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Abstract

In this paper we investigate the L,-solutions of vector refinement equations with exponentially decay-
ing masks and a general dilation matrix. A vector refinement equation with a general dilation matrix and
exponentially decaying masks is of the form

p) =Y apMx —a), xelR,

o€z’

where the vector of functions ¢ = (¢q, ..., qbr)T is in (La(R%))", a =: (a(®)),ezs is an exponentially
decaying sequence of r x r matrices called refinement mask and M is an s x s integer matrix such that
limy,—, 5o M~ =0. Associated with the mask a and dilation matrix M is a linear operator Q, on (L (R%))"
given by

Quf()i= Y a@fMx—a), xeR, f=(fi,.... )" € La®)) .

o€z’

The iterative scheme (Q7 f),=12,..., is called vector subdivision scheme or vector cascade algorithm.
The purpose of this paper is to provide a necessary and sufficient condition to guarantee the sequence
(Q% f)n=1.2,... to converge in Ly-norm. As an application, we also characterize biorthogonal multiple
refinable functions, which extends some main results in [B. Han, R.Q. Jia, Characterization of Riesz bases
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of wavelets generated from multiresolution analysis, Appl. Comput. Harmon. Anal., to appear] and [R.Q. Jia,
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1. Introduction

A homogeneous vector refinement equation with mask @ and a general dilation matrix M is the
functional equation of the form

Pp(x) =Y a)p(Mx —0), xeR, (1.1)

oaeZ?®

where ¢ = (¢, ..., $,)T isunknown, a is an infinitely supported refinement mask such that each
a(o) isanr x r complex number matrix and M is an s x s integer matrix such that lim,,_, oo M ~"=0.
The solution of (1.1) is called multiple refinable functions. It is well known that refinement equa-
tions play an important role in wavelet analysis and computer graphics (see [1,5,15,12,10,18,29]).
Most useful wavelets in applications are generated from refinable functions. The convergence of
subdivision schemes in some Banach spaces is an important issue in wavelet analysis. For exam-
ple, subdivision schemes can be used to characterize the existence and smoothness of solutions of
Eq. (1.1) and also can be used to characterize orthogonality of the shifts of solutions of Eq. (1.1)
with mask a having finitely supported. When mask « is infinitely supported, subdivision scheme
associated with (1.1) is also important in wavelets analysis. It was known that subdivision scheme
with masks having exponentially decay was used to characterize Riesz bases generated from
multiresolution analysis in [9,12,19].

Before proceeding further, we introduce some notations. Let (L, (R*))” denote the linear space
of all vectors f = (f1, ..., f»)T such that || f|» < oo, where

. 12
11l = wa £ dx
j=1

By (L2..(R%))" we denote the linear space of all compactly supported vectors of functions on
(L2(R)".
The Fourier transform of a vector of functions in (L (R*))" is defined by

1 = f f)e ™ <dx, el
RS

where (L1 (R*))" denotes the space of all Lebesgue integrable vectors of functions on R, & - x
is the inner product of two vectors & and x in L,(R*). The Fourier transform can be naturally
extended to functions in (L (R%))". If mask « is an absolute summable sequence of r x r matrices
on Z*¢, taking Fourier transform of both sides of (1.1), we obtain

P& = HMN) 'OHeM™) e, e, (1.2)
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where M7 denotes the transpose of M, and

1 L.
H() = —~ Z a(@e™*C, e R

oaeZ?®

with m = | det M|. Evidently, H (&) is 2n-periodic. If ¢p(0) # 0, then @(0) is an eigenvector of
the matrix H (0) corresponding to eigenvalue 1.

When mask «a is finitely supported, let ¢ be a solution of refinement equation (1.1). Furthermore,
suppose ¢ is a compactly supported vector of functions in (L, (R*))", satisfies »(0) 7~ 0 and span
{p@2np) : p € 7°} = C, it was pointed out in [31] that 1 is a simple eigenvalue of H (0) and other
eigenvalues of H(0) are less than 1 in modulus. In this paper we assume that these conditions are
satisfied. In such a case, it is reasonable to assume that matrix H (0) has the following form:

1 0 . n
H(O) = (0 A) where nll>n;oA =0. (1.3)
For j =1,...,r, we use ¢; to denote the jzh column of the r x r identity matrix. Obviously,

el H(0) = el and H(0)e; = ey.
Let M be a fixed dilation matrix with m = | det M|. Then the coset spaces Z°/MZ° consists

of m elements. Let y, + MZ°, k =0, 1,...,m — 1 be the m distinct elements of Z° /M Z° with
70 = 0. We denote E = {y,,k =0, 1,...,m — 1}. Thus, each element & € Z* can be uniquely
represented as ¢ + My, where ¢ € E and y € Z°.
We say that a satisfies the basic sum rule if fork =0, 1,...,m — 1,
el Y a(Mo+7y)=ef. (1.4)
oeZ®

If ¢ is a (complex-valued) summable sequence on Z°, then its Fourier series is defined by

8@ = clme ™, EeR.

aeZ®

Evidently, ¢ is a 2zn-periodic continuous function on R*. When ¢ is finitely supported, ¢ is a
trigonometric polynomial. We call ¢, the symbol of c. We also define the Fourier series for ¢ to
be vector sequences or matrix sequences in similar ways.

It is easily seen that a summable sequence of r x r matrices a satisfies the basic sum rule if
and only if

ela@nuM™yly) =0, k=0,1,....m—1. (1.5)

Let (£1(Z%))"™" be the linear space of all sequences of » x r matrices such that its each element
absolutely converges on Z°. Suppose a € (£1(Z%))"*" and M is a general dilation matrix. In
order to solve the refinement equation (1.1), we introduce the linear operator Q, on (L, (R*))"
given by

Qad(x) = Z a(@)pMx —a), x e R, ¢ e (L(R%))". (1.6)
oaeZ?®

Let ¢, be a vector of compactly supported functions in (L2 (R*))". We consider the iteration
scheme ¢, :== Q%¢y,n = 1,2, ... . This iteration scheme is called the vector cascade algorithm
or vector subdivision schemes associated with mask a and a general dilation matrix M. Subdivision
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scheme has been extensively studied for the case in which mask a is finitely supported. A vector
¢ = (... 0T € (Lro(R*)) is said to satisfy Strang—Fix conditions of order 1 if

el p0) =1 and el p2up) =0 VB e Z°\{0}. (1.7)

By using the Poisson summation formula, it is easily seen that (1.7) is equivalent to the following
condition:

el Y pt—m=1. (1.8)

oaeZ?®

When mask a is finitely supported, in order for the subdivision scheme to converge in (L, (R%))",
initial vector of functions ¢, must satisfy Strang—Fix conditions of order 1 [28].

Whenmaska € (€1(Z°%))"*", we say that the (vector) subdivision scheme associated with mask
a and a general dilation matrix M converges in the Ly-norm, if there exists a vector ¢ € (L (R*))”
such that for any ¢ € (L2 (R*))" satisfying the Strang—Fix conditions of order 1,

Jlim_ |04 — pll2 = 0.

If this is the case, then ¢ is a solution of the refinement equation (1.1) in (L (R*))".

Great efforts have been spent on the convergence of subdivision schemes mentioned above
when masks a are finitely supported (see [1,10,11,21,23,27,28,33,35,36]).

Letp = (¢y,.... ¢, ) and p = (¢y, ..., ¢,)T belong to (L,(R*))". We say that the shifts of
1, ..., ¢, and the shifts of q?)l, e, J)r are biorthogonal, if

(;( — ), (}k(- —P)) =0jxbyp Vjk=1,...,r, o, peZ’ (1.9

where 0 jx and d, stand for the Kronecker sign and (¢, q?)k) denotes the inner product of two
functions ¢; and (Z)k in Lo(R®). If this is the case, then ¢ is said to be a dual to ¢ in L (R®).

If, in addition, ¢ and qfﬁ are multiple refinable functions, then ¢ and q~§ are a pair of biorthogonal
multiple refinable functions.

In engineering, infinitely supported masks are needed [9]. Due to some desirable properties,
infinitely supported masks with exponentially decaying and fractional splines [37] are of interest
in the area of digital signal processing in electrical engineering [3,4,6,16,32]. To study Riesz bases
of wavelets generated from multiresolution analysis, the L;-convergence of subdivision schemes
with mask a having exponential decay was investigated for » = 1 by Han and Jia [12], for s = 1
and M = 2 by Jia [19]. Han [9] also characterized the convergence of subdivision scheme with
mask a having exponential decay in weighted subspaces of L (R) whenr = 1,s = land M = 2.
As pointed out in [9] that the study of subdivision schemes and refinable functions with infinitely
supported masks is not a trivial generalization of known results in the literature mentioned above.
To study refinement equation, the spectral theory of compact operator is involved for the case in
which mask a is infinitely supported.

The purpose of this paper is to investigate the vector refinement equation with mask @ having
exponential decay and a general dilation matrix M. In this paper, we will characterize the L,-
solutions of refinement equations (1.1). A necessary and sufficient condition for the convergence of
subdivision schemes with this mask a and a general dilation matrix M in (L, (R®))" is obtained. As
an application, we also characterize the biorthogonal multiple refinable functions, which extends
some main results in [11,12,19,20] to the general setting.
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2. Notations and lemmas

Let E,, denote linear space of all sequences u on Z° for which

lullg, =Y lu(@)|e"™ < oo,

oaeZ?®

where the vector norm | - | on R® so chosen that [|[M~!| := SUP|y|< 1 IM~1x| < 1. Equipped with
the norm | - |[,, E, becomes a Banach space. Let E; denote the linear space of all vectors of

sequences u = (ug, ..., ur)T such thatuy, ..., u, € E,. The norm on EL is defined by

,
el g, =Y llujll s,
j=1

By ELX’ we denote the linear space of all matrices of sequences u (o) = (u (%)) 1< jk<r such

thatu; € E, j,k=1,...,r. The norm on E;X’ is defined by
r r
el grer =YY Nl
j=1k=1

We point out that the spaces E,, E, and E;*" were used by Cohen and Daubechies [4], by Jia

[19] and by Han and Jia [12]. When u = 0, Eo, E{j and E*" are the usual £{(Z*), (¢;(Z*))" and
(£1(Z%))"*" spaces.

Before going on, we introduce the Kronecker product of two matrices. The Kronecker product of
two matrices is an important tool in the study of vector refinement equations (see
[19,21,24,25,38]). Let us mention some useful properties of the Kronecker product from [26,7].
Let A = (ai,j)lgigm,lgjén’ and B = (bi,j)lgigk,lgjgl, be two matrices. The (right)
Kronecker product of A and B, written A ® B, is defined to be the block matrix

ainB apB --- apB

a B a»B --- auB
A®B = . . .

amB an2B -+ apuB

For three matrices A, B and C of the same type, we have
(A+B)®C=(ARC)+(BR®C(),
A®B+C)=(AQB)+(ARC).

If A, B, C, D are four matrices such that the products AC and BD are well defined, then
(A® B)(C® D) = (AC) ® (BD).

If A1, ...,/ are the eigenvalues of an r x r matrix A and g, ..., g, are the eigenvalues of an
r X r matrix B, it follows from [26] that the eigenvalues of A ® B are ijuk, Jok=1,...,r.
For two functions f, g in Lo(R®), f © g is defined as follows:

Fosm = [ fernstidy. xe®,
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where g(y) stands for the complex conjugate of g(y). In other words, f © g is the convolution
of f with the function y — g(—y), y € R®. It s easily seen that f © g lies in Co(R"), the space
of continuous functions on R* which vanish at co. Evidently

If ©gllo< N fl21gll2- (2.1)

Moreover (f @ £)(0) = || 3.
For a matrix A = (a;j)1<i,j<r» the vector

T
(a117""arlaa129""ar23""alr""varr)

is said to be the vec-function of A and written as vec A. Suppose A, X and B are three r x r
matrices. Then we have (see [17])

vec(AXB) = (BT @ A)vec X. (2.2)

Suppose ¢ = (¢py,.... ¢  andy = (y, ..., ,)7T belong to (Lr(R*))",let p Oy be defined
as follows:

P10V $1 Oy - POV,
by’ = ‘1’2(;)% 4’2(;3‘//2 ¢2<;)‘Pr
¢,®l/l1 (ﬁr@[pz (br@lpr
By (2.1) we have

lvec(d @ ¥ lloo < llblI2 11112 (2.3)
and
vec(@ @ @O =D 16; 0 0= ) 1d; © ;0] =Y lld,ll3.
j=1k=1 j=1 j=1
Consequently
vec(dp @ ¢T)(0)| =113 (2.4)

Suppose mask a € E LX’ for some u > 0, let b be defined as follows:

b@) =Y ap) ®ale+p)/m, aelZ' 2.5)
ez

It follows from a simple computation that b lies in E LZ xr?, By (2.5), we have

Y ob@/m=|> aB/m|®| D a+p/m]|=H0)  H©O)

oeZ’ pez* oeZ’
and

(! ® eT)(H(©0) ® H(0)) = (el H(0)) ® (el H(0)) = eI ®e .
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It follows from above discussions that the matrix ), _»s b()/m has asimple eigenvalue 1, z@)e{
is a left eigenvector of ), 7s b(2)/m corresponding to eigenvalue 1, and other eigenvalues of
> ,ezs b(o)/m are less than 1 in modulus. If a satisfies the basic sum rule, we claim that b also

satisfies the basic sum rule. In fact, fory, € E,k=0,1,...,m — 1,
(el ®e]) Y bMa+y)=(ef @)Y Y alp)@aMo+y +p/m
oeZ?® oeZ® pez*
=el Y ap)@el Y aMa+y+p)/m
pez’ oeZ’

=el Za(ﬁ) ®el /m= el ® el
pez
It is easily seen that b satisfies the basic sum rule if and only if (X ® eIT)B(Zn(MT)_lyk) =

0,k=0,1,...,m—1.By the definition of b, we know that (¢ ®@ el )b2n(MT)~1y;) = 0imply
elT&(27r(MT)_1yk) =0, fork =0,1,...,m — 1. Hence a satisfies the basic sum rule. Above
discussions tell us that a satisfies the basic sum rule if and only if b also satisfies the basic sum
rule.

Fora € E}*", let T, be the transition operator on Ej, defined by

T,u(e) = Y a(Mo— Pu(p), «€Z' uekE). (2.6)
pez®

See [1,8,10,12,18-21,23-25] for some earlier works on this operator.
It follows from the proofs of Lemmas 3.1 and 3.2 in [12] that the transition operator 7, is a
bounded and compact operator on E,.

Lemma 2.1. Leta € E LX’ for some p > 0. Then the transition operator T, is a bounded operator
on E L Moreover,

I Taull gy <llall grer lulle;,  Vu € Ej,. (2.7)

Proof. For o € 7¢, we have
lof = |M ™" Mo <M~ |Ma] < Mo — Bl + IBI.

Consequently

I Taullz, < Y | Y laMea = BuB)le!™ P | P al oo lull g,
pez® \oaeZ*®

Hence, T, is a bounded operator on E Z O

Lemma 2.2. Leta € E LX’ for some p > 0. Then the transition operator T, is a compact operator
on E L

Proof. When a is finitely supported, then 7, is the limit of a sequence of finite-rank operator.
Hence 7, is a compact operator. In general, for L = 1,2, ..., let ar be the sequences in ELX’
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defined by ay («) = a(x) for |a|< L, and ay (o) = O for || > L. Each ay is finitely supported,

then each 7, is a compact operator for L = 1,2, ... . By the definition of a;,, we obtain
D Ty, = THu@e™ =3 Y~ |a(Mo— Bu(p)|e™
oaeZ® aeZ® |Ma—pf|>L

< Z Z la(Mo — Byu(B)|et!Mo—PloHlBl

oeZ® |Ma—pf|>L

r r
<luller Y D0 lajk@)le,

yI>L j=1 k=1
where a(2) = (ajr (M) 1< jk<r
Therefore
r r
lim |7, — T, < lim aje()le!’ = 0.
L—oo ” aL u”\ L—>C><:>.ZZ Z | ]k(}))|
j=1k=1|y|>L

It follows from the above estimate that 7, is a compact operator. [

Since T, is a compact linear operator on E LX’ , the Riesz Theory of compact operators (see
Chapter 3 in [34]) says that the spectrum of 7, is a countable compact set whose only possible
limit point is 0. In particular, there exists an eigenvalue ¢ of T, such that p(7,) = |a|, where
p(T,) denotes the spectral radius of 7. It follows from [12] that if (7,,),=12,.., is a sequence
of bounded linear operators on Banach space ELX’ such that |7,, — T|| = 0 as n — o0, then

lim,, s 00 p(T) = p(T). 5
Consider the subspace V of E); defined by

Vi=YveE, (] @)Y v =0p. (2.8)

oaeZ®

Theorem 2.3. Let b € ELZX’2 be defined by (2.5). Then V is invariant under Ty, if and only if b
satisfies the basic sum rule.

Proof. Let b satisfy the basic sum rule and v € V. Then we have

@ @)Y Tvm=@l @)Y Y bMa— pup

oz’ aeZ® pez’

=3[ Sl @elrbma—p) | vip)

pez® \oecZ*
=@l ®el) Y vp)=o0.
pez’

Therefore v € V implies Tpv € V. This proves that V is invariant under 7}.
Next, we prove the necessity part of the theorem. Note that for y; € E,i = 0,1,...,
m-1, (e ® ¢;)V_, 6 € V, for j,k = 1,2,...,r, where for a vector 2 € Z°, the difference
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operator V), is defined by
Vv:i=v—v(—2), velZ®,
and for § € Z*, the sequence g on Z* given by

] 1 fora=p,
op(0) = {o for o € Z*\(B}.

If f = 0, we write ¢ for dg.

Hence
3 (el @el) [b(Ma)—b(Moty)] @@e)=(e] ®el) Y Ty(@®e;V—y,0)()=0.
1Y/l ae Z7°

It follows that for j,k =1,2,...,r,

(e @el) Y M@ ®e) = (e ®e]) Y- bMat )@ S e)).

aeZ*® aeZ®
Since the above relation is true for all j, k = 1,2, ..., r. Therefore
@ @el) Y bMa) = (] @)Y b(Mut ).
acZ® aeZ®

Since el 3", 75 a(o) = mel . We have

el @e) Y b=l )Y Y aPB@a+p/m

aeZ’ we??® BeZ*
=Y Jape ) elaw+p/m= elap)@el
pez* aeZ’ pez?
= mz ® elT.

It follows that
el ®e) Y bMaty)=ef ®@el, p€E i=01....m—1

aeZ*®

Hence b satisfies the basic sum rule. [

Suppose ¢ € (L(R*))" is a solution of the refinement equation (1.1), where the mask a is
assumed to be in (/1 (Z%))"*" for the time being, then

p0d" =" > a@dM-—2)© ¢T(M - —pap)’.

ae?® fez®

Since
1
$M =) © T M- =f)=—dO ¢ (M- —x+p).

By (2.2), we have

. 1 ——
vec(a(@)p(M - —x) © T (M - —Pra(P’) = —a(P) @ a(@)vec(¢ © dTYM - —a+ ).
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Hence

Ty = e TYM - —
vec(pO 1) =) Y —a(B) ® a(@vec(d © ¢T)M - o+ f). (2.9)

oeZ® per’

Let f := vec(¢ ® ¢1), then f € (Co([R{S))rz, the linear space of % x 1 vectors of functions in
Co(R%). It is easily checked that f satisfies the refinement equation as follows:

f=Y b@fM —u),
acZ®

where b is given by (2.5).
Forn =1,2,..., leta; = a and a, be defined by the following iterative relations:

an(@) = Y an1(Pale— Mp), aeZ'. (2.10)
pez*
By (1.2) and induction on n, it is easily seen that

Qi =Y an(@p(M" - —). (2.11)

acZ®

Similarly, for f € (CO([RS))’Z, we have

Oyf = Z bu (o) f(M" - —00), (2.12)

oaeZ?®

where b, (n =1, 2, ...) are the sequences of r2 x r? matrices defined as follows:

by =b and b,(x) = Z bu—1(P)b(c — Mp), oeZ’. (2.13)
pez*

It was proved in [21] that a,, and b, satisfy the following relations:

bu(@) =Y an(f) @ an(x+ p)/m", a €', n=1.2,.... (2.14)
pez*

The following is an outline of this proof. We can prove (2.14) by induction on n. By the definition
of b, (2.14) holds true for n = 1. Suppose n > 1 and (2.14) is valid for n — 1. For o € 7Z°,
we have

ba(2) =Y bu_1(n)b(e — M)
nez*

=m " Z Zanfl(y)®an71(7’]+))) ZmQ@a(o{—Mn_{_ﬁ)

neZ® \yezZ* pez®
=m™" Y Y a1 (Daf— My) ® (an-1(ale+ f— M)
pe’ yeZ® ner?®
=m™" Y ay(B) @ an(x+ P,
pez’
which implies that (2.14) is true for all n.
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Let ¢ and Y lie in (L2 (R*))". It follows from above discussions that

vec((Qido) © (Qao) ) =Y Y m™"ay(B) ® ay(@)vec(dy © Y )(M" - —o+ f).

oel® pez*

By (2.14), we have, forn = 1,2, .. .,
vec((Q¢o) © (Q2)") = Of(vec(dy @ Y)). (2.15)

Theorem 2.4. Suppose a € E;*" for some i > 0, H(0) = > sezs a(@)/m satisfies (1.3). Let b

and Ty be given by (2.5) and (2.6), respectively, then p(TbIE,z) >1.
o

Proof. First, we consider the case when « is finitely supported. Let ¢ be the characteristic
function of the unit cube [0, 1]°. By (2.4) we have

| Qiter10)]3 < |vec((Qhter1de)O(Qhterdo))O)|=| Qhvec((e1dp)O(e1 ) N O)|.

By an induction on n, we have

T'v(a) = Z bu(M™ 0. — Bv(P). (2.16)

pez’

It follows that

|Qite1d0)]3 < |Qhec(erdn) © (100 NO)| = [T (ee((e1do) © (e160) NO)|.

If p(T;,|E;;2) < 1, then Q% (e1¢y) would converge to O in the Lp-norm, as n — oo. Since

H(0) =", 7s a(x)/m satisfies (1.3), by a simple computation, we have

Q(e1)(0) = H(0)"ey = e1.
This contradiction demonstrates that p(7}| E,z) >1.
n

For the general cases, suppose a € ELX’ forsome u > 0.For L =1, 2, ..., we can find matrix
sequencesay, (L = 1,2, ...)suchthateachay is supportedon[—L, L]x,elT erz ap(a)/m = elT
and ||a; — a”ELxr — 0as L — oo.Letby (o) = Z,BEZ‘ ar(f) ® ap (o + f)/m, by Lemma 2.1,
”TbL|E[f - Tb'E{f |l = 0as L — oo. It follows that lim;_, p(TbL|E;2) = p(TblE[f)‘ If
p(Tp| E{f) < 1, then p(Tp, | 5,2) < 1 for sufficiently large L, which is impossible. Therefore, we

have p(Tp|,2) > 1. O
I

3. Convergence of subdivision scheme

In this section, we will show that the vector subdivision schemes associated with a having
exponentially decay and a general dilation matrix M converges in the L,-norm if and only if V is
invariant under 73 and p(7p|y) < 1. Our proofs are based on [12,19,23].

Theorem 3.1. Leta € E;*" for some pu > 0 and H(0) = Y uezs a(o)/m satisfies (1.3). Suppose
b is given by (2.5) and Ty, is defined by (2.6). Then the subdivision scheme associated with mask
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a and a general dilation matrix M converges in the L>-norm if and only if

(D) limy ”T;v”oo =0, VveV.
(2) a satisfies the basic sum rule,

where V is defined by (2.8).

Proof. We first establish the necessity part of the theorem. We choose y to be the characteristic
function of the unit interval [0, 1). Then ey satisfies the moment conditions of order 1, and
vec((e1y) © (e1)T) = (e ® e1)h, where h is the hat function given by A(x) := max{l —
|x[, 0}, x € R. We have that Q. (e ) converges to some limit function ¢ in the L-norm.

By (2.3), we have

|vec@itern @ (i) b0 97|
< Jvect@itein © @itery = &N+ |vectciern —p o ")

< |Qateinll, | Qatern) — o, + | Qater) — ¢, 1Dl -

Which implies that vec(Q% (e1y) © (Q% (e T converges to vec(¢p © qST) uniformly. By (2.15),
we have Q7 (e] ® e1h) converges to vec(¢p © d)T) uniformly. Since vec(¢p © q’)T) is uniformly
continuous, and

|0} @1 ®e1h) — Q)1 @ erh)(- — M~ "ep)|
<[er@meen —vee@© D]+ [vecd 0 6 — veetd 0 ¢T( — M ey
+|ep@E @ e —M7ep) —vec(p © ¢T)— M7ep| .
Consequently,
lim [ Qp @ ® e1h) — Qj@ET ® 1) — M e, = 0.
It follows from (2.12) that

Q@ ®erh) — Q@ ® eth)(- — M "¢j) = Y Ve, bu(@) (@1 ® erh)(M" - ).

oeZ’
Note that the shifts of & are stable, therefore
nli)néo ||Vejbn(a®el)||oo =0. (3.1
For j =2,...,r, we know that e;y and (e; + ¢;)y both satisfy the moment conditions of order

1, hence, Q) (e1y) and Q’ (e + e;)y converge to the same limit ¢ in the Lo-norm. This shows
that, for j =2,....r, | Q%(ejz) |, = 0asn — oo. By using (2.15), we have

Vec((QZ(e]X)) ©) (Qg(ekX))T) = QZ((@‘XWJVI), ]’k = 1’ ey n= 192’ e e
By (2.3), we obtain

lim Q@ ®eph] =0, (k) # 1 1).
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Since
Q@ ®ep)h =Y by(2) (@ ®e;)h(M" - —),
aeZ
it follows that
lim |by@ ®ep)|., =0, (k) # 1D, (3.2)
n—oo
Since {ej, j =1, ..., r}is a basis for C", it follows that {ex ® e¢;, j,k =1,...,r}is abasis

for C"*. Then each v € V can be expressed as

v=) 2 > di(B) @ ®e)dp.

j=1k=1 pez*
where dj € Ey, j,k=1,...,r.Since v € V, we have
0=(ef ®e]) Y v =(cf @)Y Y > du(Pe] ®e]) =Y dii(p).
aeZ* j=1k=1pez’ pez*

It follows from [12] that there exist wuy, us,...,us € £1(Z°) such that dy; = Z§'=1 Vejuj.
We have

Tbn Z Zveluj(ﬁ)(a®€])5ﬁ (o)

pez’ j=1

=Y baM"a—7)Y Voui@Ere), oecl

= j=1
and
Ty Z Z djk(P)(e; ® ex)og | (0)
(J.k#(.1) ez’
= > ) b(M'a—))(E ®@e)djn(y). €.
(#(L1) yezt
Therefore
d s
Ty | D2 D Veui(B)er ®endp < ) IVe;ba(@r ® e1)lloollujll (3.3)
pez® j=1 L
and

Tl Y. D duBEeeds|| <lbi@E®edloo Y. ldili. (34
(.o#1,1) pez® 00 (j.k)#(1,1)

Using (2.6), (3.1)—(3.4) and the expression of v, we prove that (1) of Theorem 3.1 holds.
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To prove (2) of Theorem 3.1. We claim that V is invariant under 7. Indeed, if not, then there
exists v € V such that Tpv is not in V. Note that the codimension of V in ELZ is 1. Hence, any

u € El’f can be expressed as u = w + ¢(Tpv) for some w € V and ¢ € C. By (1) of Theorem 3.1,
we have

. 2
lim [T} ullc =0 Yu € EJ, .
n—0oo

Therefore, p(Tp|,,2) < 1. On the other hand, by Theorem 2.4, we have p(7j|,2)>1. This
n

contradiction shov&l/ls that Vis invariant under 7j. It follows from Theorem 2.3 that b satisfies the
basic sum rule. Hence, a also satisfies the basic sum rule.

To establish the sufficiency part of the theorem. Let ¢ be a vector of compactly supported
functions in (L2(R%))" such that ¢ satisfies the moment conditions of order 1, and let go :=
Qo — dy- To estimate Q"+ ¢y — 0" ¢h,, we observe that

0" o — Oy = 0" (Qudpy — Po) = 0" go. (3.5)

Since ¢! 3", s ¢o(- — o) = 1 and a satisfies the basic sum rule, we have

el Y (Qap)—my=ef Y Y a(Bypo(M - —Ma— p)

oeZ® oeZ® pez*

=Y el | D aB— Moy | go(M-—Pry=e] Y po(M - —p)=1.

pez* 1Vl pez*

Therefore, Q, ¢, also satisfies the moment conditions of order 1. Consequently, for almost every
x € RS,

el Y go(-—2)=0.

oaeZ®

By (2.2), we obtain
T T —T
(ef ®el) D vec(gn ©80) (@) = (ef ®e]) Y /R vec(go(a+x)go(x) ) dx = 0.
oeZ’ aeZ’

Sincea € E LX’ and ¢ is compactly supported, we have
Ivec(g0 ® g9l 2 < oc.

Hence vec(go © gOT) lies in V. By (2.4), we have

10280113 < lvec((Ql1g0) © (Q1g0) ) (0)].
Since
T} (vec(g0 © g)) (@) = Y buy(M"a— Byvec(g0 © 3 )(B).
pe 7°¢
then

Ty'vec(g0 © g)(0) = Y bu(—P)vec(20 © g5 )(B) = Y ba(B)vec(go © g§ )(—p)
pez® pez®

= Qfvec(go © g4 )(0) = vec((Q"g0) © (Q"g0)")(0).



172 S. Li, J. Yang / Journal of Approximation Theory 148 (2007) 158—176

It follows that
| igolly < [vect(Qlgn) © (g0 HO)]

= ‘Tb”vec(go @gOT)(O)‘ < HTb”vec(go @gOT)HOO, n=12....

Since T} is a compact operator, then there exists an eigenvalue 7 of T |y such that p(Tp|y) = |1].
We write Tpv = tv for some v € V with v # 0. Therefore 7))v = t"v, forn = 1,2,... . It
follows from (1) of Theorem 3.1 that p(Tp|y) < 1. Hence there exist positive constants C and
0 < 5 < 1, such that

Q" goll3<Cy", n=1,2,...,

which implies that Q7 ¢, is a Cauchy sequence in (L, ([R*))". Let 1 be another r x 1 vector of
(L2,(R*))" that satisfies the Strang-Fix conditions of order 1, then el Y, s (¢g — ¥o) = 0.
It follows from above discussions, Q7 (¢y — ) converges to O in the Lr-norm. Therefore,
0%¢o and Q% converge to the same limit. Thus, the subdivision scheme associated with
mask a and a general dilation matrix M converges in the L,-norm. We complete the proof of
Theorem 3.1. [J

By the proof of Theorem 3.1, we have

Theorem 3.2. Leta € ELX’for some > 0, and H(0) = Y 7+ a()/m satisfies (1.3). Let b
be given by (2.5) and Ty be defined by (2.6). Then the subdivision scheme associated with mask
a and a general dilation matrix M converges in the Ly-norm if and only if

(1) a satisfies the basic sum rule, and
(2) p(Tplv) <1,

where V is the linear space defined by (2.8).

When mask a is finitely supported, let W be the minimum invariant subspace of the transition
operator Tj generated by vec(elelTAjé), j=12,...,s, vec(ezezTé), el vec(ererTé), where A ;
denotes the difference operator on £¢(Z*) given by

Aju:=2u—u(-—e;) —u(-+e;), uelo(Z.
It follows from Theorem 5.1 in [20] and Theorem 4.1 in [28] that

Theorem 3.3. Suppose that a is finitely supported. Then the subdivision schemes associated with
mask a and a general dilation matrix M converges in L-norm if and only if

p(Tplw) < 1.

Remark 3.4. We remark that L,-convergence of subdivision schemes associated with masks a
having exponential decay was investigated in [12] with » = 1 and in [19] for the case s = 1 and
M = 2. These theorems will also provide some sufficient conditions for the characterization of
smoothness of multiple refinable functions associated with Eq. (1.1). Using a different approach,
the Ly-convergence of subdivision schemes with an infinitely supported mask has also been
considered in [14] withr = 1,5 = 1 and M = 2 and in [13] for the case s = 1 and M = 2. When
mask a is polynomially decaying, the L>-solution of refinement equation withs = 1 and M = 2
was investigated in [30].
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4. Biorthogonal multiple refinable functions

Linear independence and stability are two important concepts. The shifts of compactly sup-

ported functions @y, ..., ¢, € L2(R*) are said to be linearly independent if
.
2.2 cie; =0 =0
j=1aecz®

implies c; =0, j = 1,2, ..., r. The shifts of ¢, ..., ¢, are linearly independent if and only if,
for any ¢ € C°, the sequences (@j(i +2pBm))pezs, j =1, ..., r are linearly independent [22,30].
Hence linear independence implies stability.

Suppose @ = (@y, ..., ¢,)T and d = (py, ..., )T are dual vectors of compactly supported
functions in Ly (R®). It is easily seen that the shifts of ¢ and ¢ are linearly independent. Thus,
linear independence is a necessary condition for the existence of a dual vector of compactly
supported functions.

Let @ = (¢;,...,®,)! be a Ly-solution of (1.1) with mask a being finitely supported such

that the shifts of ¢, ..., ¢, are linearly independent, we want to find a dual ¢ such that ¢ =
(@q, ..., @) satisfies following refinement equation
P =) apMx —a), xR, @.1)
oeZ’

where a is a finitely supported sequence of r x r matrices on Z°.

When s = 1 and M = 2, Jia [19] proved that there exists a dual ¢ of ¢ such that ¢ satisfies
(4.1) for some finite mask a. Thus, linear independence is a sufficient and necessary condition for
the existence of a dual refinable vector of compactly supported functions for the case s = 1 and
M = 2. In this section we shall show that under some mild assumptions on masks a and a, there
exists a vector » = (P, ..., ¢,)7 satisfying (4.1) such that @ is dual to ¢. For finite mask &, let

H(E) = ! Z&(ooe—"“f, Ee R,

We assume that H (0) also satisfies eigenvalue condition. Let Q be a complete set of representatives
of the distinct cosets of the quotient group Z°/M” Z* with 0 € Q. It was proved in [31] that if ¢
is dual to ¢, then

Z H(E+ MDY 2ra)H(E+ MD) ™ 2n0)* = 1, 4.2)

we

for all ¢ € R*, where H (¢ + (MT)™12nw)* denotes the complex conjugate transpose of H(E+
(M"Y 127w) and I, is the r x r identity matrix.

Therefore, to find a vector refinable function ¢ satisfying (4.1) such that @ is dual to ¢, one
must solve (4.2). However, there is no general method to solve this equation. By using block
centrally symmetric matrices, Chen, Micchelli and Xu proved that for a large family of masks a
and a, Eq. (4.2) is solvable (see Theorem 3.1 of [2]). In this section, we always assume that (4.2)
is solvable.
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Theorem 4.1. Let a be finitely supported and ¢ = (¢q, ..., (pr)T be a Ly-solution of (1.1) with
linearly independent shifts. Suppose that (4.2) is solvable. Then there exists a refinable vector
Q= (®y,...,0,) of compactly supported functions in Ly(R®) such that { is dual to ¢.

Proof. The proof of Theorem 4.1 follows the line [19]. Let

G(&) = (o), o€ Ni< k<
where the bracket product of ¢; and ¢, is defined by
[0 ple™) = D" &, (E+2np)pp(E +2mp). ¢ € R
pez’

Since the shifts of ¢y, ..., ¢, are linearly independent, it follows from [22,25] that the matrix
G () is positive definite for every ¢ € R®. Denote @ = (py, ..., )] by

P& =GP, EeR.

It is easy to check that the shifts of @, ..., @, are stable. For every ¢ € R*, we have
Y GE+2mpPE +21p* =GO Y DE +27P)p(E + 2mp)*
pez* pez’

=GO 'G©® =1,
which implies that ¢ is dual to ¢. Note that
PO =GEOTHMT)T'OHpMT)71e) A
=GO TTHMY'HGMT o pmT) ).
Let H(E) = G(MTETH(E)G (&), ¢ € RS, then

@) =HM" ' OHp(M"H)'E).
Hence, @ is a vector refinable functions. Clearly, H(&) is 2n-periodic. We write H() =
(hjr(E)1<j.k<r» Where
hie@ =) aj@e ™ /m, ¢eR.
aeZ*
It follows from the definition of H (&) that there exists some 1 > O such that @ = (@)1 <jk<r
S ELX’ for all j,k = 1,...,r. Since ¢ is dual to ¢, we have that the subdivision scheme

. . ~ . . . . . ~ 242
associated with a and dilation matrix M is convergent in the Ly-norm. Letb € E L X" be denoted
as follows:

b(a):= Y ap)@ax+p)/m, aeZ’
pez®
and let V be the linear space given by (2.8). It follows from Theorem 3.2 that & satisfies the

basic sum rule and p(7;|;) < 1. For L = 1,2,..., we can find a;, € (€o(Z*))"*" such that
llar, — Zl||Eﬁxr — 0as L — oo. Let

Hy(&) =) ar(e ™ /m, EeR

oaeZ®
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and

er(®) =1 — Y HE+MD) ™ 2m0)HL (E + (MT) ™ 2n0)* (4.3)
0eQ

for all £ € R®. Since (4.2) is solvable for mask a, there exists an r X r matrix of trigonometric
polynomial F (&) such that H (&) and F (&) satisfy (4.2). Denote

FrL(&) = HL (&) + e (O*F (&), EeR.

Then Fy (&) is an r x r matrix of trigonometric polynomial. Write

FL@© =) fime ™ /m, ¢eR,

oaeZ?®

where f; € (€o(Z°%))"*". Since ||ay — &”Elr;xr — 0as L — o0, by the construction of Fr, we
have that || f; — CNl”Elrlxr — 0 as L — oo. Therefore, we may choose ay (L = 1,2, ...) in such
a way that each f7 satisfies the basic sum rule. For sufficiently large L, 1 is a simple eigenvalue
of Y ez fr(®)/m and its other eigenvalues are less than 1 in modulus.

With the help of the following identity (see [20])

Z —ig2nmTy-! _ | m if o= Mp for some f € Z°,
¢ 10 ifog¢ M7

weQ
We have ez (¢ 4+ 2n(MT) ' w) = e (&) for any w € Q. It follows from (4.2) and (4.3) that
Y HE+2rMT) )L+ 2nMT) T w)*

weQ
=Y HE+2nM") o) Hp (& + 2n(MT)  w)*
weQ
+ Y HE+2mM) T o) FE+2rMT) T o) e () = 1.

weQ)

Let by, be denoted by

br@ =Y fiP® fLla+p/m, xeZ. (4.4)
pez*

It follows from above discussion that l;L —binthe space ELZ xr? a5 L— 00. Note that p(T;ly) <1,

where V is the linear space defined by (2.8), therefore p(T; 1) < 1, for sufficiently large L.
By Theorem 3.2, subdivision scheme associated with f; and dilation matrix M converges in the
L-norm. It follows from Theorem 3.1 in [31] that limit function ¢; is an r x 1 refinable vector
of compactly supported functions in (L2(R*))". Furthermore, ¢; is dual to ¢. O
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