LJ _ n +H;
n s+
>

) 32§

(s +:U‘J

M2+M]

a=1
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Note that i, =, (ui + pj) = 2(n — 1)d, hence
{ RHS }
d29+n_4b9 sing
pr—1 n pi—1

= 32Tt 3N B33

i=1 j#i 1#4,j a=1 i=1 a=1

n

wi—1l N2 n mi—1 ] n
S S I S S 3 S S

i=1 j#i a=1 i=1 j#i  a=1 i=1 j##i

n o pi—1l n p—1
S PODSLATIRDS) SRR ob 3
i=1 a=1 i=1 j#£i I#£i,j a=1

n

LYY Y W 1) | (1),

i=1 j#i a=1
it is straightforward to check that
pi—1

I BIETHD D DEENUEEI) YT B) P8

i=1 j#i I#i,5 a=1 i=1  j#i a=1

n pi—1 (s + g n pi—1 ; n pi—1 ;
P ID B D DT 3D DD S DITD D

i=1 j#i a=1 i=1 j#i a=1 i=1 j#i a=1

n wi—1 n pi—l
PIDMTH BN CERD TS DS
=1 a=1

i=1 j#i  a=1

Finally, we obtain

]

n pi—1 1L n Hj_l/i-
_<Z ;>d+(n2)zuiz =

i=1  jAi a=1
pi—1

+ ZMZZ%‘F(”—UZIM %‘F?(n—l)d

a=1

n i n pni—1 pni—1
— Hi _ . Hi Hi _
_ (Z a>d+(n 1) “(ZZ +Za)+2(n 1)d
i=1 a=1 i=1 j#i a=1 a=
n pi—1 1 n pi—1 14
_ (Z 3 a) d+(n-1) > a) d+2(n—1)d
=1 a=1 =1 a=1
LHS
_ [dwwbg] 421
sing
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Let R¥[py,- -+, i1,] be the space of all homogeneous polynomials with real coeffi-
cients in pq,- -, p, of degree k, then it is the subring of Ry, -, pn]. From the
Theorem 5.3, we obtain the recursion formula of A;_; Hodge integral.

Theorem 5.4. For any partition p with [(p) = n and |u| = d, we have the recursion
formula

Ago1

n
|Aut(p |* [T—,(1 *Mz‘%‘)

|Aut ‘ / Mg n_1 H 1/177/11)

VGJ( )

I3(V V2) 2g1+n1—3 ;2g2+n2—3
Z |Aut(y1)||Aut(1/2)|d d b b

g1+g2=g,v*Ur2eC(pn
under the ring R29=2F" [y, - - ,un], where (V') = n; and |V¢| = d; fori=1,2.

Remark 5.5. When we consider the simplest case n = 1, the above identity become
the formula used in [6].

6. Some Examples of The Main Theorem
In this section we give some examples of theorem 3.2.
6.1. The case of g =3. If g = 3, then 1 < m < 3. We consider three cases.
6.1.1. m=1. LHS = =3 [57  Asch3(E)yr, and 3chs(E) = 3, ;_3(=1)" i\ =
3A3 — A1 Ao, then we get

LHS = /7 )\3()\1)\2 — 3)\3)’(/)1 = /7 )\1)\2>\37/}17
Mg 1 MS,I

(—'1)5 5\ (5 1 —1/(2g2 — 1\ (5
HS = b3——— By+ = — B
RHS a5\ o) \u) Pt g 2 o:box 5 0 4)7*

91+92=3,91,92>0
—B4(b3 + blbg).

be = bs

Since b; = we have

31
24 ’ 5760 ’ = 967680°

1
(37) /7 Aot =
M3 1

362880

6.1.2. m=2. In this case we have LHS = 2 fﬂg ) Ascha (E)92, and 2!chy(E) = 2Xg —
A2, B3 = 0. Then we have

LHS = /7 (2X2A3 — A3AT)97,
ZER!

RHS = b 21: % (Z) (5 R k) By

k=0

+ > bor g 21: % (292k 1> <5 ; k) o

91+92=3,91,92>0 k=0

[l
R=2N A=
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hence
/ AsATYT = 2/ Ao Agt)i.
HS,I ﬂ3,1
Using the formula fﬂs . A2 Asth? = 130565, We get

1
(38) | et = i
s 60480
6.1.3. m=3. In this case LHS = — fﬂ&l Asch; (E)e3 and chy (E) = A1, hence
LHS = —/ /\1)\31/)§’,
Ms
2
(—=1)>=% 5\ (5 —k
H = ~ B
RHS b 5—k \k)\ 2 2
k=0
min(2g2—1,2) 4
1 (=1)29271=F /290 — 1\ (5 —k
g2 e ) (T )y )R
91+92=3,91,92>0 k=0
= 9b B 1b boB
- 2 302 2 10202
3 41
1451520’
SO
41
(39) / MAgY} = ——=.
Ms 145120

Remark 6.1. The values of (37) and (39) match with the results in [9], the identity
(38) is a new result.
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