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Abstract

In this paper, we investigate the global existence and long time behavior of smooth
solutions to the compressible Euler equations with damping in several space variables.
Under suitable assumptions, we prove the existence and uniqueness of global smooth
solution of the Cauchy problem and show that the solution and its derivatives decay

to zero when t tends to the infinity.
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1 Introduction

This paper concerns the global existence and long time behavior of smooth solution to the

Cauchy problem for the compressible Euler equations

op+V-pv=0,

O(pv) +V - (pv®@v)+ VP +apv =0 (-
with the initial data
t=0: (p,v) = (po(x),vo(x)), (1.2)
where p = p(t,x) and v = (v1,--- ,v,)" denote the density and the velocity, respectively,
a is a positive constant, and P, the pressure, is a function of p given by
P =P+ Ap7, (1.3)

in which Pj is a positive constant, A and ~ are two constants satisfying Ay > 0. For gas,
~ stands for the adiabatic constant.

Compressible inviscid flow is governed by the Euler equations. The system (1.1) de-
scribes that the compressible gas flow passes a porous medium and the medium induces
a friction force, proportional to the linear momentum in the opposite direction. It is a
hyperbolic system. As a vacuum appears, it fails to be strictly hyperbolic. In general, the
system (1.1) involves three mechanisms: nonlinear convection, lower-order dissipation of
damping and the resonance due to the vacuum. In (1.3), when v > 1, the gas is called the
isentropic gas; when v = 1, the gas is called the isothermal gas; when v = —1, the gas is
called the Chaplygin gas or von Karman-Tsien gas (see [13]).

For the existence, uniqueness and asymptotic behavior of global smooth solution to
general one-dimensional hyperbolic systems, a complete result has been established (see
(1], [18], [8], [4], [9] and [2]). For the one-dimensional Euler equations with damping,
many interesting results have been obtained (see [3], [5]-[6], [11]-[12] and the references
therein). For the multi-dimensional case, there have been several important results. For
example, by detailed analysis on the Green function of the corresponding linearzied system
and some energy estimates, Wang and Yang [15] proved the global existence of smooth
solutions and gave the pointwise estimates of the solutions. For the three-dimensional case,
Sideris, Thomases and Wang [14] proved the global existence and uniqueness of solution
in C([0, 00); H3) (N C*([0, 00); H?) and showed that the smooth solution converges to the

constant background state in L> at a rate of (1 + t)_% when t tends to the infinity.



In this paper, we first reduce the system (1.1) to a symmetric system which enjoys
the property that the corresponding Cauchy problem for this symmetric system has a
unique smooth solution if and only if the Cauchy problem (1.1)-(1.2) has a unique smooth
solution. Based on this, we prove the global existence of solution of the Cauchy problem
for the symmetric system in the space C([0,00); H™) (N C([0,00); H™ 1) (n < 4,m >
5 +1,m € N), provided that the initial data is suitably small. Moreover, the asymptotic
behavior of the solution is also investigated. These results cover and generalize the results
presented in [14].

The method used in this paper improves one employed in [14]. Our approach is more
effective for general dimension n and Sobolev space H™(R"™). By establishing an important
estimate, we obtain some decay estimates of the solution, these estimates did not obtain
by [14] and [15].

Throughout this paper, we use the following notations: LP(R"™) (1 < p < o0) denotes

the usual space of all LP(R")-functions on R™ with norm

1A llp = 1[fllze and [l = [[fll2,

H™ denotes the m-order Sobolev space on R"™ with norm

Il = L IAIP+ D2 DA |

la|=m
where m is a positive integer.

The paper is organized as follows. In Section 2, we discuss the local solutions and
state the local existence theorem on smooth solutions. Section 3 is devoted to establishing
some a priori estimates which play an important role in this paper, while Section 4 is
devoted to the global existence and uniqueness of smooth solution. In Section 5, under
suitable assumptions we reprove the global existence of smooth solutions in a simple way

and study the asymptotic behavior of the global smooth solutions.

2 Local solutions

This section is devoted to the local existence of smooth solutions to the compressible Euler
equations with damping. To do so, we first reduce the system (1.1) to a symmetric system.

For the case: Ay > 0 and ~ # 1, we introduce the sound speed

o(p) = VP (p) = /A7,



and set
¢ = »(p)
which corresponds to the sound speed at a background density p > 0. Let

2

u = ﬁ(w(p) —»(p))-

Then the system (1.1) can be reduced to

Gtu—i—@v-v:—v-Vu—VTfluV-v,

(2.1)
v+ eVu+av=—v-Vou — 7T_1uVu,
and the initial data becomes
t=0: (u,v) = (uo(x),vo()), (2.2)
where
2
up(z) = ﬁ(@(ﬂo) —»(p))
For the case: A > 0 and v =1, let
w=VA(np—Inp).
Then the system (1.1) can be reduced to
Ow + oV -v=—v-Vuw,
e (2.3)
v+ oVw + av = —v - Vo,
while the initial data becomes
t=0: (w,v)=(wo(x),vo(x)), (2.4)

where

wo(z) = VA(In pg — In p).
The proof of the following Lemma is straightforward.

Lemma 2.1 Assume that n > 1. For any fived T > 0, if (p,v) € C1([0,T] x R™) solves
the Cauchy problem (1.1)-(1.2) with p > 0, then (u,v) € C*([0,T] x R™) solves the Cauchy
problem (2.1)-(2.2) with ('YT_Iu—I-@) > 0. Conwversely, if (u,v) € C*([0,T] x R") solves the
Cauchy problem (2.1)-(2.2) with gpfl(%*lu + @) > 0, then (p,v) € CL([0,T] x R™) solves
the Cauchy problem (1.1)-(1.2) with p > 0.



Lemma 2.2 (I) If (u,v) € CY([0,T]xR") is a uniformly bounded solution of the Cauchy
problem (2.1)-(2.2) with VT_luo(;r) + @ >0, then

v—1
2

u(z,t)+@>0 on [0,7] xR"™

() If (p,v) € CL([0,T] x R™) is a uniformly bounded solution of the Cauchy problem
(1.1)-(1.2) with po(x) > 0, then

p(x,t) >0 on [0,7] x R".

Proof. Similar to the proof of Lemma 2.2 in [14], we can prove Lemma 2.2. We omit the
proof.
Set
Ulx,t) = (u(z,t),v(z,t))T and Up(z) = (ug(z),vo(z))T.

Employing the method in [7] and [10], we can prove the following local existence theorem.

Theorem 2.1 Assume thatn > 1,m > ¢ +1,m € N and Up(z) € H™(R"). Then there
exists a positive number Ty such that the Cauchy problem (2.1)- (2.2) admits a unique
solution U(x,t) € C([0,Tp); H™(R™)) N CL([0, Tp); H™ 1(R™)).

For the case: A > 0 and v = 1, similar to the above case, we have

Lemma 2.3 Assume that n > 1 . For any fized T > 0, if (p,v) € C*([0,T] x R") solves
the Cauchy problem (1.1)-(1.2) with p > 0, then (w,v) € C1([0,T] x R™) solves the Cauchy
problem (2.3)-(2.4) with exp {ﬁ} > 0. Conversely, if (w,v) € C1([0,T] x R") solves the

Cauchy problem (2.3)-(2.4) with exp(ﬁ) > 0, then (p,v) € CL([0,T] x R™) solves the

Cauchy problem (1.1)-(1.2) with p > 0.

Lemma 2.4 (I) If (w,v) € CL([0,T]xR"™) is a uniformly bounded solution of the Cauchy

problem (2.3)-(2.4) with exp(w\‘)/(%)) > 0, then

exp {w%t)} >0 on [0,7]x R™

(I) If (p,v) € CL([0,T] x R™) is a uniformly bounded solution of the Cauchy problem
(1.1)-(1.2) with po(x) > 0, then

p(x,t) >0 on [0,7] xR"™



Theorem 2.2 Assume thatn > 1,m > 5 +1,m € N and Up(xz) € H™(R™). Then there
exists a positive number Ty such that the Cauchy problem (2.3)- (2.4) admits a unique
solution U(z,t) € C([0,Tp); H™(R™)) N C*([0,Tp); H™1(R™)).

In the subsequent sections, we only consider the case that Ay > 0 and v # 1. For the

case that A > 0 and v = 1, we have a similar discussion.

3 Some a priori estimates

In this section, we establish some a priori estimates, these estimates will play an important

role in the proof of main results.

Lemma 3.1 Suppose that 1 <n <4, m € N and m > 5 + 1. Suppose furthermore that,
for any given T > 0, U(x,t) € C([0,T]; H™(R"™)) N CL([0,T); H™ *(R™)) is a solution to
the Cauchy problem (2.1)-(2.2). Then the following estimates hold

d m
MUl + 2allollzm < C(lIVUNUlloo + [Tl | D™ U1), (3.1)

d
@HatUqumfl + 20|01 3pm 1 < ClIVU | gpm=1[|0:U || Fm (3.2)
and

d
Z([TFm + 10U [7m1) + 2a([ollFrm + (100 7rm 1)

1
< CUIUFpm + 110U )2 ([0l 7pm + 10e0 [ pm 1 + 1Vl Fmr + 10| Fm),
(3.3)

where the positive constant C' depends on ~v,n and m, independent of T

Proof. Multiplying the first equation of (2.1) by 2u, the second one by 2v and summing

them up gives

d o 2 2 - 2 2

g ul™ + o) + 2alo” + 20V - (wo) = —v- V(Jul” + o) = (v = 1)uV - (wv).  (3.4)
Integrating (3.4) over R™ and using integration by parts leads to

d
Chull + ol + 2alle]? = ~ /R v V(P +oP)de + (- 1) / w - Vuds

n

IN

CllolltIv (ul + [ + [uVul)

IN

Clo[l|Ull VU]
(3.5)



Taking « order derivatives of (2.1), multiplying the first equation by 2D%u, the second

one by 2D%v and then summing them up yields
d
£(1Dau12 + |D%|?) + 2a| D[ + 2¢V - (D*uDv)

= —2(D%v - Vu)D + D“(v - Vv)D%) — (v — 1)(D*(uV - v) D% + D*(uVu) D).

(3.6)
Integrating (3.6) on R™ and using integration by parts gives
d (0% o (03
Z(ID%ul* + [ D*|[*) + 2a]| D*v||*
= 2/ (D%(v - Vu)D% + D*(v - Vv)D%)dx (3.7)

—(v—1) /n(DO‘(uV -v) D% + D*(uVu)D)dz.

Noting the following relations

. - 8u - ovy " Ovn, _ n ov;
’U-Vu_;vlawi, v - Vv-(szaxz szafo) , uV.v_Zuaxi,
B ou\" ) o\ )
. a Y1 a Un
uVu = <“ax1’ 7u(9:zn) ’ H(o Vo) <ZD ( 8332') ZD ( 8@))

and .
ou ou
D“ — ( po —Z ) ... D>
wvw = (07 (ug )0 (vgpe))

by Leibniz’ formula we obtain

PRI WETEES v ol (W P

i1 i—1 B<a \ B
" ou f=a ou
= Y |uD° ot > DPuy; D P —— ¢ (3.8)
i=1 o\ B i
BLa
0 0
Z Dﬁ'l)i.Daigaiu' + Daviau' )
2<IBI<lal-1 \ B i i
ov; EE ov;
D*(v-Vv)D%% = Z uiD o oD%+ > D%iDOf—ﬁa—?D%jJr
=1 j=1 =1 \ B i
BLa
«o _30v; ov;
> DPv; D ﬁa—:éD%ﬁD%i &Ui D%; | ,

2<|B|<[al-1 \ O



= B=1 i
BLa
Z DPByD*h Ovi + D%y Ovi
2<IBl<lal-1 \ O O Ozi
(3.10)
and
D*(uVu)- D% = ZDO‘ ( ) D%,
" Aze ou
_ B -B )
= D |[uD gD+ Y ; DD IED ik (3 1)
i=1 181=1
BLla
! 0
> DPuDB Y pay, DQU@D%,-
2<|B|<]e|-1

Thus, it follows from (3.8)-(3.9) that

—2/ (D%(v - Vu)D%u + D*(v - Vv)D%)dx

o aav o
:—22/ ( D +ZD axZD )d

n ﬁ<0¢
a— Ou o a— Ov;j o
2> Y (ﬂ)/HD% (D ﬁaED ut D ﬁajp uj) dv
]7

=1 |3|=1

BLa n
a ou ovj
_ § E B,,. a—p @ E a—BYY] na,, .
2 /nD (o D aTD U+ D %D Uy dx
i=12<|B|<[al-1 \ i j=1 i

-9 Z DozvZ aIZ Da + Z 81)] Da dx

AL+ L+ I3+ 1,
(3.12)



In what follows, we estimate I; (i = 1,2,3,4).

Estimate of I;: Using integration by parts, we have

L = _iz:;/R" v; (%\D“uf—i— E)axi|Dav|2> dx
_ /nv.vqmum D [2)da
= /]R” V - u(|D%uf? + | D% |?)dx

<

ClIV - vl | DU

Estimate of I5: Thanks to Holder inequality and Minkowski inequality, we get

n B<a n
a— Ou a a— Ov; «a
I < CY Y. I1D%villoo | IID ﬁ%HHD ul + ) |ID ﬂaf;HHD vj |
i=1|8|=1 ! j=1 !
n B<la
@ a— Ou a a— v @
< 0y Y IDPvillo ( 11D s [[ID%ul| + | D~ ——|[|[ D0
; ox; ox;
i=1 |51=1
< C[[Vuleol DU

Estimate of I3: By Gagliardo- Nirenberg inequality, we obtain

(3.14)
1D%wills < Clug |~ [ D*v; |, (3.15)
_30u _
D ——|l4 < Cllu)l*~% | D) (3.16)
ox
A
and
_30v; _
1Dy < Oy =2 Do |, (3.17)
(A
where
+ 7 - T+1
=S gy I
«

|

(3.13)



Then, using Holder inequality, Minkowski inequality and (3.15)-(3.17), we have

B<a

o ou O
Kooy Yy |D%uila { 1D ﬁfu4||DauH+Z||Da Poe lall D
i=1 2<|5|<a| -1 s
BLa a
<oy Y ol O D0 | [Jlull =72 Du]|% | D%+

=1 2<|B|<]al-1

n
D g0 D% 1% || Dy |

j=1
< C|U|P- e peg|| ittt
(3.18)
Estimate of I;: By Hélder inequality and Minkowski inequality,
o ou o 0v;j o
Iy < CZHD vill { g, leoll D%l +ZH JHooHD vil
(3.19)
< C|IVU| DU

Combining (3.12)-(3.14)and (3.18)-(3.19) leads to

=2 [ (DY) Dk D* (05 0) D*0)ds < C[ VU o |DU P CU P OO et
(3.20)
Similar to the proof of (3.20), we have

—(7—1)/ (D*(uV-v) Du+D*(uVu)D*v)dz < C||VU ||« || DU ||>+C||U ||~ 01 +02)) Doy || fr+02+1,
(3.21)
It follows from (3.7) and (3.20)-(3.21) that

LDl + 1 D%0[P) + 20 D] < CIVU o | DU + U [P @0 Do |0+,

(3.22)
Noting that 1 < 61 +62 < 2, from (3.5), (3.22) and Sobolev embedding theorem, we obtain
(3.1) immediately.

In what follows, we prove (3.2).

10



Taking the 9; derivative of (2.1), multiplying the first equation of (2.1) by 20;u, the

second one by 20;v and then summing them up yields

d

a(|8tu]2 + \8,511]2) + 2a|8tv|2 + Q@V . (atuatv)
= =2[0(v - Vu)owu + 0r(v - Vv) - O] — (v — 1)[0p(uV - v)Opu + O (uVu) - O]
= —20v - (Vudsu + Vodw) — v - V(|0wu|? + |0pv]?)

—(v = 1)owu(V - vou 4+ Vu - 0pw) — (v — D)uV - (Qpwdu).
(3.23)

Integrating (3.23) over R™ and using integration by parts and Holder inequality gives

d
£(||5tu||2 + 18:01?) + 2al|0pv]|?

=—-2 [ Ow- (Vudwu + Vv - 0w)dx + / V - v(|0pu)* + |0w]?)do—
R7 R"

(v—1) Ou(V - vou + Vu - Opw)dr + (v — 1) Vu - Opopudz
n R (3.24)

< Clowlls(IVull |0eull + [[Vollllow]) + CIV - vllao(l|0pull* + [[9p0]*)+
Cllsulloo IV - v[[[|Opull + [Vull|8sv]]) + ClIVu| ool Opv][[| Opull

< ClaU ol VU U] + CIIVU oo | 0:U |
Taking the 0,D® derivative of (2.1), multiplying the first equation by 20,D%u and the

second one by 20;D%v, and then summing them up leads to

%(|8tDau|2 +18,D%[2) + 2|8, D02 + 26V - (8,D°udy D)
= —2[8,D%(v - V)3 D%u + 8,D(v - Vv) - 9, D] — (3.25)

(v — D[ DY (uV - v)0: D + 9: D*(uVu) - 9y Dv].

Integrating (3.25) over R™ and using integration by parts, we obtain

%(H&:Do‘ull2 + [[0:D%|1?) + 2al|8,D*v|?
- / (D0 - Vu)D* By + D*(v - Vyu) DOyt
DO - Vv) - Ddyv 4+ D*(v - Vo) - D*8yv)dx (3.26)
—(y-1) / [D*(@uV - v) D*pu + D (uV - 9yv) D* Dyt
D*(8uVu) - D8y + D*(uVdsu) - D*Op]dz.

11



Noting the following relations

O - Vu = Z 6tvi%, v-Vou = Z Vj——— 00

i1 al‘z 8xz

T
n n a . n
Oyw-Vou = (Z 8,:@2-%7 . ’Zat”ias,> 0V = (Z 33;1)1

=1

o 8@1}1 “ o 88tvn
D%(v-Vow) = (g D ( 8951)"”’5 D <v,~ B
=1

and using Leibniz’ formula, we have

DO - Vu) = ZDO‘ <8tvi§;) =
i=1 t

(2 K3

i=1 1<|B|< o] -1

a 88tu
(v-Vowu) = g D ( oz, > =
n BLa BLa
o 00ru o 5 a_pO0iu Q@

X XT
i=1 181=1 b a<iBi<lal \ B

n

D (O - Vv) - D% = Z Z D~ (8th gz > D%*0yv; =

=1 j=1

BLa

i=1 j=1 1<|B|<]ef -1

and
D%(v - V) - Da&gv—ZZDO‘ 88”’1 ) D8y
i=1 j=1

B<a

=1 j=1 1Bl=1
B<a
S0 D%Da—ﬁ(?%matvj .
2<I81<lal \ O i

12

- ou I=e o ou
E Do E 89,0, DB ag ..
atle a ] + ﬁ D 8,5’UZD 81’ + D 8151)1 -

n
7§Ui

i=1

>>Tv

a@atvj o 3 a_ﬁaatvj @

(3.29)

(3.30)

T
aaﬂ)n
8.%'1'

I

J
89%

ZZ (8tUZDa ]Daatv] Z ( “ ) D’BatUiDaﬂg;jDaatUj + Daat’l)i aU
ﬁ )




It follows from (3.27)-(3.30) that

—2/ [DY (O - Vu)D*Ou + D (v - VOu)D*Oyu + D*(0gv - V) - D*Opw + D (v - Vo)

0
- —QZ / dyv; DO‘ Do‘é?tu + ZDO‘ aZJ Ddy; | do

" 000 o« 00;
—22/ V; D~ ax D 8tu ZD ]D Otvj dzx

a _300u "L 500w
=233 / DPv; [ D* ﬂTfD O+ > D B%D Opj | da
i=118=1 \ B " Ti j=1 i

- D*Oyv]dx

B<a n
§ : § : @ a— ou «a § : a— Ov; «a
i=1

i=1 1<|8|<a| -1

€Ty s

L s as®Ohu 00005,
=23 ¥ | DPu | D0 Datu+ZD oD 0w; | dx

i=12<|/<|o| \ O

—2 Z D0 Daﬁtu + Z 81)] Da&gvj dx

LN+ Jy+Js+ i+ Js + Jg.

(3.31)
In what follows, we estimate J; (i = 1,--- ,6).
Estimate of J; : Using Holder inequality and Minkowski inequality, we have
- v,
Ji < CY |0wille !D“fHHD“atUH + Z 1D == . 2, 1Pl
; st
(3.32)
< Cllowlloo (1D Vull[| D*Opul| + | D* Vo[ D*Opv])
< CloU oo | D*VU[[| D8, U -
Estimate of J, : By integration by parts gives
Jy = _Z/ vig - (DaatuQ + Z D“@tv32> dz
7j=1
(3.33)

_ —/ v - V(I D*0yul® + |D*0,0[?))da

= V - v(|D%Ou|? + | D*0yv|?)dz < C||VU ||oo || DO U |2
R

13



Estimate of J; : Using Holder inequality and Minkowski inequality, we get
J3 < OVl (|D*8eul® + | D00 ]|?) < C||VU||oo| D*0U 1. (3.34)

Estimate of J; : Thanks to Gagliardo-Nirenberg inequality,

I1DP0ywil|s < Cl|Dpwi]| '~ D*Opvi| ™, (3.35)
0
|D0 “ (3.36)
and
oa— 8/1) — «
D 587],”4 < C||Vuy||' || DV v;]|%, (3.37)
where
o= 131+
||

and 60 is the same constant in (3.15).

Using Holder inequality, Minkowski inequality and (3.35)-(3.37) , we obtain

B<La
o ou v,
Ji < Cz > 1D dpilla | 1D ﬂf!!ziHDaatUHJrZHDa g ]H4HDa8tU]H
=1 1<|B|<]e| -1 j=1
B<La o
<oy Y (19001~ 1D By | [ a5 | DV % | D By +
=1 1<|B|<|e| -1
n
> 9esll =D 0| [0 2| D0 | Dy
j=1
< Claull*= DU | VU | %DV U | .
(3.38)
Estimate of J5 : Using Holder inequality and Minkowski inequality again yields
n ,G<a
— a 88 u 00w
B<ed S |1 D%v;|4 [ || DY P2 \\41\Daatuyy+2\\m s ”H |1 DO,
i=12<|B|<lal \ i=1
(3.39)
On the other hand, by Gagliardo-Nirenberg inequality, we have
1D wills < C|[Voi||'=% | DV wi] |, (3.40)
00,
(P2 tu||4 < Cl0pul| '~ || D* Oy (3.41)
and
_300v; _
1% P < Ol |- | D Dy | (3.2
7

14



where
18]+ -
!a\

and 60 is the same constant in (3.16) and (3.17).
Thus, combining (3.39)-(3.42) leads to

04 =

B<a
«
AENOVDY (10l =241V i | Dyl = | DOy D Dy
=1 2<|8|<]qf

n
+ 3 19wl DTV | o |2 D% e | 2] D0y )
j=1

< CIVU %DV |0, U ||| D opU ||+
(3.43)

Estimate of Js : By Holder inequality and Minkowski inequality again,

a a v, « a
Jo < CZ |1 DOy H ||oo||D Ol +ZII ]HooHD dwvjll | | < CIVU|| D*8U|1*.
=1
(3.44)

Combining (3.31)-(3.34), (3.38) and (3.43)-(3.44) gives
-2 /H[Da(ﬁtv -Vu)D*Oyu + D (v - VOyu) DO
+D%*(0pv - Vv) - D*0pv 4+ D*(v - Vo) - D*0pv]dx
< CAU loel DVU|D* AU + CIIVU |l D*OU*+ (3.45)
ClOU = [D*0U |7+ [VU =) DoV |4
CIVU =DV | o || D o,U |+
Similar to the proof of (3.45), we have
—(y-1) /H[DO‘(&:UV -0)DYOyu + D*(uV - dpv) D*Opu
+D(0uVu) - DO + D*(uVoru) - D*Opv]|dx
< CllaU]||| D*VUIID* U + ClIVU ||| D*0,U|*+ (3.46)
Clau|I*= | DU | VU ||| DV U | +

CIIVU =DV U™ [0 U |~ *=(| D 0T ||+

15



It follows from (3.26) and (3.45)-(3.46) that
d
- (10D%ul* + 3. D|[%) + 2a]| 0, D0

< Cl0U |0 | DEVU || D*0,U|| + C||VU||oo| [ D0, U||*+ 3.47
3.47

ClloUl= | D*aU | |V U||*=*|| DYV U||% +

CIIVU =DV U™ 8T || D 0T ||+

Using (3.24), (3.47) and Sobolev embedding theorem yields (3.2) immediately.

We now prove (3.3).
By (3.1) and (3.2), we have

d

7 (O + 10U ) + 2a ([0l + [100]Frm1)

< ColllU o IVU N + CU0U | grm—s + U )V U Fpm—1 + 18U || Frm—1)-
(3.48)

Thanks to the Sobolev embedding theorem, we obtain

1
1Ullse < CIUgm—1 < CUIU[Fpm + 110U |31 2.

Therefore,

1
U TlIVUI < CUUIEm + 10U 1m0 2 (101 Fm + 1VU 1)

1
< C(1UlFm + 10U 3pm-1)2 (ol Frm + 10601 Fm—s + [Vl Fpm—r + [Opul Frm-1)-
(3.49)

Noting that
1
Ul + 102U || erm—1 < V2(|U[[Frm + 18U [Fm-1) 2.

Thus, we have
(1T |z + 18U | erm—1 )V U pm—s + 10U | 7m—1)

1
< V2([U1m + 10U 3m) 2 (10l Fom + 1000113 + [Vl s + |0l )
(3.50)
Combining (3.48)-(3.50) gives (3.3) immediately. Thus, the proof of Lemma 3.1 is com-

pleted. |

Lemma 3.2 Suppose that 1 <n <4, m € N and m > 5 + 1. Suppose furthermore that,
for any given T > 0, U(z,t) € C([0,T]; H™(R™)) N CL([0,T]; H™ *(R™)) is a solution of
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the Cauchy problem (2.1)-(2.2). Then, it holds that
IVl Fpm—s + 10l s < Clullfpm + 100l Fm—1) IVl Frms + 1| Oetel| Fpnr )+
C[vllzm + 1060 5pm-1) + CU0lFrm + 1001 Fm—1 )+

C(llullzrm + 10l Gpn-2) (101 Fm + 10 Fn-n)-

(3.51)
Where the positive constant C depends on A, p,v,n and m, independent of T .
Proof. It follows from (2.1) that
Ou=—¢gV-v—v-Vu—L1uV .o,
' 4 2 (3.52)
Vu = f%(atv +av+v-Vo+ ’YT_IUVU)
By (3.52), we have
IVull s + 10l fpm—s < C ([0l7pn + 1000l + 1V - VullZm—+
Huv ' UH?'—Im—l + ||U : vv”%—]m—l =+ Huvu”%[m—l) .
(3.53)
Using (3.8), (3.15)-(3.16) and Hélder inequality inequality, we get
Yo ADw-vu)l? < C ol lulii + 1VolllullFm-+
|a|=m—1 (354)
[0l el Gy + [ VullZ N0l ] -
By the Sobolev embedding theorem, we obtain from (3.54) that
Y 1D Vu)l* < Cllullfim + 100l Fm—1) ([0 Frm + 1000l Fm—1)- (3.55)
|a|=m—1
Thus,
lv - Vulfpm-1 < CllullFm + 10¢ullFm-) ([0l Fm + 18e0llFm-1)- (3.56)
Similarly, we can prove
[V - 0lffpm-s < CllullFm + 10¢ullFm—) ([0l Fm + 18e0llFm-1), (3.57)
[v - Vol < Cl0lFm + 100]l7m-1)° (3.58)
and
luVullzm— < CUllullzm + 100l Fpm— ) IVl G- + [10eulFm-r). (3.59)

Combining (3.53) and (3.56)-(3.59) gives (3.51) immediately. Thus, the proof of Lemma
3.2 is completed. |
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4 Global existence and uniqueness

In this section, we will show that the Cauchy problem (2.1)-(2.2) admits a unique global
smooth solution if the initial data is suitably small.

For the common positive constant C' in (3.3) and (3.51), define
2

5 :min{l,;C,M}. (4.1)
Lemma 4.1 Suppose that 1 < n < 4, m € N and m > 5 + 1. Suppose furthermore
that U(z,t) € C([0,T%); H™R™)) N C([0,T°); H™ Y(R™)) is a solution to the Cauchy
problem (2.1)-(2.2). Then it holds that

U7 + 10U )3 < C, Y E€[0,T°), (4.2)
provided that the norm ||Up| gm of the initial data is suitably small.
Proof. For the time being it is supposed that

IO rm + 10U ()| < 61, ¥t €[0,T°). (4.3)

We shall explain that this hypothesis is reasonable later.
Noting (4.1), we obtain from Lemma 3.2 that

IVu@) - + 10l s < GO+ D)o@l Fm + 100 @) 7). VEE€[0,T°). (4.4)
Thus, it follows from (3.3), (4.3)-(4.4) and (4.1) that
%(HU@)II%W 10U ()1 Fm—1) + all[v(®)Fm + 00 Fpm-1) < 0. (4.5)
Using Gronwall inequality, we have
U@ Em + 18U @) 31 < U ©O)[Fm + 10U O) |71, Yt € [0,T°). (4.6)
By the system (2.1), we observe that
10.U @)l zzm—1 < CUU @)l + U E)[7m)-
Hence, choosing ||Up|| gm suitably small, we have
1T O)1Fm + 118U (0)[Fm—1 < C(Uol[Frm + 1Toll7m + Ul zgm) < 81/2- (4.7)

Combining (4.6) and (4.7) shows that the hypothesis (4.3) is reasonable. Thus, the proof

of Lemma, 4.1 is completed. |

Combining Theorem 2.1 and Lemma 4.1 gives the following theorem.
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Theorem 4.1 Suppose that 1 < n < 4, m € Nand m > 5 +1, Uy € H™(R"). If
|Uo||m is suitably small, then the Cauchy problem (2.1)-(2.2) admits a unique global
smooth solution U = U(z,t) € C(]0,00); H™(R™)) N C([0,00); H™ 1(R™)).

5 Asymptotic behavior

In this section, we restudy the global existence of the smooth solution to the Cauchy
problem (2.1)-(2.2) and investigate the asymptotic behavior of the solution. Throughout
this section, we assume that the initial data Up(z) is in the space L'(R™)( H™(R"),
ie., Up(x) € LY(R™) N H™(R™) and the norm ||Upl|; + ||Uo| gm is suitably small, where
m,n € N and satisfy that 2 <n <4, m > § + 1.

To do so, we consider the following linearized system of (2.1)

ﬁtu +V.v= 0,
(5.1)
o+ Vu +av =0,
where, without loss of generality, we take ¢ =1 in (2.1).
Similar to [14], using Fourier transform, we obtain from (5.1) that

where U (€,t) = (a(,t),5(¢,t))T and

.
Ag) = .

—i&T —al,

in which T denotes the transpose of a row vector and I,, denotes the n X n unit matrix.

The eigenvalues of A(§) read

1 1
Al == Mp_1 = —a, )\n:—i(a—l—m), )\n+1:—§(a—\/512_74|£|2)'

The eigenspace corresponding to the eigenvalue —a is the subspace of vectors (0, () with
¢ €R"and ¢-¢ = 0. The vector h = (—i\,11,&)7 is an eigenvector for the eigenvalue \,,.

Define the orthonormal set

. h
XZ:(ngl)T (,L:]-a"',nil)a Xn:m’

where ¢; (i = 1,---,n — 1), & are mutually orthogonal row vectors in R™. We choose

Xn+1 € R such that {x;}7*! is an orthogonal basis of R"*'. Let R(£) be the unitary
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matrix whose columns are 1, -+, Xn+1. Then we have

where
0 —a 0 0 0
B(¢) = |
0 0 --- —a 0 0
0 o --- 0 0 Ant1 (nF (i)
in which
_a’7 a/2 - 4’§‘2 < 07
z =
2\, a® —4|¢)2 > 0.
We observe that
0 e—at 0 0 0
T(t) =
0 0 e—at 0 0
0 0 .. 0 6)\nt %
O 0 “ee 0 O €>\"+1t
(n+1)x(n+1)
satisfies
T'(¢)=BET(t) and T(0) =1,
so we have

It follows that

W (t) £ exp(tA(€)) = R(€) exp(tB(€))R*(€) = R(OT(H)R*(€).

Thus, the solution of the Cauchy problem (5.1), (2.2) is given by U(x,t) = W (¢)Uy, where
W (t) = F'W(¢)F and F donates the Fourier transformation.

Lemma 5.1 Assume that mn € N, 2 <n <4, m > 2+1 and Uy € L' " H™(R").

Then it holds that
W (H)Uolloo < C(1+ )" 2[|[Ug|l1 + Ce || D1, (5.3)
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VW ())Uplloe < C(1+ )5 ||Uo [y + Ce™| D™y, (5:4)

| DAW (Ul < C(1+ )~ 372 [Ug [y + Ce | DEUs|| - (k =0,1,-++ ,m), (5.5)

m
2

WOVl < C|(A+6)75 + 1+ )75 % | [Uo]li + Ce™||[Uoflgrm,  (5.6)

where the positive constant C' depends only on a and

Mzg-

Proof. Similar to [14], we can show that the off-diagonal element of T'(t) is bounded by

tle|?

Ce ", as |§|<1/:@,
(1) = u ; (5.7)
Ce s, as \§|2V:@.

A similar bound holds for the diagonal elements. Thus, W (t) is bounded by (5.7).
Using Holder inequality and Hausdorff-Young inequality, we have

2 A ~
U5 | Uolde + © / &) Ul de
|€|>v

1 1

R 2 N 2 N R 2

< C||Upllo / e~ de + Cent ( / |§!2<[2“1>d£> ( / \€|2([2H1)’U0|2d§>
|§l<v |&|>v |&|>v

< C(1+1)72||Uoll1 + Ce || D).

WOl < IW©Tolh < C / L
El<v

This proves (5.3).
Using Holder inequality and Hausdorff-Young inequality again and noting that fact

that 2m — 2 > n, we obtain

¢

|2 N B R
: !é\IUo\dﬁJrCAP e~ 141¢|[Uode

IVW () Uolls < W (@)[E]Uo]1 < C ‘ e
<v

N t]g)? : N :
CIU, o ~d C —put 272md 2m U 2d
1ol /ﬂ@me £+ Ce (/Iwm €> (/Wm Tl g)

< C(1+1)"% |Uplli + Ce ™ ||D™Up||.

IN

This proves (5.4).
Using Plancherel equality, for k € {0,1,--- ,m} we get
ID*W () Uol* = ||W (£)[¢[*To >
tl¢|?

< of e e 1 C / € [Pem 20 T e
[El<v [&]>v

< C(+1) 2 ¥ Upll% + Ce*| D"y ?
< CL+ )72 0|l + Ce || DM 1*.
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This proves (5.5).
(5.6) follows (5.5) immediately. Thus, the proof of Lemma 5.1 is completed. [ |

Lemma 5.2 Suppose that b > 1 and b > d > 0. Then there is a positive constant C such
that for allt > 0,

t
J= / (1+t—7)A+7)"4dr <C1+1t)~%
0
See Zheng [17] for the proof of Lemma 5.2.

Theorem 5.1 Suppose that m,n € N and 2 <n <4, m > § + 1. Then, there exists a
§ > 0 such that, for any Uy € L*(R™) (" H™(R") satisfying

1Tollx + [[Uoll rm < 6, (5.8)

the Cauchy problem (2.1)-(2.2) admits a unique solution U = U(x,t) € C([0,00); H™(R™))
CL([0,00); H™1(R™)). Moreover, the following estimate holds

[5]+1
sip { (1+0F|[U]loe + Y (1+ 0T+ DRU |+
0<t<oco k=0
(5.9)
(5] l
(L+ )55 DU + Ul + |00 g } < €.
=0
Proof. It follows from the Duhamel principle that
t
Uz, t) =W(t)Us + / W(t—7)F(U,VU)(z,T)dr, (5.10)
0

where

—1 ~1 g
F(U,VU):<—U'VU—72 uV'v,—v-VU—72 uVu) .

In what follows, we estimate the terms: |[F'(U, VU)||1, ||[F(U,VU)| and ||D*F(U,VU)||,
where k=1,--- ;m.

Using Minkowski inequality and Holder inequality, we have
I1E (U, VU)[ < ClU[IVU]]. (5.11)
Using Minkowski inequality again, we obtain

I1EU, VU)|| < C|U]l VU (5.12)
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By Leibniz formula, Gagliardo-Nirenberg inequality and Holder inequality, similar to the

proof of (3.20), for k € {1,--- ,m}, we can prove
ID*F(U,VU)|| < C||U||z= | D*U. (5.13)

Let

[5]+1
N(t) = sup {(HT 2| U(T) oo + Z i3 Dy (T)+U(T)Hm}- (5.14)

0<r<t

It follows from Minkowski inequality, Lemma 5.1, (5.11), (5.13) and Lemma 5.2 that
t
D)oo < [W(#)Uolloo +/0 [W(t =7)E(U,VU)|loodr
< C(L+1t)" 2| U0l + Ce || DT |1+

t t
C / (14+t—7)"2|F(U,VU)|dr +C / e #=T| DEF R, vU) | dr.
0 0

C(L+t)72 (Ul + |Uo]|zrm)+

IN

[F1+1

t t
CNQ(t)/(lth—T)3(1+r)"¥1dr+0N2(t)/ e =) (1 4 1)~ + 3 )gr
0 0

< O+ )72 (Ul + |Uollzm + N*(1)).
(5.15)

Noting that k& < [§] 4 1, similar to (5.14), we have
t
IDFU@) < (ID*W ()Tl +/ ID*W (t — 7)F(U,VU)||dr
0

< C(A+t)" G| Up||y + Ce || DFUp||+

t
o/ (1+t—7) )| P, VU)]ldT—i—C/ #t=1)|| Dk F (U, VU)||dr
0

n k
< CA+t)"GFD(|Uolhy + ([Uo | rrm )+
t t
CNQ(t)/ (1+t—7‘)_(z+§)(1+T)_n;1d7'+CN2(t)/ M1 4 1)~ D ar
0 0
< O+t~ ED(|Uolly + [[Usllzrm + N2(2)).

(5.16)
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Using Minkowski inequality, Lemma 5.1, (5.11)- (5.13) and Lemma 5.2 yields
t
U@ e < [W(EUol m +/ W (t = 7)EU,VU) || pmdr
0
< ClA+)7T+ 1+ 75 )|Toll + Ce™*|[Uollrm+

m
2

c/t((1+t—r)’l +(14t—7)"5i 2)|FU,VU)|dr+
0

¢ t
c / e M| F (U, VU) |dr + C / e MDD (U, VU |ldr
0 0

IN

t
C(1+1) 4 (ol + [Uollm) + CN*(®) [ (=) F (1) H s
0

t t
CN2(t) / eI (1 4 )G dr 4 ON2() / =T g
0 0

< C(|Uollx + 10| rm + N*(t)).
(5.17)

Thus, it follows from that (5.14)-(5.17) that
N(t) < C(||Uolls + ol + N?(t)), ¥ t>0. (5.18)
Similar to [16], on the one hand, we can choose a positive real number ¢ which satisfies
e > Ce?, (5.19)

where C is the absolute constant appearing in (5.18). On the other hand, choose § > 0
small enough such that, if

[Uoll1 + IUollam <6, (5.20)

then N(0) < € and
e > C(|Uolly + o]l ) + Ce. (5.21)

Thus, the inequality (5.20) implies that
N(t) <e forall t>0. (5.22)

Otherwise, by the continuity of N(¢) and the fact that N(0) < e, N(¢)would necessarily
be equal to ¢ at some ¢ > 0, but in this case (5.18) would contradict (5.21). Therefore,
N(t) is bounded for all t > 0, i.e., there exists a positive constant C' > 0 such that it holds
that N(t) < C for all ¢ > 0.
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Using (2.1) and N(t) < C, we get
10:U | pgm—1 < C(IU [ + |U | Frm) < C. (5.23)

Noting (2.1), (5.13) and using the fact that N(t) < C, for I € {0,---,[5]} we obtain

IN

ID'oU| CID"U| + ¢ D'U| + | D'F(U,VU)|

< C|D™'U| + C|ID'U| + C||U || g | DU ||
(5.24)

N~

< C(a+n EE) 4 (1407 4 (14T

)
< C(+) D),

Combining (5.23)-(5.24) and N(t) < C proves Theorem 5.1. Thus, the proof of Theorem
5.1 is completed. |

Remark 5.1 In Theorem 5.1, if 2 < n < 3,m = 3, then from (5.4), (2.1) and the
estimate | D3F (U, VU)|| < C||VU| sl D?U||, we can prove that the solution to the Cauchy
problem (2.1)-(2.2) also satisfies the following estimates

n+1

VU]l < C(1+1)" 2

and

16U < C(1 4 1) 5.
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