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1 Introduction
This paper concerns the following two-dimensional compressible isentropic Euler equations

Op+u-Vp+pV-u=0,

1 (1.1)
8tu—|—u-Vu+;VP=0,

where p(x,t) > 0 is the density, u(x,t) = (ul(x,t),u*(z,t))T stands for the velocity, P denotes the

pressure and the state equation reads
P =Py~ Ap~",

in which Py, A are two positive constants. We are interested in the global existence on the smooth
solution to the Cauchy problem for the system (1.1) with the initial data

t=0: p=p+epo(r), u=cup(z), (1.2)
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where ¢ is a positive small parameter, p stands for a positive constant and satisfies Py — Ap~! > 0,
where po(z) is a given smooth function with compact support, and ug(x) = (u}(z),ud(z))? is a given
vector-valued smooth function with compact support. Without loss of generality, we may assume that
there exists a positive number R such that

supp{po}, supp{ug}, supp{ug} C { € R?*||z| < R}.
In what follows, we use the notations: z = (z1,22) € R?, V = (0,,,0.,) and 0; = 8‘;, i=1,2, 0y =
9 _
51 = Oo.

The compressible Euler equations comprise a nonlinear symmetric hyperbolic system of PDEs that
model the ideal fluid flow. The characteristic wave speeds of this system are given by the fluid velocity
and the local sound speed. The two wave families associated to these speeds may be considered separately.
Smooth Eulerian flows of ideal polytropic gases with initial data close to a constant state do not, in gereral,
exist for all positive times (see [6,18,19]). Godin [6] obtained the precise information on the asymptotic

behavior of the life-span of the smooth solution to three-dimensional spherically symmetric Eulerian
flows of ideal polytropic gases with variable entropy, provided that the initial data is a smooth small
perturbation with compact support to a constant state. Sideris [18] showed that the classical solution
to the three-dimensional Euler equations for a polytropic, ideal fluid must blow up in finite time under
some assumption on the initial data. In Sideris [19], the estimates on life-span of smooth solutions in
two space dimensions were obtained under suitable assumptions. In particular, we would like to mention
that Grassin [8] proved that the suitable initial data, which force particles to spread out, may lead to the
global existence in time for ideal polytropic gases.

When the adiabatic constant 7 of the gas is equal to —1 (in this case, the equation of state is suitably
modified to keep the pressure and its derivative with respect to the density positive), the gas is named
Chaplygin gas, or called Karman-Tsien gas (see [21,22], and in the isentropic case, see [4]). Godin [7]
obtained the global existence of a class of smooth three-dimensional spherically symmetric flows of Chap-
lygin gases with the variable entropy, provided that the initial data is a smooth small perturbation with
compact support to a constant state.

By the light-cone gauge, Bordemann and Hoppe [2] simplified the description of relativistic membrane
moving in the Minkowski space. By performing variables transformations, they established the relation-
ship between the dynamics of relativistic membrane and two-dimensional fluid dynamics. The equations
for the two-dimensional fluid dynamics derived in [2] are nothing but the system (1.1). This implies that
the system (1.1) can be used to describe the motion of relativistic membrane moving in the Minkowski
space R3. On this research topic, we refer to Huang and Kong [13].

In the present paper, we investigate the global existence of the smooth solution of the two-dimensional
flow of Chaplygin gases. More precisely, under the assumption that the initial data is close to a constant
state and the vorticity of the initial velocity vanishes, we show the global existence of the smooth solution
of the Cauchy problem (1.1)—(1.2). The main result in this paper is the following theorem.

Theorem 1.1. Suppose that the initial velocity is irrotational, i.e., uy satisfies

VJ' - Ug £ 81’LL(2) — 82u}) =0.
Then there exists eg > 0 such that the Cauchy problem (1.1)~(1.2) has a unique global smooth solution
for any e € [0, q].

The key idea to prove Theorem 1.1 is as follows: (i) write the velocity as the gradient of a potential

function; (ii) reduce the system (1.1) to a quasilinear wave equation for the potential function; (iii) verify
that this quasilinear wave equation satisfies the null condition in two space dimensions; (iv) by null
condition, L2-L> estimates and energy estimates, obtain the global existence on the smooth solution
under consideration.
Remark 1.1.  Theorem 1.1 still holds if the initial data w(z,0) = cug(z) is replaced by u(z,0) =
U + eug(x), where u € R? is a constant vector. In fact, as is well known, replacing x by x — tu and u
by u — @ leads to a new solution of (1.1)—(1.2) (with the same pressure law), and so we reduce to the
assumptions of Theorem 1.1 immediately.
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The paper is organized as follows. In Section 2 we reduce the Cauchy problem (1.1)—(1.2) to a Cauchy
problem for a quasilinear wave equation (see (2.16)—(2.17) below). In Section 3, we introduce some
notations and prove some lemmas, these lemmas play an important role in the proof of Theorem 1.1.
Sections 4 and 5 are devoted to establishing the L?-L> estimates and energy estimates of the smooth
solution, respectively. Theorem 1.1 is proved in Section 6 by the bootstrap argument.

2 Two-dimensional irrotational flow

Let V& = (=0s,01), w = (w',w?), then V+ - w = 91w? — ow'. As mentioned before, the key idea of the
proof of Theorem 1.1 is to write the velocity u as the gradient of a potential function. To do so, we first
prove the following lemma which plays an important roles in the present paper.

Lemma 2.1.  Let T be a given positive real number and assume that (p,u) is a smooth solution to the
Cauchy problem (1.1)—(1.2) in the domain R? x [0,T). If the initial velocity uo(x) satisfies

VE - ug =0, (2.1)

then
Vt.ou=0, V(z,t) €R?*x[0,7T). (2.2)

Proof.  Noting u = (u',u?), by a direct calculation we have

vt (u-Vu) = Autoju? + ulafuz + D uOu? + w09

— Qout Ot — utddut — Douldout — ulA2u, (2.3)
(u-V)(VE - u) = ud?u? — urd10ou + w2 00u® — u?d3ul, (2.4)
(V-u)(VE - u) = ouldiu® — 01utdou’ + doudiu? — Oputdou’. (2.5)
(2.3)-(2.5) gives
Ve (u-Vu) = (u- V)V u) 4+ (V- u)(VE-u). (2.6)

Noting (2.6) and taking the curl of the second equation in (1.1) gives
(VL -u)+u-V(VE-u)+(V-u)(VE-u)=0. (2.7)

Combining (2.1) and (2.7) yields (2.2) immediately. Thus, the proof of Lemma 2.1 is completed. a

Remark 2.1. Lemma 2.1 shows that, for two-dimensional compressible isentropic Euler equations for
Chaplygin gases, if the flow is irrotational at the initial time, then so is it at any time ¢ € [0,T"), where
T stands for the maximal existence time of the smooth solution.

Under the assumptions of Theorem 1.1, for system (1.1) there exists a scalar function v = v(x,t) such
that
u= Vv (2.8)

where the scalar function v(x,t) is a smooth function and has a compact support in x (since u has
compact support by the finite propagation speed). Substituting u = Vo into the second equation in (1.1)
and noting Lemma 2.1 lead to

1
Vv + §V|Vv|2 +V£(p) =0, (2.9)
where the function f is defined by
F(p) = =2F (210)
P dp '

and
£(7) = 0. (2.11)
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It follows from (2.10) and (2.11) that

X d\ 2 2%
where )
dpP 2
c=4—I(p . 2.12
{0} (2.12)
In what follows, we take p shch that ¢ = 1. Noting (2.9), we have
1
RINE 5|u|2 + f(p) =0. (2.13)
Thus, by (2.8) and (2.13), we obtain
V-u=Av,
020 = —u - 0u — f'(p)0sp, (2.14)

Vv =—u-Vu— f'(p)Vp.

It follows from (2.14) that

V-u=Av,
Oip = — f,%p) (97v + Vv - 0, V), (2.15)
Vp=-— 0 (Vo + Vo - VVu).
Substituting (2.15) into the first equation in (1.1) yields
O2v — Nv+2 i 0;v0:0;v — 20;vA\v + i 0;v0;v0;05v — |Vo|2Av = 0. (2.16)
i=1 i, j=1

On the other hand, noting (1.2), (2.8) and (2.13), we get

1 1
t=0: v= 5/ ud(y, x2)dy, v = —§€2|uo(x)|2 — f(p+epo(x)). (2.17)
R
Remark 2.2. For quasilinear wave equations in two space dimensions satisfying the null condition

(resp. both null conditions), Alinhac [1] proved the quasi-global existence (resp. global existence) for
their Cauchy problems. His proof relies on the construction of an approximate solution, combined with
an energy integral method which displays the null condition(s). The method used in the present paper
is different from one in Alinhac [1].

By (2.17), it is easy to see that v(x,0), dsv(x,0) are smooth functions of x € R? and has compact
support, i.e.,
supp{v(z,0)}, supp{dsv(x,0)} C {z € R?||z| < R}.

Hence by the finite propagation speed, we obtain

v(z,t) =0, Vac{recR?®||z|>R+t}. (2.18)
Obviously, (2.16) can be rewritten as
2 2
Ofv— Do+ > ghowdidju+ Y g owdwdd =0, (2.19)
i,7,k=0 i,7,k,1=0
where

2

> 9500050 = 201000010 + 20200002 — 200007V — 200005, (2.20)
i,7,k=0

2

> gl Okv0v0;0;0 = 201005001050 — (v)*0Fv — (01v)° 3. (2.21)

i,j,k,1=0



KONG DeXing et al. Sci China Math ~ March 2010 Vol. 53 No.3 723

For any given vector (Xo, X1, X2) € R? with X¢ = X? + X7, we have

2
> gEXiX; X = 2X0XT + 2X0X3 — 2X0X] — 2X0 X3 =0, (2.22)
i,5,k=0
2
> g XiX XX, = 2X1 X5 X1 X — X7 X3 — X7X5 = 0. (2.23)
i,4,k,1=0

This shows that the wave equation (2.16) satisfies the null condition in two space dimensions (see [1]). The
concept of null condition was introduced by Christodoulou and Klainerman for nonlinear wave equations
in three space dimensions (see [3,15]). Therefore, we can rewrite the terms

2 2
Z gfjakvaiajv and Z gfjlakvalvaiajv
i,5,k=0 i,5,k,1=0
as
2
Z gfj@kvaiajv = 2@01(8111, U) + 2@02(8211, U) (224)
i,5,k=0
and
2
Y 95 ok0wd050 = —050Q12(010,v) + 10Q12(D2v, v), (2.25)
i,5,k,1=0

where Q;;(¢, ) are defined by Q;;(p,¢) = 0;00;% — 0;90;¢ (0 < i < j < 2), which are null forms.

3 Preliminaries

In order to prove Theorem 1.1, in this section we give some preliminaries.
Following Klainerman [14], we introduce the following vector fields

I'=(Ty,...,T6) = (0o, 01, 02, Qo1, Qo2, L2, 5), (3.1)

where
Qor =t0 + 210, Qo2 =102 + x20;, Q1o =102 — 1201, S =10 + r0;. (3.2)

It is easy to show that
I;,00=-260 (i=0,...,6),

0i,0;]=0 (4,7=0,1,2), [S,0]]=-9; (1=0,1,2),
Qo1,01] = =0, [Q01,02) =0, [Qo1,0¢] = =01, [Qo1,Q02] =0,

(3.3)
Qo1,Q12] =0, [Q01,5] =0, [Qo2,01] =0, [Qo2,02] =0,
Qo2, 0] = =02, [Qo2,8] =0, [Q2,01] =02, [(2,02] =0,
Ql?v 80] = 807 [Sy QlQ] = 07
where [, -] denotes the usual commutator of linear operators, O = 92 — A\ and d;; is the Kronecker symbol.

In what follows, we shall use the following notations

|U(I,C,t)|,€ = Z |Pav(xvt)|v |v(t)|ﬁ = Sup |v(xvt)|m

la|<r zER?
(e, D) = D~ (14 |2 (L + lla] =)D ()], [v(t)]x = sup [v(@, )
|al<r e

Wz, 1)) = > (1 + |z] + )2 D (, 1)),

lal<s
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((t)) = sup (v(a, 1)), [Jo()llx = Y IT*C(,t)llLe,

2
zER lal<r

where £ is a nonnegative integer, a = (ay,. .., aq) is a multi-index and |a| = |ag| + - - - + |ag|. Moreover,
we also use the following notations

|v|n,t = sup [v(s)|x, [U]mt = sup [v(s)]x, <U>n,t = sup (v(s))x, ()]s
0<s<t 0<s<t 0<s<t 0<s<t
Define 1
ANT) = {(:mt) e R? x 0,7)] ||| —¢| < 51?} (3.4)

Thanks to the null condition, we will be able to show that the null form possesses a good decay in the
domain A(T"). In the our argument, the following operators

(1,22)S + (—x2,21) Q12

t—|z|
Z =(Z1,75) = O, O 3.5
(Z1,2) 7 (01,02) + P (3.5)
will play an important role. It follows from (3.5) that
Z—8+| | (1=1,2) (3.6)
and
A <C ”x| iy !
1Z¢(x,1)] < C{ =—10¢(z, )] + Zlo(z, D)1 ), (3.7)
here and hereafter C' stands for a common absolute constant. We have
Lemma 3.1. Assume that hfj are constants and it holds that
Z hi XXX =0 (3.8)
1,5,k=0
for any vector (Xo, X1, X2) satisfying X¢ = X? + X3. If ¢, v € C°(R? x [0,T)), then
Z hi;0k00:0;¢(x, 1)| < Cl| 23 (2, 1)|[0% @ (2, )| + |09 (x, 1)]| ZOp(x, )]]. (3.9)
4,7,k=0
Lemma 3.2. Assume that hfjl are constants and it holds that
Z WX X; XX =0 (3.10)

i,5,k,1=0

or any vector (Xo, X1, Xa2) satisfying = +X5. If o, ¥, ¢ € % 10,T)), then
tor (Xo, X1, X tisfying X3 = X2 + X2. I, P, ¢ € C®(R? x [0,T)), th

S W0.6000.0,6(a. 0] < Cllow(e. 01062, 2002, 0)

i,7,k,l=0

+Hop(@, )| Zo(x, 1)[|0% (2, )] + |2 (2, )06 (z, )| 0*¢(x, )]]. (3.11)

In what follows, we only prove Lemma 3.2, because the proof of Lemma 3.1 is of the same type and
even somewhat simpler.

Proof.  In fact, it follows from (3.10) that

2
> WHow0160:0;0
i,7,k,1=0
2

Z M (O + w0y )1 $0;0;50 — Z hiwk Ok (01 + wi0r)$0; 0;0

Gk l= i,5,k.1=0
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2
kl
+ E hijwkwlakwal(b(ai + wiat)ajga
,5,k,1=0

Z h¥lwrwiwiOkpO1d(0; + w;0r)Dep + Z h¥lwpwiwiw; 040107 @

i,7,k,l=0 i,7,k,l=0

2
Y bl (O +wrd)v0i60:0; — Z il w0k (01 + wi0r) $0; 050

i,J,k,1=0 i,,k,1=0
2
Z h¥ wrw Ok 016(0; + wir) 0 — Z W wewiw; OO (0 + w;0r) Drep, (3.12)
gk, l= i,4,k,1=0

where (wg, w1, w2) = (—1, %, £2). Noting (3.6) and (3.12), we obtain (3.11) immediately. This completes

Yz T

the proof of Lemma 3.2. a

Lemma 3.3. There exist constants gfj such that (i) Z?,j,k:o gfj@kv@@jv satisfies the null condition,
that is, for any vector (Xo, X1, X2) satisfying X3 = X? + X2, it holds that

2
> aHXi XXX, = 0; (3.13)
i,4,k,1=0

(ii) the following equality holds

2 2 2 2
r( > gfjakvaiajv) = > ghoTvd0v+ Y ghokvd0Tv+ Y Ghowdidsv. (3.14)

i\j, k=0 i,j,k=0 i,j,k=0 i\j,k=0

Lemma 3.4.  There exist constants gkl such that (I) 212] k.1=0 gm ' Okv0v0;0v satisfies the null condi-
tion, that is, for any vector (Xo, X1, Xg) satisfying X§ = X7 + X2, it holds that

2
> XX XX, = 0; (3.15)
i,7,k,1=0

(I1) the following equality holds

2 2 2
N g”('?kvalvaav): > gioTvowddw+ Y g ovdiTud;d;v

,5,k,1=0 ,5,k,l=0 ,5,k,1=0

2 2
+ Y gHowaoo T+ Y §Howon0. (3.16)

1,5,k 1=0 1,:k,1=0
As before, in what follows we only prove Lemma 3.4, because the proof of Lemma 3.3 is of the same
type and even somewhat simpler.
Proof. It follows from (3.3) that

2 2 2
am< > gfjakvalvaiajv>: > g oOmvowdid+ > gl 0k 0mv0; 0

i,7,k,l=0 i,5,k,l=0 i,9,k,l=0

+ i 98 ORv0100;0;0mv, M =0,1,2, (3.17)
) i,4,k,1=0
Qo Y gf]?akvalvaiajv> = 2010100209, Oav + 201005109, Dav
IRI=0 + 2010050092001V — 202001020920 — (920)20, V10
— 2010010010020 — (010)205Q010 — 20,v02v01 Dy

— 201092v0; 020 + 2(09v)?0104v + 20100403, (3.18)



726 KONG DeXing et al. Sci China Math ~ March 2010 Vol. 53 No.3

2
QOQ< > gfjakvawaiajv> = 201 Q02002001 020 + 20109202001 Oov
BIRI=0 + 20100509105 Q020 — 205Q0209500%0 — (85)20, Qv
- 2819021)811)8221} - (811))283(2021) — 201v0:v0109v
— 201002001050 + 20;v05093v + 2(01v)? 0w, (3.19)

2
Q1o Z g” 8kv8lv8 0; ’U) = 201012002001 020 + 201002212001 020 + 201005001 092120
4,4,k =0

— 28191211811}82211 — (8111)2839121} — 2(92’0(92912118%’(} — ((92’0)2(91291211

2 2
= Z gfjlak912v(9waiajv+ Z gfjakvalﬂmaiajv
1,5,k,1=0 i,,k,1=0
2
+ Z gfjlakvalaianuv, (3.20)
i,k l=0

2 2 2
s( > gfjakvawaiajv) = > gHokSvowdiou+ Y g owaSvo o

4,4,k 1=0 i\, =0 4,4,k 1=0
2 2
+ Y gHowdoioiSv—4 Y gHopwo a0, (3.21)
4,4,k 1=0 4,4,k 1=0
The desired (3.15)—(3.16) follows from (3.17)—(3.21) immediately. This proves Lemma 3.4. a

By Lemmas 3.1-3.4, we can obtain the following lemma.

Lemma 3.5. Let v = v(x,t) be a smooth solution of the Cauchy problem (2.16)—(2.17) on the domain
2% [0,T) and k be a positive integer, where T is a given positive real number. Then there exists a
positive constant C,; depending on k but independent of T such that the following inequalities hold for

every (z,t) € A(T)N{(y,s)|s > 1},

2
> gfjakvaiajv(x,t) <Co Y 120%(x,1)|T°0v(x, 1)), (3.22)
4,7,k=0 |a+b|</~c+1
Z ( Z gmakv@(? v) x,t) Z gmakv@(? T (x,t)
la|<k i,7,k=0 i,7,k=0
<Oy > |ZT0(x, t)||T°0v (2, t)| (3.23)
[b+c|<r+1,1b][cl<r
and
Z gllakvawa Ojv(z,t)] < Cy Z | ZT%(z, )|[T Qv (x, t) || T0v(, 1)), (3.24)
i,5,k,1=0 L] la+b+c|<kr+1
where the terms , ,
Z gfjakvaiajv and Z gfjakvawaiajv
i,j,k=0 i,k 1=0

are defined by (2.20) and (2.21), respectively. Moreover, it holds that

||| — ¢l
Jzkjog”akva ;050 (z, t) < C,.gl p +t|8v(x,t)|[~7+1]|8v(a:,t)|,{+1
1
+ Oy (o sy 200G, Ol + oo O e ol Dl (3.25)
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2

||| — ]
> gl ovowdpu(a,t)| < Com = |0v(@, 1) Peir | 00(@, 1)1
i,4,k,1=0 K 1+ fa| +1 55
1
+ Cnmmv(x»t)h%ﬁW(%t)|[%“]+1|av(x»t)|n+l + v, )o@, )] nv2) (3.26)

and

D

( Z 95,000, v) (2,t) Z 95,0000;0;,Tv(, 1)

jal<s ! Nigk=0 P
o g, 1) s 00, )
1
O (P Ol 00 b + ol Dl o D). (3:27)

Proof.  We only prove (3.22), (3.23), (3.25) and (3.27), because the proofs of (3.24) and (3.26) are
similar.
By Lemma 3.3, we obtain

2

F“( Z gfjakvaiajv) Z Z g”bcakr%aiajrcu (3.28)

i,7,k=0 b+c<Lai,j,k=0
where Eij,kZO gfj%cakrbvaiajr% satisfies the null condition, that is, for any vector (Xo, X1, X2) satisfying
X¢ = X{+ X3, it holds that
2
> g XiX; Xy =0.
i,3,k=0
Noting (3.3), (3.9) and (3.28), we get (3.22) immediately.
By Lemma 3.3 again, we have

2 2
Fa< Z gfj@kvaﬁjv) — Z gfj@kvaﬁjfav = Z Z g”bcakav@i@jFCv, (3.29)

i,7,k=0 i,7,k=0 b+c<a,c<ai,j, k=0
where Z@ k=09 ke 0pIP00;0;T v satisfies the null condition, that is, for any vector (Xo, X1, X2) satisfying

X2 = X? + X3, it holds that

Z 988 XiX; Xy = 0.
%,5,k=0

Thus, using (3.3), (3.9) and (3.29), we obtain (3.23).
Finally, noting (3.7), (3.22) and using (3.23), we get (3.25) and (3.27) immediately. Thus, the proof of
Lemma 3.5 is completed. ]

4 L?-L°° estimates

The L?-L*> estimates play an important role in the proof of Theorem 1.1. This section is devoted to
establishing these estimates.
Theorem 4.1. Let v = v(x,t) be a smooth solution of the Cauchy problem (2.16)—(2.17) on the domain
x [0,T), where T is a given positive real number, and let k be a positive integer, and § be a positive
small constant. Suppose that
[00][ex0) 1 + (V) [eg0) 1 <6, (4.1)

then there exist positive constants Cy, Cy and v such that it holds that

(90O + (0(1) w1 < Coz + Cr((B0]sgoy, + (0} x30),) sup {(1+7) |00 lass)  (4.2)

o<t
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for every t € [0,T).
Proof.  For t € [0,1], we have

|00 ()| < Clo(z,)]x1 < [o(@, 1) |nt1- (4.3)

C
1+¢
On the other hand, noting the fact that 9; = ¥ — £¥ and using (2.18), we obtain

|Opv(x,t)|,e < C|Vo(x, t)| + [v(z,t)|xr1  for ¢ > 1. (4.4)

e
1+t
Thus, it follows from (4.3) and (4.4) that, for every ¢ € [0,T)

|Opv(z,t)|e < CIVV(z,t)|s + [o(z,t)]t1- (4.5)

1+¢

Thanks to (4.5), in what follows, we only need to prove (4.2) with 0 replaced by 0; (i = 1,2) in the
left-hand side. To do so, we can rewrite the solution v = v(z,t) of the Cauchy problem (2.16)—(2.17) as
v =wv1 + ®(F), where v; is the solution of the following Cauchy problem

(9?111 — Avl = O,

S 1, ) - (4.6)
t=0:v =¢ ug(y, x2)dy, Oy = —5€ luo(z)|* = f(p + epo(x)),

R

while ®(F) is the solution of the following Cauchy problem

02®(F) — A®(F) = F, (47)
t=0:®(F)=0, 8(F)=0, '
in which
2 2
F=— Z gfjakvaiajv — Z gfjlakvalv@iﬁjv. (4.8)
4,5,k=0 4,4,k 1=0
On the other hand, it follows from (4.6) that (see [5, 17])
[Ov1 ()]s + (v1(t))kt1 < Ce fort > 0. (4.9)

In order to prove (4.2), it suffices to show

[VO(E)(#)]s+(D(F) (1)) 1 <Ce + C1([00] g0y +{0)epe) ) sup {(14+7)77[[0v(7)[[s48}  (4.10)

o<t

for t € [0,T). Here and hereafter, we interpret [V®(F)(t)],, and (P(F)(t))x+1 as

[VO(F) ()]s = sup Y (1+ |2) (1 + [[a] — ¢)) [T VE(F) (, )],

2
zeR |a|<r

(D(F)(t))x = sup > (1+|a] +1)2[T°®(F)(x,1)].

2
z€R lal<r

To prove (4.10), we need the following lemmas.

Lemma 4.1. Suppose that F € C*°(R? x [0,T)). Then for any given positive real number yu > 0 there
exists a positive constant C = C(u) such that the following inequalities hold

(@(F) (2, 1)k < CLy, w(F)(2,1) (4.11)

and
[VO(F) (@, )]k < CLy, i (F) 2, ), (1.12)
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where
1
Ly, w(F)(z,t) = sup {lyl= (L + lyl + 7)1+ lyl = 7DIF(y, 7)1}
(y,7)ED(z,t)NA(t)
1
+ sup {lyl (1 + |yl + 7)1+ [y F(y, 7)) (4.13)
(y,7)ED(x,t)NA(t)e
i which

D(w,t) ={(y,7) ER*x [0,1] | |y — | < (t—7)} (4.14)

and A(t)¢ denotes the complementary set of A(t).

Lemma 4.1 can be proved by Propositions 4.1, 4.2 in [10] and (3.3) (see also [11, 12]). The following
lemma comes from [16].

Lemma 4.2.  Suppose that h € C*(R? x [0,T)) and satisfies |h(t)||2 < co. Then there ezits a positive
constant C, independent of T such that the following estimate holds:

(142 + )2 (1 + ||z] — t)2|h(z,8)] < Cl|h(t)||l2, Yt e [0,T). (4.15)

In what follows, we prove a more general lemma (see Lemma 4.3 below), whose special case is nothing
but (4.10) (more precisely, the case # = 0 in Lemma 4.3 gives (4.10)). After the proof of Theorem 4.1,
we shall prove Lemma 4.3.

Lemma 4.3. Let v = v(x,t) be the smooth solution of the Cauchy problem (2.16)—(2.17) on the domain
R? x [0,T)). Suppose that the following estimate holds

[811][%6]79’ Tt <U>[~T+G],9, T <0, (4.16)

where the positive constants k and § are defined in Theorem 4.1. Then there exists positive constant v
such that for any t € [0,T), it holds that

(L+ [2] + )2 (VO(F) (, 1)) + (@(F) (@, 8))nt1)
S O([00] g0y _g, ¢ + (1= 020) (V) x20]_g ¢) (5 + Sup {1+ T)_”|\8v(7-)||,£+8_29}>, (4.17)

<<t

where p is a positive constant satisfying p € (0, %), 0 takes its value in {0,1,2} and do¢ is the Kronecker
symbol.

We will prove Lemma 4.3 after the proof of Theorem 4.1.

Proof of Theorem 4.1.  Obviously, taking 6 = 0 in (4.17) gives the desired (4.10) immediately. This
proves Theorem 4.1. O

We now prove Lemma 4.3.
Proof of Lemma 4.3.  We distinguish three cases.

Case1l. 60=2
In this case, it follows from (4.15) and (4.16) that, for every (y,7) € D(z,t) N A(t) it holds that

lyl= (1 + [yl + 72 (1 + [yl = 7DIF (Y, Pl
< Clyl> (L [yl + 7)1+ [yl = 7))[0v(y, 7)]x22)|00(y, 7)o
< ClylP A+ [yl + 7% @+ ) =2 1+ [y) 2 (1 + [yl — 7[00y, 7)] sz [O0(y, 7)]ns2

< ClOV)psz) ; sup {(1+7) 72 90(7) | wsa} (4.18)

o<t

Similarly, we obtain from (2.18), (4.15) and (4.16) that

17 (1 + [yl + 1) (1 + DI F (Y, )les1 < Clyl? (14 gl +7)% (1 + [y)]0v(y, 7)] 22|00 (y, 7) s 12
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< Clow]sszy, sup {(1L+7) 72 90(7)|lnsa} (4.19)

o<t

for (y,7) € D(x,t) N A(t)¢. On the other hand, by (4.11) and (4.12) and the fact that
L+lyl+7<CQA+ 2| +1), V(y 7)€ D), (4.20)
we have

(L + [ + )T 2{VO(F) (2, ) + (P(F) (@, 1))wt1}

1
<ol s (Ll ¥ ] - TDIE G e}
(y,7)ED(2,t)NA(L)

1
+ s (gl T ) ()} (4.21)
(y,m)ED(m,t)NA(t)°

Combining (4.18), (4.19), (4.21) and choosing v € (0, 3 — 3u) gives (4.17) in the case 6 = 2.

Case 2. 6=1
In the present situation, it follows from (4.8), (4.11), (4.12) and (4.20) that

(14 Ja] + )" F#(VO(F) (@, )] + (B(F) (&, t))nr1)

<c{ sw Agn+ s B}, (4.22)
(y,7)ED(z,t)NA(t) (y,7)ED(z,t)NA(t)°
where
1 1
A(y,7) = ylZ(1+ |yl +7)2 (1 + |ly| — 7])
2 2
><< Z gfjakvaiajv(y,T) + Z gfjlakvalvaiajv(y,ﬂ )
i,5,k=0 r+1 i,4,k,1=0 K+1
and
2 2
1 1
B(y,f)zIylf(1+ly|+r)f+2“(1+lyl)( > ghodioply. )| +| Y gl owwowdid ey, T) )
i,j,k=0 r+1 15k 1=0 K41

When 7 € [0,1], it follows from (4.15) and (4.16) that, for every (y,7) € D(z,t) N A(¢)

2 2
(1+|y|+7)%+2u(1+||y|—T|)|y|%< > ghowdiopu(y. )| | Y. gl oo 0y, T) )
i,5,k=0 r+1 i,4,k,1=0 K+1
< C0v] 2g2) o[100(T) s < ClOV] g2y (1 +7) 7 [|00(7)[| 44, Vv ER. (4.23)

Similarly, when 7 € [0, 1], it follows from (2.18), (4.15) and (4.16) that, for every (y,7) € D(x,t) N A(t)¢

2 2
1+ y) + |yl + T)%+2“|y|% Z gfjakvaiajv(yﬁ) + Z gfjlakvalvaiajv(yﬁ) )
i,5,k=0 r+1 i,4,k,1=0 r+1
< C[av][ﬁTJrz],t(l +7)7Y)0v(T) || ktre, Vv ER. (4.24)

Thus, in what follows, it suffices to investigate the case 7 > 1.
By (3.25), (4.5), (4.9) and (4.17) with 6 = 2, for (y,7) € D(z,t) N A(t) N {(z, s)|s = 1} we have

2
1 1
(L lyl + )22y 2 (L4 lyl - 7| > ghonwdidju(y, )

i,3,k=0

< Clyl> (A + [yl + 1) 72201+ [y| = 712100y, 7)] sz [O0(y, 7)] s

2

+ (L4 Myl = 7Dy, )|z [y, T)lwss + [0y, )| x4y 00(y, 7)|wr2)

r+1
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< C([00)ms2) 4 + (V) mgay, DIyl (L4 [yl +7) 7220+ |y) " F oy, 7)]ess
+ @+ )72 [yl = DIV, T ere + L+ Iyl = TDA + [y| + 7) 72 |00(y, 7) a2}
< C([00)mg2) ¢ + (V) sgay, Iyl (L4 [y] +7) 7221+ |y)) "2 (1 + |ly| — 7))
X (IV0(y, T)lwaz + (L 1) 7 oy, )lwss) + (14 ) F oy, 7)less
+ @+ llyl = 7@+ [yl + 7T E(Voly, 7 egz + (L4 7)oy, 7)less)}
([00)pss2) ¢ + W)y, e+ 112 (L4 [yl +7) 7720 (L4 y)) 72 (1 + [ly| — 7))
X [VO(F)(y, 7)|npz + lylZ (1+ [y + 1) 72241+ [y]) 2 @(F) (y, 7)|ns3}
< C([00)xs2) 4 + (V) mga), HE+ L+ [yl +7) 2 (VO(F) (Y, 7wt + (B(F) (7)) wys)}
O]y, o+ Whpsge), e+ Peljaga) 1 U {047 100(T) sss}): (4.25)

Q

<

Making use of (2.18), (4.5), (4.9) and (4.17) with 6 = 2 gives

2

Z gfjakvaiajv(y,r)
i,5,k=0 Kk+1
< Clyl2 (L + [yl +7) 221+ [y])]0v(y, 7] es2100(Y, 7) w42
< Cv]mszy Jyl2 (14 lyl +7) 7221+ [y]) 2 (1 + [ly| = 7)1 Ov(y, 7) s
ClOv] sz Jyl (14 lyl +7) 2241+ [y) 2 (1 + [ly| — 7)) !
<(IV0(y, )lwrz + (14 7) " oy, 7)]s)

< ClOv)jsz) e+ 19T+ Iyl + )22 (1 + ly| = 7)) 2[VO(F) (Y, 7))o

+|y|%<1 +lyl )2 A+ )2yl = ) THREF) (Y, 7))wrs}
< ClOvpmsa), Lo+ (L+ [yl + 7) 72 (VE(F) (5, lra + (D(F) (Y, 7))nts)}
< C[0v]ng2) o(€ + [OV]pngay Oi‘ilit{(l +7)7N|0v(T) [l +61) (4.26)

L+ ]yl +7)2 2y 2 (1 + Jy))

N

Q

for (y,7) € D(x,t) N A(t)° N {(z,s)|s = 1}. On the other hand, by (4.15), for (y,7) € D(x,t) N A(t) N

{(z,8)|s = 1} we have
2

Lty + )2y A+ |yl = 7D D gHokwdwddu(y, )

i,4,k,1=0 r+1
< Clov ][w]tlyl L+ Jyl + 722 @+ [yl = 7)) A+ [y) 7HOv (Y, 7) s
< Clow ][M]t sup A0+ N00(r) ey} (4.27)

It follows from (2.18) and (4.15) that, for (y,7) € D(x,t) N A(¢)° N {(z,s)]s > 1}
2

A+l + )2+ )| Y glowowdd(y, )

i,4,k,1=0 r+1
< Clov ][w?] Y+ [yl + 1)+ ly] = 7)) 7200(y, ) e
< Clov ][h+2] 0 Sup {(1+T> “N0v(7) || ot} (4.28)

(4.22)—(4.28) yields (4.17) in the case 0 = 1.

Case 3. 60=0
For (y,7) € D(z,t) N A(t) N {(z,s)|s < 1}, we obtain from (4.15) and (4.16) that

2
Z gfjakvaiajv(y,r) Z gfjl@kv@w&ajv(y,r)
1,5,k=0

i,5,k,l=0

+
r+1

/1+1>

1
(4 Jyl+ 7y 4 ] r|>(
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< ClO] sz Jyl T (L + [y + 1) (1 + ly) 2 100(y, 7)| et
< C[av][%@], , sup {(14+7)7"]|0v(7T)]|xqa}- (4.29)
o<t

Similarly, it follows from (2.18), (4.15) and (4.16) that, for (y,7) € D(z,t) N A()° N {(z,s)|s < 1}

2 2
Z K Okv0;0;v(y, ) > gl okvowd0u(y, ) )
Kk+1
< Cl0v]sz2) 4 lyl2 <1+|y|+T>1+“(1+|y|>%<1+||y|—7|> H0u(y, 7|t
< Clv]ns2y , sup {(1+7)7]|00(7) |4} (4.30)
o<t

L+ lyl + 1)yl 2 (1 + yl) ( +

0,4,k rtl i,3,k,1=0

We next consider the case 7 > 1.
Noting (3.25), (3.26), (4.5), (4.9), (4.16) and using (4.17) in the case § = 1, for (y,7) € D(z,t) NA(t) N

{(z,8)|s = 1} we have
2
/1+1>

Z gfjl(?kv@w&ajv(y, T)

0,4,k 1=0

_|_

(A lyl+ 7)1+ ] — 7y (
r+1

Z 91;000:950(y, )

i,5,k=0
< Clyl (L+ Jyl + 1) {1+ lly] = 7)2[00(y, 7)]ex2) 00 (Y, T) 12

F(@ 4 [lyl = 7D 0v(y, Tl g2y [0 (Y, Tt s + [0y, 7)) |00 (Y, 7)|wr2)

C([O0]ms2), , + (W) sy, Iyl 2 (1+ [yl + /{1 + ly) "2 (1 + lly] = TDIOV(Y, ) s

+ 0+ )72 oy, Dlers + A+ [yl = 7DA + yl +7) 72100y, 7)|ws2}

[00] xs2) , + (©)jezay DlylZ (1+ Jyl + )P0+ [y) 2 (1 + [ly] = 7))

Vuly r>|n+2+<1+r>-1|v< ) wta) + 1+ 1) F (Y, T)es

L+ [yl = DA+ lyl + 1) (Voly, Dlese + 0+ 7) 7 oy, 7)lwss)}

< C((O] 2y, + () msay, e+ [yl A+ fyl + 7)1+ y) "= (1+ ||yl = 7))

X |VO(F)(y, 7w + [y]? (14 ly| + 7" (1 + [y) "2 [@(F) (Y, 7)]wys}

C[00)xs2) ¢+ ()pessy e+ (1+ [yl + 1) 72 (VE(F) (Y, )]sz + (B(F) (Y, 7))nss)}

< C([00] gz, ¢ + Wpegay, e+ (9U]sgo), o + O)pgor, o) sup {(L+7) 7 00()llss} . (431)

o<t

N

X

o(
(
(
(

N

Using (2.18), (4.5), (4.9), (4.16) and noting (4.17) with 6 = 1, for (y,7) € D(x,t) NA(t)° N {(z,s)]s = 1},

we obtain
(1 [yl + 7)1+ [l ( M)
[0z Jyl® (1 + Jyl + ) (L4 [y 2 (1 + |yl = 71) 7 100(y, 7) s
[00]s2) Jyl? (L4 [y +7) )2 Ly =) T (Vo 7 less + (7)o, 7)less)
[00]ws2) e+ [yl (1+ [yl + )+ [yl = 7)) 72 VE(F) (g, 7)o
HylE QL+ lyl + 1) A+ )2+ [yl — ) THRE) (5, 7)) ess )
[00)ss2y, {e + (L4 [y] +7) "2 H(VO(F) (Y, T)lwra + (B(F) (¥, 7)wrs)}
9]z, ofe + (00]sgoy 4 (g, e+ sup {(L47) ™ 100(r) crs}))

2

Z QZ‘Z Okv0v0;0;v(y, T)

0,4,k 1=0

Z 9150100 9;0(y, 7)

i,7,k=0

+
r+1

N

VA
Q aQ Q

N

c
c

NN

C([00] g0, + () sy, )+ sup {(1+7) 007 w5} )- (4.32)

o<r<t

Therefore, combining (4.11)—(4.12) and (4.29)—(4.32) gives (4.17) in the case § = 0 immediately. Thus,
the proof of Lemma 4.3 is completed. ]
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5 Energy estimate

This section is devoted to establishing the energy estimates, which play an important role in the proof
of Theorem 1.1.

Theorem 5.1. Let v = v(x,t) be a smooth solution of the Cauchy problem (2.16)—(2.17) on the domain
R? x [0,T). If there exists a positive small constant § such that

[av][%“],T + <U>[%]+1,T <9, (5.1)

then, for everyt € [0,T), it holds that

10v(t)]|x < Cae( + 1) N e o), (5.2)

where Cy and Cs are two positive constants independent of T
Proof.  Define

A
1
o= [ e 3
and
ez, t) =p(|lz] = t)),  @(2,t) =P'([|2] —¢)).
Obviously,
Y e CHR), ¢eCYR?*xRY) and ¢ e C°R?xR™).
Moreover,
0<p(x,t) <2 (5.4)
and 1
Pz, t) = TENEETE (5.5)

for any (z,t) € R? x (0, +00).
On the other hand, we introduce the following energy functions

Eo(v(t)) = {/Rg“af”(x’t)'? + |Vv(x,t)|2)dx}27 (5.6)

Eo(v(t)) = > Eo(Tv(1)), (5.7)
lal<r

Ey(v(t)) = {/]R2 e?(x,t)(|0pv(z, t)|* + |Vv(a:,t)|2)dx}§, (5.8)

Eo(v(t)) = > Eo(Tv(t)). (5.9)
lal<r

Thus, it follows from (5.4), (5.6)—(5.9) that
1 1 - - .
Ellav(t)lln < EER(U(t)) < Eq(v(t) < CEx(v(t) < Cllov(t)]x (5.10)

for some positive constant C' and € which are independent of ¢. Therefore, in order to prove (5.2), it

suffices to show

C([av][ﬁTﬂ],T"’@)[ﬂTﬂ]H,T)

E.(v(t)) < Ce(1+1) (5.11)
for t € [0,T).

To do so, noting (2.16), we have

2 2
8t2Fav — A% + 2 Z 0;v0:0;T'%v — 20,0 ATy + Z 0;v0;v0;0;T v — |Vo2AT %

i=1 ij=1

2 2
=Y ar ( —2) 00,0 + 20wAv — Y 0ivd;v;05v + |vu|2m>

b<a i=1 i, j=1
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2 2
+2 Z 0;v0:0; % — 20,0 AT v + Z 0;v0;v0;0,1""v — |Vv|2AI‘av
i=1 i, j=1

(5.12)

for any given multi-index a, where Cj, is a constant which is determined by (3.3). Notice that C, = 1.

Multiplying evatr% to (5.12) and then integrating with respect to x on R? leads to
5 / [ (0T o(a, )2 + VT 0(a, 8)]?) o

—|—/ e¥ <§¢|ZF%|2 +2 Z 0;v0,0; v, % — 20,v A" *v0, I v
R? i=1

2
+ Z 0;v0;v0;0; 1" v0 " v — |Vv|2AI‘av8tI‘av> dx = L (t),

i, j=1

where

Il(t):/ ev’atr%{Zcbrb(—QZavatavmawm— Z Div;v0;05v + |Vu|* Av
R2

b<a i, j=1

2
+2 Z 0;0v0.0;' v — 20,9 AT *v + Z 0;v0;v0;0;T v — |VU|2AFav}dx.
i=1 i, j=1

Notice that

2 2
e¥ (2 Z 0;v0.0; v, % — 20,v A" *vO, v + Z 0;v0;v0;0; T vo v — |Vu|2 AT 00,y

i=1 i, j=1

2
Z Di(e? 000, v, T "v) — 2 Z Di(e? 00T v, T ) + Z Dy(e? D00, v, T ")

i=1 i=1

2 2
1
+ Z Z 0i(e¥0;v0;v0; T vo, I *v) — 5 Z Z 0¢(e¥0;v0;v0; T vO,I'*v)

i=1 j=1 i=1 j=1

2 2
1
- g 0;(e?| V20,7 %o, I *v) + 3 E 0 (e? | V20,7 o, T %)
i=1 i=1
2

. 2 2
— %ew (2 Z w; 0;v0: v % — 4 Z w; O v0; 00 T — 2 Z Orv0; I v0; v

i=1 =1 =1

2 2 2 2
+2 Z Z wiaivajvajfavatl“av + Z Z 8iv8jv8jl“av8¢1”v
i=1 j=1 i=1 j=1
2 2
-2 Z wi| V29,7 %o — Z |Vv|28ifav(9¢Fav>
i=1 i=1
1
—5e* ( Z 07 vO, I 0o, Iy — 4 Z 0; 0T w0, Ty + 2 Z v vd, T
=1 =1

2
+2) Z 0;(000,0)0, T vO, Ty — 2 Z Z 01(0;00,0)0; T *vd,T"v

i=1 j=1 i=1 j=1
2 2
—2) 0(|Vo)oTva I v + > at(|w|2)air%airav> 7
=1 =1

where w; = £ (i = 1,2). It follows from (5.13) and (5.15) that

||

1
L(t) = / {e?(10,T%v(z, t)]* + |VT 0(z, t)[*) Ydx + = / e?p|ZT%|? dx
2dt 2 Joo

(5.13)

(5.14)

)

(5.15)
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2 2
—|—% - (ewaivair%air% — % Z Z €¥0;v0;v0; I vo;,I'"“v
i=1 j=1
1 2 a a
+5 > e |VuPair wo, T |da + Io(t) + Is(1), (5.16)
1=1
where
L(t) =— / ‘;’ ( Z w; OO, T VO, Ty — 4 Z w; OO T O, Ty — 2 Z 0o, T vd,T v
R? =1
2 2 2 2
+2 Z Z w;0;v0;v0; O I v + Z Z 0;v0;v0; ' vo;I" v
i=1j=1 i=1 j=1
2 2
—2) " wi| Vo? o T vd Iy — > |vu|2air%air%) dx (5.17)
=1 =1
and
I3(t) = — / %ew ( Z D208, w8, v — 4 Z 9;0,v8; v, % + 2 Z 9200, wd, T v
R2 =1
2 2 2 2
+23 3 0:(0,00,0)0,T w0, — 2> Y 0,(009;0)9; T vdT v
i=1 j=1 i=1 j=1
2 2
—2) " 0,(|Vo[*)ar wo v + > at(|w|2)air%airav> dz. (5.18)
=1 =1

Combining (5.1) and (5.16) yields

2+ / / e? Q| 2T (x, 7)[*dadr < CE. (v +C/ \I(7)|dr (5.19)

la|<k
for t € [0,T"), where
HOESSRUAGIERIAGIERIAGN)E (5.20)
la|<k
Now we claim that
ClI(t) Z / pe?| ZT % (x, t)|? dx—|— ([81}][n+1]T—|—< EESINY T)/ e?lov(x, t)2de  (5.21)
2 ) R2

a|<n

for t € [0,T).
For the time being, we assume that (5.21) is true. We will prove it later. Thus, it follows from (5.19)
and (5.21) that

Z// e?p| ZT0% (z, 7) |2 dedr
R2

\a\<n
t
1 -
< CE,(v(0))* + C/O H—T([av][%ﬂ]j + () agry 0 ) B (o(7)dr. (5.22)

Noting (2.17), (5.22) and using Gronwall inequality gives (5.11) immediately.
It suffices to prove (5.21) in the rest of this section. To prove (5.21), we distinguish two cases.

Case I. ¢€[0,]1]
In this case, (5.21) comes from (5.14), (5.17) and (5.18) immediately.

Case II. te[1,7)
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We first estimate |1 (t)].

Noting (2.18), (2.20), (2.21), (3.7), (3.22), (3.23), (5.1), (5.14) and using Cauchy inequality, we have

2 2
|11 ()] </ Fa< Z gfjakvaiajv> — Z gfja;ﬂv&ajf‘av |0:T%v|e¥dx
(z,t)eA(T) i,5,k=0 i,5,k=0
2
—i—Z/ CbI‘b< Z gfj@kvaiajv> |0, T %v]e?dx
b<a” (@ HEMT) 0,5, k=0
2 2
+Z/ Obrb( Z gfjaw&ﬁjv) — Z gfj@kvaiajfav |8tI‘a1;|e¥’da:
b<a (aj,t)EA(T)C i}j,k}IO i:jkaO
2
Cbe< gfj@w@w&@-v) - Z g” L OLvdv0; ;T %v||0, I v|e?dz
b<a i,5,k,l=0 i,5,k,l=0
||z — 1| 1 ) 2
<C — 0V g1, + —————— V| “lov|zd
(1A (D) <1+|a:|+t| R RS e
+C / e“"|8v|[n_+1]|ZI‘bv||8v|ndx +C ew|8v|[n_+1]|8v|idx
bl<r ¥ (@DENT) 2 (z,t)EA(T)e 2

+C/ e¢’|8v|[2ﬁ_+1]|8v|idx
R? 2

1 2
<C |8v|[n+1]+m|v|[%ﬂ]+l)e¢|8v|ﬁdx

(z,t)EA(T) (1 + |z +¢

+C / e“"|8v|[n_+1]|ZI‘bv||8v|ndx
bl<r ¥ (@DENT) 2

1
)
—|—/RQe (1+t[8v][m+1]T—|—|8v|[h+1]>|8v| do

e¥ C.
<€) /R (—2|ZFb“|2dx+m([av][~;1],T+<v>[~T+1]+1,T>/Rz e?|9v(, 1)

2= oo W Tl — 1)
<e 3 [ perlZrufd 4 (00l r + Oepyn) [ Iout ),
bl<r )

where € is a positive small constant.
We now estimate |I5(t)].

Noting (2.18), (3.7), (5.1), (5.17) and using the null condition and Cauchy inequality, we obtain

2 2
Z w; 0;v0: v % — 2 Z w; Opv0; 00 v

()] < / pe?
(z,t)EA(T)

i=1 i=1
2 2
- Z Ov0;I'*v0;I"*v|dx + / pe? Z w; 0;v0: I *vO T v
im1 (z,t)eA(T)e im1
2 2
-2 Z w; Oy v0; I vo v — Z 00, I v0; v |dx
i=1 i=1

) 2 2 2 2
(p a a a a
—|—/R2 56“0 2 4 Zwiaivajvajf vO % + ZZ@ivajvajF v0;I'*v
i=1 j=1 =1 j=1
2 2
-2 Z wi| Vol ?9;T %0, T % — Z |Vou|20,T%vd,T % |dx

i=1 =1

2 2
</ pe? Zwiaivatr%atr% -2 Zwiatvair%atr%
(z,t)EA(T) i—1 i—1
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2
_ Z 00T v0; v |dx + C(/ |0v||0w|? da + / |8v|2|8v|idx)
P (z,£)EA(T) R2

</ ve?|wi (O + wlat)v(atfav)2 + wa (02 + w2at)v(atr%)2
(z,t)eA(T)

—0¢v(01 + w10) T (01 + w10) T — 0w (Da + w20 ) v (02 + w20y )T *v

C
_wlat’l}(al + wlat)ravatr% — w28tv(82 + ngat)FavatI‘aﬂdx—i-l—H[8U]07T/ e‘p|8v|id$
R2

C
<C @e? (| Zv]|oT|? + |0v|| ZT%||0T “v])dx + —[81}]03/ e?|ov(x,t) 2 dx
(z,t)EA(T) 1+t R2

) Ce
<e Z ‘/RQ gpeﬂZI‘av(x,t)Fdx + I—_H([av]o,T + <’U>1,T)/

e?|0v(z, t)|2dx, (5.24)
R2

lal<r

where w; = (1 = 1,2) and € is a positive small constant.
Similarly, using (2.18), (3.7), (5.1), (5.18), the null condition and the Cauchy inequality, we have
[I3(t)] < e Z / pe? | ZT% (x, t) |2 dx + Ce

R2 ’ 1+t

lal<r

001 7 / 2|90 (z, 1) 2dx. (5.25)
Rz

Choosing € suitably small, by (5.23)—(5.25) we see that (5.21) holds for ¢ € [1,7). Thus the proof of
Theorem 5.1 is completed. O

6 Proof of Theorem 1.1

This section is devoted to proving Theorem 1.1. In order to prove Theorem 1.1, it suffices to show the
following theorem.
Theorem 6.1. Under the assumptions of Theorem 1.1, there exists a positive constant g such that,
for every e € [0,eq], the smooth solution v = v(x,t) of the Cauchy problem (2.16)—(2.17) exists globally
m time.
Proof.  The local existence of classical solutions has been proved by the method of Picard iteration (see
Sogge [20] and Hormander [9]). It suffices to show that if v = v(x,t) is a smooth solution of the Cauchy
problem (2.16)—(2.17) on the domain R? x [0,7)), then 2la<a |0%0(z,1)] € L*®(R? x [0,T)).

In what follows, we prove Theorem 6.1 by the method of continuous induction, or say, by the bootstrap
argument.

Taking an integer k£ > 8, we have [22] < k. According to the bootstrap argument, we first assume
that

[0V, T+ (V)t1, 7 < Me, (6.1)

and then we prove that, by choosing M sufficiently large and e suitably small we have
[0v]x, T+ (V)n41, T < %Ma (6.2)
To do so, let § be a positive and small constant. Choosing &1 € [0, %]7 we have
[00](x50), ¢ + (V) zge), 7 < [OV)psgoy o+ (V) ngopiy 7 S [00)k, 7 4+ (V)nyr, 7 S Me<d (6.3)
for e € [0, 2. Thus, it follows from Theorems 4.1 and 5.1 that

[Ov]s, 7+ Wl 7 < Cog t Crl[0V]ege) o+ (V)psgog 1) sup (14 7)7"0v(7) w5}

< Coe + C1CyMe? sup {(1+ 7)Mo} < 200 (6.4)

0<7<T
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for € € [0, &3], provided that

€2 € |0, min & _r
S CiCyM’° CsM [
where v is the constant appearing in Theorem 4.1. Therefore, taking £ = min{eq,e2} and M > 4Cy, we
obtain (6.2) from (6.4) immediately. This implies that

Z |0%0(z,t)| € L=(R? x [0,T)).

Jal<4

Thus, the proof of Theorem 6.1 is completed. a
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