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1ÊÙSÈ�m

SÈ�m�Vg

SÈ�m�Vg

½Â (¢SÈ�m)

� V ´¢ê� R þ���5�m (−,−) ´ V þ�����¢�¼ê§X
J (−,−) ÷v±e5Kµ

1 é¡5µ(α, β) = (β, α)§∀α, β ∈ V¶

2 �ý�5µ(kα + lβ, γ) = k(α, γ) + l(β, γ)§∀α, β, γ ∈ V§∀k, l ∈ R¶

3 �½5µ(α, α) ≥ 0§∀α ∈ V"(α, α) = 0 ��=� α = 0"

K¡ (−,−) ´ V þ���SÈ§(V, (−,−)) ¡���SÈ�m"
� dim V < ∞ �§SÈ�m V q¡�Euclid �m£î¼�m¤"

~

3 Rn þ¥§é α = (a1, a2, · · · , an)′, β = (b1, b2, · · · , bn)′, ½Â

(α, β) = a1b1 + a2b2 + · · ·+ anbn = β′α§

K (Rn, (−,−)) ´�� n � Euclid �m§¡�IOSÈ�m"
XJ½Â (α, β) = a1b1 + 2a2b2 + · · ·+ nanbn§�¬����SÈ�m"
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1ÊÙSÈ�m

SÈ�m�Vg

~

�«m [a, b] þ�ëY¼ê�N�¤��5�m C [a, b]§½Â

(f (x) , g (x)) =
∫ b

a
f (x) g (x) dx§

K (C [a, b] , (−,−)) �¤��Ã��SÈ�m"

½Â

� V ´¢ê� C þ���5�m (−,−) ´ V þ�����E�¼
ê§XJ (−,−) ÷v±e5Kµ

1 �Ýé¡5µ(α, β) = (β, α)§∀α, β ∈ V¶

2 �ý�

5µ(kα + lβ, γ) = k(α, γ) + l(β, γ)§∀α, β, γ ∈ V§∀k, l ∈ C¶

3 �½5µ(α, α) ≥ 0§∀α ∈ V"(α, α) = 0 ��=� α = 0"

K¡ (−,−) ´ V þ���SÈ§(V, (−,−)) ¡���SÈ�m"
� dim V < ∞ �§SÈ�m V q¡�U-�m£j�m¤"
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1ÊÙSÈ�m

SÈ�m�Vg

~

3 Cn þ¥§é α = (a1, a2, · · · , an), β = (b1, b2, · · · , bn), ½Â

(α, β) = a1b1 + a2b2 + · · ·+ anbn = βHα§

K (Cn, (−,−)) ´�� n � U-�m"

d½Â§¢SÈ�mþ�SÈmý�´�5�§

= (α,−) : β 7→ (α, β) � V → R ��5C�£¼ê¤¶ESÈ�mþ

�SÈmý´�Ý�5�§

= (α, kβ + lγ) = k (α, β) + l (α, γ)§∀α, β, γ ∈ V§∀k, l ∈ C"
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1ÊÙSÈ�m

SÈ�m�Vg

½Â

� (V, (−,−)) ���SÈ�m§� α ∈ V§�K¢ê
√

(α, α) ¡� α ��Ý
£�ê¤§P�

‖a‖ =
√

(α, α)"

e β ∈ V§K½Â α!β �m�ål

d (α, β) = ‖β− α‖¶

� V �¢SÈ�m�§½Â α!β �m�Y�(̂α, β) deª�Ñ

cos (̂α, β) =
(α, β)

‖α‖ · ‖β‖¶

� (α, β) = 0 �§¡ α!β ��£R�¤"

ùpk��½§� α ½ β ¥k���"�§(̂α, β) �±´?¿�"
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1ÊÙSÈ�m

SÈ�m�Vg

�þ��Ýk±e5�µ

½n

� (V, (−,−)) �SÈ�m§α, β ∈ V§k ´½Âê�¥�ê§K

1 àg5µ‖kα‖ = |k| ‖α‖¶
2 Cauchy-Schwartz Ø�ªµ‖(α, β)‖ ≤ ‖α‖ ‖β‖¶
3 n�Ø�ªµ‖α + β‖ ≤ ‖α‖+ ‖β‖"

� α!β ��

�§‖α + β‖2 = (α, α) + (β, β) + (α, β) + (β, α) = ‖α‖2 + ‖β‖2
§ù�

(Ø¡���½n"
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1ÊÙSÈ�m

SÈ�m�Vg

~

Cauchy-Schwartz Ø�ª ‖(α, β)‖ ≤ ‖α‖ ‖β‖ 3ØÓ�m¥�Nyµ
1 éu Rn§IOSÈe

|a1b1 + a2b2 + · · ·+ anbn| ≤
√

a2
1 + a2

2 + · · ·+ a2
n

√

b2
1 + b2

2 + · · ·+ b2
n¶

2 C [a, b] e

∣
∣
∣
∣

∫ b

a
f (x)g(x)dx

∣
∣
∣
∣
≤
(∫ b

a
f 2(x)dx

)
1

2
(∫ b

a
g2(x)dx

)
1

2
"
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1ÊÙSÈ�m

SÈ�L«Ú��Ä

� V ´�� n �SÈ�m§3 V ¥��|Ä v1, v2, . . . , vn§éu V ¥?¿
ü��þ

α = a1v1 + a2v2 + · · ·+ anvn, β = b1v1 + b2v2 + · · ·+ bnvn,

dSÈ�5��

(α, β) = 〈a1v1 + a2v2 + · · ·+ anvn, b1v1 + b2v2 + · · ·+ bnvn〉
=

n
∑

i=1

n
∑

j=1
(vi, vj)aibj

= (a1, a2, . . . , an)








(v1, v1) (v1, v2) · · · (v1, vn)
(v2, v1) (v2, v2) · · · (v2, vn)

...
...

. . .
...

(vn, v1) (vn, v2) · · · (vn, vn)















b1

b2
...

bn








¡ G (v1, v2, . . . , vn) =








(v1, v1) (v1, v2) · · · (v1, vn)
(v2, v1) (v2, v2) · · · (v2, vn)

...
...

. . .
...

(vn, v1) (vn, v2) · · · (vn, vn)







�SÈ�

m (V, (−,−)) �Ä�þ�Gram Ý
"



p��ê£þ°½°¬�§§��<µÁ��§mazhusl@fudan.edu.cn¤

1ÊÙSÈ�m

SÈ�L«Ú��Ä

� V ´¢SÈ�m�§é?¿��" (x1, x2, . . . , xn) ∈ Rn§XJ

� α = x1v1 + x2v2 + · · ·+ xnvn§KdSÈ��½5!é¡5��§

(x1, x2, . . . , xn)G (v1, v2, . . . , vn) (x1, x2, . . . , xn)
′
> 0

� G (v1, v2, . . . , vn) ���¢é¡
"ù��Ý
¡��½Ý
"ù
´�g.�Ù¥­:?Ø�Ý
"

XJ u1, u2, · · · , un ´�m V �,�|Ä§�
l v1, v2, · · · , vn � u1, u2, · · · , un �LÞÝ
� P§/ªþ

(u1, u2, · · · , un) = (v1, v2, · · · , vn)P

KdSÈ��ý�5£mý�Ý�5¤§��µ

G (u1, u2, . . . , un) = P′G (v1, v2, . . . , vn) P§

ù��EÝ
�'X§3�¡�Ù!¥¡�ÜÓ'X"é¢�



ó§ü�Ó�é¡
 A!B§XJ�3���_Ó��
 P§¦
� P′AP = B§K¡ A � BÜÓ"'uÜÓ'X§·�ò±�¡�Ù
!¥�[?Ø"
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1ÊÙSÈ�m

SÈ�L«Ú��Ä

SÈ�m V ¥ Gram Ý
´ü 
�Ä¡�IO��Ä"

½Â

� (V, (−,−)) ´��SÈ�m§e v1, v2, . . . , vn ´ V ¥��p��
��"�þ|§K¡ v1, v2, . . . , vn ´�����þ|¶���þ|e

�¤ V �Ä§K¡���Ä¶�|��Ä¥ez��þÑ´ü �
Ý§K¡��|IO��Ä"

N´w�§�|Ä´�O��Ä�¿©7�^�´§� Gram Ý
´
ü Ý
"

~

e v1, v2, . . . , vn ´ V ��|IO��
Ä§x = x1v1 + · · ·+ xnvn§y = y1v1 + · · ·+ ynvn§K

(x, y) = y1x1 + · · ·+ ynxn = ([x]v′s , [y]v′s)"

��|3SÈ�m¥ké`:§3O����þ�L«Xê�§Ø^

2�)���5�§|"ù3e¡�·K¥�±w�"
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1ÊÙSÈ�m

SÈ�L«Ú��Ä

·K

� V ´��SÈ�m§v1, v2, . . . , vn ´ V ¥����þ|§v ∈ V"K

1 v1, v2, . . . , vn 7�5Ã'§n ≤ dim V¶

2 e v �d v1, v2, . . . , vn �5LÑ§K7k v = PrL(v1,v2,...,vn) v§Ù¥

Pr
L(v1,v2,...,vn)

v =
(v, v1)

(v1, v1)
v1 +

(v, v2)

(v2, v2)
v2 + · · ·+

(v, vn)

(vn, vn)
vn

¡ PrL(v1,v2,...,vn) v � v 3 v1, v2, . . . , vn )¤�f�mþ�ÝK¶

3 (

v− Pr
L(v1,v2,...,vn)

v

)

⊥ L (v1, v2, . . . , vn)§

4 ‖v‖2 =
∥
∥
∥v− PrL(v1,v2,...,vn) v

∥
∥
∥

2
+
∥
∥
∥PrL(v1,v2,...,vn) v

∥
∥
∥

2
≥

∥
∥
∥PrL(v1,v2,...,vn) v

∥
∥
∥

2
"

����(Ø¡� Bessel Ø�ª§TØ�ª3Fourier ?êÐm¥käN
A^§�´���¦{�nØ�â"
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1ÊÙSÈ�m

SÈ�L«Ú��Ä

��|´Ø´�3§e¡�Ñ���{§§ò�������þ|z¤���

���þ|"

·K (Gram-Schmidt ��z�{)

� V ´��SÈ�m§v1, v2, . . . , vn ´ V ¥��þ|"½Â

u1 = v1,

u2 = v2 −
(v2, u1)

(u1, u1)
u1 = v2 − PrL(u1) v2,

u3 = v3 −
(v3, u1)

(u1, u1)
u1 −

(v3, u2)

(u2, u2)
u2 = v3 − PrL(u1,u2) v3,

· · ·
un = vn −∑

n−1
i=1

(vn, ui)

(ui, ui)
ui = vn − PrL(u1,u2,...,un) vn,

K u1, u2, . . . , un ´�����þ|�

é ∀1 ≤ k ≤ n§L (v1, . . . , vk) = L (u1, . . . , uk)"
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1ÊÙSÈ�m

SÈ�L«Ú��Ä

íØ

1 ?�SÈ�mþ7�3IO��Ä"

2 e A �� n ��_¢�
§K�3Ý
 Q Ú R§¦
� A = QR§� Q ÷v Q′Q = In§R ���é��þ��ê�þ
n�Ý
"ù�©)ª´���§¡�Ý
 A �QR-©)"

XJ U ´SÈ�m V ���f�m§K (−,−) ��3 U þ�´�
�SÈ"P U⊥ = {x ∈ V | (x, u) = 0, ∀u ∈ U}§KdSÈ��ý�5
��§U⊥ �´ V ���f�m"

½n (f�mR�©)Ú��Ä*¿½n)

� U ´SÈ�m V ���f�m"K

1 V = U
⊕

U⊥¶
2 U ��|IO��Ä7�*¿� V ��|IO��Ä"

� V1, , . . . , Vk þ´ V �f�m�
(
Vi, Vj

)
= 0 (∀1 ≤ i, j ≤ k) �§

¡ V1, , . . . , Vk ´��f�m"�â���þ|7´�5Ã'�ù�(

Ø§k��f�m�Ú7´�Ú"
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1ÊÙSÈ�m

SÈ�mþ�5C����C�

SÈ�mþ�5C����C�

Ún

� (V, (−,−)) ´��SÈ�m§ϕ ∈ L (V)§β ∈ V§d�3���
� β∗ ∈ V§¦�

(ϕ (α) , β) = (α, β∗) , ∀α ∈ V"

y²µ � V ��|IO��Ä v1, . . . , vn"XJ β∗ ÷v�¦§
K (ϕ (vi) , β) = (vi, β∗)§�k (β∗, vi) = (β, ϕ (vi))§u´dc¡��
�þ|¥�þ�L«ª§�

β∗ =
n

∑
i=1

(β∗, vi) vi =
n

∑
i=1

(β, ϕ (vi)) vi¶

�L5§XJ β∗ = ∑
n
i=1 (β, ϕ (vi)) vi§d v1, . . . , vn ´IO��Ä§

´� β∗ ÷v�¦" �

½Â ϕ∗ : β 7→ β∗ = ∑
n
i=1 (β, ϕ (vi))§d (−,−) ��ý�5

�§ϕ∗ ∈ L (V)§¡� ϕ ���C�"
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1ÊÙSÈ�m

SÈ�mþ�5C����C�

5

5¿§�, ϕ∗ ¡� ϕ ���§�Ø+3�oÄe§¤éA�Ý
���Ý

�:'X�vk"���Ñ�´§3IO��Äe§C��Ù���Ý
T�

�Ý=�'X"

½n

� (V, (−,−)) ´SÈ�m§v1, . . . , vn ´ V ��|IO��Ä§ϕ ∈ L (V)"
XJ ϕ 3 v1, . . . , vn e�Ý
� A§K ϕ∗ 3 v1, . . . , vn e�Ý
� AH"X

J V ´¢SÈ�m§K ϕ Ú ϕ∗ 3 v1, . . . , vn e�Ý
p�=�'X"

Ï�Ý
p�£�Ý¤=�'X§¤±kXeaquÝ
=��'Xª¤áµ

½n

� (V, (−,−)) ´SÈ�m§ϕ, ψ ∈ L (V)§c1, c2 ´ê§K

1 (c1 ϕ + c2ψ)∗ = c1 ϕ∗ + c2ψ∗¶

2 (ϕψ)∗ = ϕ∗ψ∗¶

3 (ϕ∗)∗ = ϕ"

4 e U ´ ϕ �ØCf�m§K U⊥ ´ ϕ∗ �ØCf�m¶

5 e ϕ �A��� λ1, . . . , λn§K ϕ∗ kA�� λ1, . . . , λn"
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1ÊÙSÈ�m

SÈ�m�Ó�§��C�ÚjC�

SÈ�m�Ó�§��C�ÚjC�

�ü�¢£½E¤SÈ�m�5Ó�§�Ó�U
�±SÈ�§·�

`ù�Ó�´ü�SÈ�m�m�Ó�"

½Â

� (U, (−,−)) Ú (V, (−,−)) Ó´¢£½E¤SÈ�m§e�
3 ϕ ∈ L (V → U)§¦�

(ϕ (x) , ϕ (y)) = (x, y)§∀x, y ∈ V§

K¡ ϕ ��±SÈ��5N�§XJ ϕ �´�5Ó�§K¡ ϕ ´S
È�m V � U �Ó�"

·K

ϕ ∈ L (V → U) �±SÈ��=� ϕ �±�ê§
= ‖ϕ (x)‖ = ‖x‖§∀x ∈ V"
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1ÊÙSÈ�m

SÈ�m�Ó�§��C�ÚjC�

SÈ�m�Ó�§��C�ÚjC�

�ü�SÈ�m��ê�Ó�§Ó��kÙ§�d`{µ

½n

� (U, (−,−)) Ú (V, (−,−)) Ñ´�Ó�ê�¢£½E¤SÈ�
m§ϕ ∈ L (V → U)"Ke�`{�dµ

1 ϕ �±SÈ¶

2 ϕ ´Ó�¶

3 ϕ r V �?�|IO��ÄN¤ U �IO��Ä¶

4 ϕ r V �,�|IO��ÄN¤ U �IO��Ä"

u´§ü�SÈ�mÓ��¿©7�^�´Ù�ê�Ó"
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1ÊÙSÈ�m

SÈ�m�Ó�§��C�ÚjC�

SÈ�m�Ó�§��C�ÚjC�
éuÓ��SÈ�m§Ùþ��ÈÓ�¡���C�£�SÈ�m�

î¼�m�¤½jC�£�SÈ�m�j�m�¤"

½n

� ϕ ´SÈ�m (V, (−,−)) þ����5C�§K ϕ ��ÈÓ��
�=� ϕ∗ = ϕ−1"

c¡`L§L (V) ¥� ϕ Ú§��� ϕ∗ 3�|�O��ÄeéA�
Ý
p��Ý=�§¤±·�kXe�½Âµ

½Â

XJ A ´�� n �¢�
� A′ = A−1§K¡ A �����Ý
"X
JJ A ´�� n �E�
� AH = A−1§K¡ A ���jÝ
"

Ún

� V ´��SÈ�m§v1, . . . , vn �Ùþ�|IO��

Ä§u1, . . . , un �Ùþ��|Ä"K u1, . . . , un ���|IO��Ä�

¿©7�^�´l v1, . . . , vn � u1, . . . , un �LÞÝ
´����Ý


£é¢�m
ó¤½jÝ
£éE�m
ó¤"
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1ÊÙSÈ�m

SÈ�m�Ó�§��C�ÚjC�

SÈ�m�Ó�§��C�ÚjC�

½n

� ϕ ´SÈ�m (V, (−,−)) þ����5C�§Ke��dµ
1 ϕ ��ÈÓ�¶

2 ϕ∗ = ϕ−1¶

3 ϕ 3?�|IO��Äe�Ý
´��Ý
£é¢SÈ�m

ó¤½jÝ
£éE�m
ó¤¶

4 ϕ 3,�|IO��Äe�Ý
´��Ý
£é¢SÈ�m

ó¤½jÝ
£éE�m
ó¤¶

��£j¤Ý
���
�d�`{µ

½n

�� n �¢£E¤�
���£j¤Ý
��=�§���þ
´ Rn £ Cn ¤¥��|IO��Ä¶��=�§�1�þ

´ Rn £ Cn ¤¥��|IO��Ä"
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1ÊÙSÈ�m

SÈ�m�Ó�§��C�ÚjC�

du���5C��A���Ù3?�|Äe�A���Ó§¤±k

e¡�(Øµ

½n (�ÈC��A����� 1)

1 � A ��� n ���Ý
£½jÝ
¤§K A �?�A���
�7� 1§� det A = ±1 £ |det A| = 1 ¤¶

2 � ϕ �SÈ�m V þ����ÈC�§K ϕ �A�����
� 1"

~

^=C�

(
cos θ − sin θ
sin θ cos θ

)

Ý
´��Ý
¶��þ£½e¤n�Ý


´jÝ
��=�§���é�
�é�����Ñ´ 1"

~

� A =





1 0 1
0 2 0
1 0 1



§B = (kE + A)2
§k ∈ R"¦é�
 Λ§

¦ B � Λ �q§¿¦ k �Û��§B ���
"
)µ ¢é¡
 A �A�õ�ª� λ (λ− 2)2

§¤± A �q



p��ê£þ°½°¬�§§��<µÁ��§mazhusl@fudan.edu.cn¤

1ÊÙSÈ�m

SÈ�m�Ó�§��C�ÚjC�

~

� A =
(
aij

)

3×3
���
§� a11 = 1§q b = (1, 0, 0)T

§

¦ Ax = b �)"
)µ A ���þÚ1�þÑ�¤IO��Ä§du a11 = 0§¤±1
��Ú1�1¥Ø (1, 1)-�	þ�"¶u´k Ab = b§d)���5
� x = b" �

½n (Schur ½n)

éESÈ�mþ�?��5C� ϕ§7�3�|IO��Ä§3dÄ
e ϕ �Ý
�þn�Ý
"Ý
/ªµéEê�þ�?��
 A§7
�3��jÝ
 U§¦� U−1AU �þn�Ý
"

�½n3¢ê�þ§XJ\þ ϕ �A��þ�¢ê§�¤á"
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1ÊÙSÈ�m

g��C�

g��C�££�Ý¤é¡Ý
¤

½Â (g���f)

XJ V �SÈ�m� ϕ ∈ L (V) ÷v ϕ∗ = ϕ§K¡ ϕ ���g��C
�£g���f¤"

c¡®²y²§���fÚÙ���f3�|IO��Äe�Ý
p�£�

Ý¤=�'X§¤±g���f3IO��ÄeéA�Ý
T�¢é¡Ý


£é¢�m
ó¤½Hermite Ý
£éE�m
ó¤"
g���f£�A/§Hermite Ý
¤´�±é�z��a­�~f§�3)
ÛAÛ¥kX­��A^"ÒÙ��
ó§§�k�~âÑ�5�"

½n

� ϕ ∈ L (V, (−,−)) ´��g�Ý�f§K
1 ϕ �A��þ�¢ê¶

2 ϕ �ØÓA���A��þþ�p��¶

3 ϕ k dim V ��p���A��þ¶

4 ϕ 3 V ��|IO��Äe�Ý
�¢é�
"
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1ÊÙSÈ�m

g��C�

g��C�££�Ý¤é¡Ý
¤

¢é¡Ý
�±p�ÑIOî¼�m (Rn, (−,−)) þ�g���
f§Hermite Ý
�±p�ÑIOSÈ�m (Cn, (−,−)) þg���
f§¤±�±rþ¡�(ØA^�ù��Ý
þ"

½n

� A ´�� n �¢é¡Ý
£ Hermite Ý
¤"K

1 A �A��þ�¢ê¶

2 A �Ø�A��A��þþ�p��¶

3 A k n ��p���A��þ¶

4 �3��Ý
 Q £jÝ
 U ¤§¦� Q′AQ £ UHAU ¤�¢é
�
"

5¿µ3þ¡�½n¥§^�(4) �´ A ´��¢é¡Ý

£ Hermite Ý
¤��d^�"
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1ÊÙSÈ�m

g��C�

~

1 � A ´ 3 �¢é¡Ý
§A �A��� 0, 3, 3§®�áuA�� 0 �A
��þ� v1 = (1, 1, 1)′§¦Ý
 A ¿ò A ���qé�z"

2 � A �n�¢é¡Ý
§r (A) = 2§A





1 1
0 0
−1 1



 =





−1 1
0 0
1 1



§

1 ¦ A �A��ÚA��þ¶
2 ¦ A"

)µ[1 2 K] ´�§A �ü�A��þ�





1
0
−1



←→ −1§





1
0
1



←→ 1"d

u r (A) = 2§¤± 0 �´��A��§�c¡ü��þÑ��§¤±�

�





0
1
0



←→ 0¶¤± A =





1 1 0
0 0 1
−1 1 0









−1 0 0
0 1 0
0 0 0









1 1 0
0 0 1
−1 1 0





−1

=





0 0 1
0 0 0
1 0 0



" �



p��ê£þ°½°¬�§§��<µÁ��§mazhusl@fudan.edu.cn¤

1ÊÙSÈ�m

E�5�f

E�5�f

c¡?Ø
g���f§§´3�|IO��ÄeÝ
�¢é�
�

�f"XJ�t�¦§r¢é¡
U�Eé�
§(J¬XÛº

w,§XJ ϕ ∈ L (V) 3 V ��|IO��Ä v1, . . . , vn e�Ý
�

é�
 diag (λ1, . . . , λn)§K ϕ∗ 3ù|Äe�Ý
�

diag (λ1, . . . , λn)
H = diag

(
λ1, . . . , λn

)
§

u´k ϕ (vi) = λivi 9 ϕ∗ (vi) = λivi§¤

± ϕ∗ϕ (vi) = ϕ∗ (λivi) = λiλivi = |λi|2 vi = ϕϕ∗ (vi)§=�
� ϕ∗ϕ = ϕϕ∗"
�L5§ù���f£ ϕ∗ϕ = ϕϕ∗ ¤��´3�|ÄeÝ
´é�Ý

��f"
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1ÊÙSÈ�m

E�5�f

E�5�f

½Â

� V ��k��SÈ�m§e ϕ ∈ L (V) ÷v ϕ∗ϕ = ϕϕ∗§K
¡ϕ ����5C�£�f¤"���
 A e÷v AHA = AAH§K

¡ A ����5Ý
"

½n

� V �j�m§ϕ ∈ L (V) ´�5�f§K

1 ϕ �áuA�� λ �A��þ7´ ϕ∗ �áuA�� λ �A��
þ¶

2 ϕ �áuØÓA���A��þ�p��¶

3 �3 V ��|IO��Ä§¦� ϕ 3ù|Äe�Ý
�é�
"

¤±§j�m V þ����f��5Ý
�¿©7�^�´§
3 V �,|IO��Äe�Ý
�é�
"

íØ

3 C þ§Hermite Ý
!jÝ
!9¢�é¡
j�qué�
"
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1ÊÙSÈ�m

¢�5Ý


¢�5Ý

ù�!�?Ø�´¢ê�þ��5Ý
"

Ún

� A ´�� n �¢�5Ý
§� λ = a + bi £Ù¥ a, 0 6= b ∈ R ¤´ A �A
��§x = u + iv £ u, v ∈ Rn ¤�áu λ ���A��þ§K7
k (u, v) = 0 � ‖u‖ = ‖v‖ 6= 0"

y²µ Ax = λx§ü>Ó��Ý§|^ A ´¢Ý
§�� Ax = λx§¤
± x ´ A �'uA�� λ 6= λ �A��þ§u´�p��¶


(x, x) = (u + iv, u− iv) = (u, u)− (v, v) + i (u, v) + i (v, u) = 0

¤±§(u, v) = 0 � (u, u) = (v, v)" �

½n

� A ´�� n �¢�5Ý
§d�3����Ý
 Q§¦�

Q′AQ = diag

((
a1 b1

−b1 a1

)

, . . . ,

(
ar br

−br ar

)

, c1, . . . , cs

)

§

ùp b1, , . . . , br ��"ê"
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1ÊÙSÈ�m

¢�5Ý


¢�5Ý


íØ

1 ��¢�5Ý
§XJÙ¤kA��þ�¢ê§K§7´é¡Ý


¶

2 ��Ý
7���qu/X

diag

((
cos θ1 − sin θ1

sin θ1 cos θ1

)

, . . . ,

(
cos θr − sin θr

sin θr cos θr

)

,±1, . . . ,±1

)

�Ý
¶

3 ¢�é¡Ý
7���qu/X

diag

((
0 b1

−b1 0

)

, . . . ,

(
0 br

−br 0

)

, 0, . . . , 0

)

�Ý
§¤±ÙA��7�"½XJê¿�Ù�7�óê"
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1ÊÙSÈ�m

�5�f�Ì

�5�f�Ì
� (V, (−,−)) ´��SÈ�m§ϕ ∈ L (V) ´�5�f"K ϕ 3�|Äe�
Ý
�é�Ý
§�Ù�ÜpÉA�� λ1, . . . , λk"K

V = Eλ1
⊕ · · · ⊕ Eλk

§

ùp§duØÓA���A��þ��§¤±kA�f�m Eλi
⊥ Eλj

(1 ≤ i 6= j ≤ k)"
½Â Pi ∈ L (V)§Pi (x) = xi§ùp x = x1 + · · ·+ xk éAu�Ú©

) V = Eλ1
⊕ · · · ⊕ Eλk

"Kk

Im Pi = Eλi
, PiPj = δijPi,

k

∑
i=1

Pi = IV�ð�C�"

·�¡ Pi ´ V �f�m Eλi
þ��ÝK�f"¢Sþ§Pi (x) = ProjEλi

x"

½n (�5�f�Ì©))

� ϕ ∈ L (V) ´�5�f§V1, . . . , Vk �ÙA�f�m§�A�A��

� λ1, . . . , λk"XJP Pi � V � Vi þ��ÝK�f§K7k

ϕ =
k

∑
i=1

λiPi"
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1ÊÙSÈ�m

�5�f�Ì

�5�f�Ì

Ý
/ª§� A ´���5Ý
§λ1, . . . , λk �ÙpÉA��§�A

�A�f�m��ê©O� n1, . . . , nk"�

v1, . . . , vn1 ; vn1+1, . . . , vn1+n2 ; . . . ; vn1+···+nk−1+1, . . . , vn¶

´ A ��¤IO��Ä�A��þ§Pdù
A��þ����¤�
Ý
� U"ÏL��A��þ�^S½Ø��

UHAU = diag
(
λ1In1 , λ2In2 , . . . , λkInk

)
"

½Â Hermite Ý

 P1 = v1vH

1 + · · ·+ vn1vH
n1
§P2 = vn1+1vH

n1+1 + · · ·+ vn2vH
n2
�"K

k

PiPj = δijPi,
k

∑
i=1

Pi = In� A =
k

∑
i=1

λiPi"

L�ª A = ∑
k
i=1 λiPi ¡� A �Ì©)"Ì©)´���"
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1ÊÙSÈ�m

�5�f�Ì

�5�f�Ì

����5�f£½�5Ý
¤�A��Ñ��K¢ê�§KT�f

£Ý
¤kÓ«/ª���§�����"

½n

� ϕ ∈ L (V) �A��Ñ��K¢ê��5�f"K�3�����
A��Ñ��K¢ê��5�f ψ§¦�

ψ2 = ϕ.

Ý
/ªµXJ A ´A��Ñ��K¢ê��5£¢é¡¤Ý
§K
�3����A��Ñ��K¢ê��5£¢é¡¤Ý
 B§¦�

B2 = A"

þ¡� ψ £ B ¤¡� ϕ £ A ¤���"
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1ÊÙSÈ�m

�5�f�Ì

�5�f�Ì

XÓÝ
� QR ©)§=���_¢
�±�¤����Ý
Ú��
é��þ�u"�þn�Ý
�È§���f�±©)���jC�

���A��þ��K¢ê�g���f�¦È"

½n

E¢�mþ?��5�f ϕ Ñ��¤���È�fÚ��A��Ñ�
�K¢ê�g���f�¦È"� ϕ �_�§ù«©)´���"
Ý
/ªµ?�E�
Ñ�±�¤��j
�A��Ñ��K¢ê

� Hermite Ý
�¦È¶?�¢�
Ñ�±�¤����
�A��
Ñ��K¢ê�¢é¡Ý
�¦È"

½n¥�©)¡��5C�½Ý
�4©)"
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1ÊÙSÈ�m

���¦{

���¦{

é��¢�5�§| Ax = b 
ó§XJò A �©
¬ Am×n =

(
A1 A2 · · · An

)
§K�§|�)´ù�����

þ x =
(
x1 x2 · · · xn

)′
§Ù|Ü x1A1 + x2A2 + · · ·+ xnAn �

u b§½´`§d (x1A1 + x2A2 + · · ·+ xnAn, b) = 0"
�3¢S)¹½¢�¹Ä¥§�§��Ñ½´�§¥X~ê����

3�½�Ø�§¦�����§vk)§ù���§¡�gñ�§

|"�Ä�<å!Ôå��Ï§I�3gñ��§|¥é��Ð�

)"u´Ò�)
���¦{"

Ù�n´§Q,éØ� d (x1A1 + x2A2 + · · ·+ xnAn, b) = 0 �)§Ò
é d (x1A1 + x2A2 + · · ·+ xnAn, b) ´¤kÀJ¥��� x§ù�
� x ¡����¦)"
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1ÊÙSÈ�m

���¦{

���¦{

XJ� U = {x1A1 + x2A2 + · · ·+ xnAn | xi ∈ R} ⊆ Rn§

K U ´ Rn ���f�m"� Rn �IOSÈ§K U ¥k�|IO�
�Ä§u´�½Â b 3 U þ�ÝK PrU b"dc¡SN®
�§(b− PrU b) ⊥ U§¤±é U S�?��þ v§k

d (v, b)2 = ‖b− v‖2 = ‖(b− Pr Ub) + (Pr Ub− v)‖2

= ‖b− Pr Ub‖2 + ‖Pr Ub− v‖2 ≥ ‖b− Pr Ub‖2
¶

¤± b � Pr Ub ∈ U �Ý
�á"XJ���¦)
� x∗ =

(
x∗1 x∗2 · · · x∗n

)′
§KAT

k x∗1A1 + x∗2A2 + · · ·+ x∗nAn = Pr Ub§u´��

b− (x∗1A1 + x∗2A2 + · · ·+ x∗nAn) ⊥ U"

�z� Ai ∈ U§¤±�� A′i (b−Ax∗) = 0§d i �?¿5§
� A′Ax∗ = A′b"
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1ÊÙSÈ�m

���¦{

���¦{

½n

� Ax = b �¢�5�§|"eT�§|�gñ�§|
�§A′Ax = A′b �½k) x∗§¡�T�§|����¦)"� A �
�÷��§���¦)�´���"


