W49 % W 3 W) o % R Vol. 49, No. 3
20174 5 H Chinese Journal of Theoretical and Applied Mechanics M2g17

#hHF 5=

Caputo ST 7 M Birkho ff ZFEBEXTFRIES
S E M Noether &8

K 2

(MBI LR TR, VL9875 M 215011)

FEE N BT ] LT AERG I RER AT E 2 RGN Bh 1247 A A B AR, [RIIN Birkhoff 2% /& Hamil-
ton JyZEIIHE, IR T4 20 Birkhoft 24840 )% HA BB . 4349 Noetheri& 2457~ T Noethert| #7
A5 5y B SR R 2 RN AR, HR 7 43 e ) Noetherdfl X BRAZ IS, %52 B HE 8 2] TR KM

PRI . AR SCIET I ) 53 2 00k 5 24 H SR F 5T Caputo S8 43 6 Birkhoff 2 45117 Noetherk i Bt L <7 16

B.OEE, KR E SR T 8 T4 e Birkhoff R4 NoetherfE Bk 5 <P [H B WFFT, @S0 T AN )

Noetheri& ¥l HIK, L4505 Praff 1 FH 550 59 26 B[R] AR (KR — S B 2 $0 I BN T AN 45 4y

$Fr Birkhoff 451 NoetherfEXt FRAZ (1) & SCRIAH, 5T Fredericofll Torresti Hh (1) 73 2B <y 8 i e X, #)

FH I RSB S50 5 7 ST T 0 B Birkhoff R4/ Noethers@ B, M8/~ T 43 % Birkhoff Z4:f Noether
VSRR 55 20 B <7 1E Bt 2 TR A ZEBRER . 20 BB Birkhoff 2451 Noetherstt FR 1 i B A1 2 it Birkhoff 45

Noethersz & HAR5 . 45 L4 20F Hojman-Urrutiali) 85 451 15 BH 45 5 1 8 A

KR % Birkhoff £48, NoetherfEx#i1%:, Frederico-Torrer % ~r{E &, CaputoS#

hESES. 0316  ICHEFRIAEE: A doi: 10.60520459-1879-16-350

QUASI-SYMMETRY AND NOETHER’S THEOREM FOR FRACTIONAL BIRKHOFFIAN
SYSTEMS IN TERMS OF CAPUTO DERIVATIVES Y
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Abstract The dynamical behavior and physical process of a complex system can be described and studied more ac
curately by using a fractional model, at the same time the Bifidio mechanics is a generalization of Hamiltonian
mechanics, and therefore, the study of dynamics of fractional Bffidmosystems is of great significance. Fractional
Noether’s theorem reveals the intrinsic relation between the Noether symmetric transformation and the fractional con-
served quantity, but when the transformation is replaced by the Noether quasi-symmetric transformation, the correspona
ing extension of Noether’s theorem is veryidiult. In this paper, the Noether quasi-symmetry and the conserved quantity
for fractional Birkhdfian systems in terms of Caputo derivatives are presented and studied by using a technique of time-
reparametrization. Firstly, the technique is applied to the study of the Noether quasi-symmetry and the conserved quantit
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for classical Birkh@fian systems and Noether’s theorem in its general form is established. Secondly, the definitions and
criteria of Noether quasi-symmetric transformations for fractional Bifikéao systems are given which are based on the
invariance of fractional Pfaaction under one-parameter infinitesimal group of transformations without transforming the
time and with transforming the time, respectively. Based on the definition of fractional conserved quantity proposed by
Frederico and Torres, Noether's theorem for fractional Bifkho systems is established by using the method of time-
reparametrization. The theorem reveals the inner relationship between Noether quasi-symmetry and fractional conserve
guantity and contains Noether’s theorem for the symmetry of fractional Biiigmosystem and Noether’s theorem for
classical Birkhéfian system as its specials. Finally, we take the Hojman-Urrutia problem as an example to illustrate the
application of the results.

Key words fractional Birkhdfian system, Noether quasi-symmetry, Frederico-Torres fractional conserved quantity,
caputo derivative
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(1-a)R,,°Da* — B (63)
¥ (63) Mt (62) FAAX (60), #3215 Hibir <1 fH S35 Birkhoft 75 2 (37) 44 1
(X (54)). EEE.
R 3 AT 4 AR Caputo$HCF Ay (D6 +DEa =0, gbrat-at=0
Birkhoff R4 Noether & #1. & FEJEL T Frederico cDpal-a-a?+Dga* =0, Dfa®+a*=0
A Torres# H 1 73 2~ fH B, 57 T Caputo (65)
SHCF MM Birkhoft RZET) Noetherixi Firtkly TR (48) 41t
Frederico-Torre 2 s H = 2 MIELR. W G =
0, NIsEHEL HH T 72 #F Birkhoff AR ¢ (K] Noetherx| & (SDyal - a°) + & (SDyat — & - &) +
FRIES 3B s i TR i @ — 1, Wl £(SDpa® + o) +
B3 HUERL 4 BT 1 T B 2, S T & B\ Cret 4Gk
Birkhoff % 4[] Noethers #4528 . Noether~f {8 [ (2° + &) §Dpat + afDya’-
B2 [ A 2 (@) e+ (@)’ Joor
4 B Pl (e + &) [§Dre + &of Dyat - £DF (a'%0)| +
a®[SDpés + &S Dy a - SDf (8%0)| + G =0
% 84350 Hojman-Urrutialfi 8 1381, 1% ] 5 n] (66)
Lo AU B Birkhoft R4¢, 7 Caputo's 5 (66) 4 i
ORI Praf 1R &N
£=1,8=1,6=6=£=0,G'=0 (67)
173
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th
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[+ 22 - (a4)2]} ot
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{58
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12=-(1-a) [(az + a3)th”al + a4t‘th“a3] +
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FrPE (X (68)) FEI A E - HE. Y a - LI,
2 (69) M=, (70)

(70)
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12 % (@) + 2000 - (2| + (72)
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By sy e e L Noether iz B DL K& 22 8 Birkhoff 5
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