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Abstract Considered the Random Differential Equation that state variables based on, the paper
thinks that at least n+1 kinds of the price of exchangeable securities depend on PDE  its matrix and
corresponding pricing express that some or al state variables meet.
Key words  derivative securities, PDE, Ito
1 Introduction
When we discuss the Price Model of Derivative Securities, commonly we study the N state
varigbles 6,(1<1i < n), wich follow the continuoustime 1t6 extended model."
dé. =mé,dt +s6,dW,
We use the standard non-arbitrage method to give the Partial Differential Equation (PDE) that the price
of the derivative securities f (-) satisfies, which only depends on the state variable 6;(1<i <n)
and thetime T,
2
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Among them dW isthe Wiener Process, parameter M and § are the expectation increasing ratio
and fluctuating ratio of &, . I istheinstant non-risk interest rate, o, is the correlation coefficient
of dW, and dW,
According to the PDE, after adding some definite boundary conditions, we can get the given derivative
security.
In this discussion, the state variable @, which followsthe [t0 process dependson W, . Let's start
from the Random Differential Equation that the state variable follows, consider at least N securities,
which pricesrely on the PDE and their matrixes that someor all N state variables meet.
2 Models
Let the state variable &' (L<i < n) follow the Random Differential Equation here:
6. =b'(t,6,)dt + Zn:alj (t,6,)dw,’

i=L

do™ =b" (te)dt+za (t,6,)dw,

j=1

Among them,
6,=(6.,.6")",0,(t,6,) = cov(W' W)
We write
b, = (0'(t,6,),,b"(t,6)" = (B, -, b")"
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Define

dW = (dW',---,dW,")",de(t) = (d4,,---,d6,")"
Then 1 canbeexpressedto
do, =hdt + > dw, 8
Let f () eC? be any price of a exchangeable security, it depends on the state variable 0!
accordingtothe 1t0 Theory, f followsthe processes as below.
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We write
L:— t, +y b'(t,6,
|;1a”( t)aé"aé” Zl: ( )
Among them,
aij(t’gt):Zgik(t’et)o-jk(tlet)
k=1
t,0,
g;(t.6,) = Zae'
Then
of . -
df:(E+Lf)dt+ZgjdV\/t' 2
=1

Because N exchangeable securities al depend on 0 . Weuse f j to express J prices of the
exchangeabl e securities, then we can get the equation group:

of. n .
df, =(a—t’+ ij)dthZ_l“g”.dV\/tJ €)
Apydt+ D g, AW’
i=1

afi
Among them, x; =—+ Lf,

We write
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(%,m,dff” T=(dInf,---,dInf, )" =dInF
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Amongthem, F = (f,---, f )7 .Thentheequationgroup 3 can be expressed in matrix,
dInF = zdt + A Y dW, @3)
3 Expressing The PDE With Matrix
In the equation group (3), there are N exchangeable securities and N Wiener processes. Using
these securities, we can construct a instant non-risk portfolio 7 . Let y; be the investment

proportion on 1‘i , We write

Itsyieldis
d—”:ini D xdInf =x"dInF
T i=1 f, i=1
dt+ZXI(ZZA,kZ ydw!
:1 i=1 i=1 k=1
= X" mdt + x"A Y dW,
Theory 1if | A |# 0, then linear equation group
1 1 1 - 1|x
0 X
= - (4)
0 AT X,

can have nonzero solution.
Using the solution, we can construct the portfolio 7, it can include no noises, and the income of

the portfolio 7 is

If there are no arbitrary opportunities, the income of the portfolio must be the non-risk interest I, we

write



dr/z =rdt

Thus
Zn: L =T zxi(_._r)zo
— o i1
ZX] ZA,k 2 = ;X] j,k=1Aik 23 =0
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(5) can be expressed in matrix
X" (u-r1)=0
AYXT =0

of them, 1=(1,---,2)"

Theory2 If |A2O,thenthereexist 4,, -+, A, that

n
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Prove: We write &  to expressthe | lineof AY,then N+1 vector groupsof N dimensions

o0, , 14— 11 are linear correlative. Because |A |0, we know that z—r1l is the linear

combination of o -

expressed coefficient A4,, -+, A,

Wewrite A = (/11’ .-+, A )", (6) can be expressed in matrix
U—T1=AY A

we put the defining equation of ; into (7),

.
(ﬂﬂj —r1=AYA

, then (6) come into existence.

fl fn

We write . ~
F =diagt/ f,---1/ f, ] F =diag[f,--- f,]

The equation above can be expressedto

u'F —rl=AYA
We write it into ponderance form,

L —Z(ZAW 24,
=1 jk=1

Put 4, into the above equation

1 af n n
f_[a_t+ Lft} Z Ay XA,

j=1j,k=1

The equation goes as
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,0,, and ;— rl can be linearly expressed by o ---

O, . We write the
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That is

of &, of 13 0%, & :
_[E 20 03 Laaragt 50O | 2ot s

=1 m=1 j.k=11]

It can be evolved to

o < 1 o*f,
at +2( ;O- ﬂ“ )89| Z(Z |m 69 60] _rfl (9)

i=1 Ijlm:J.

It can be expressed in matrix

§+(b ZA)%+;|T2(VZF)Z=rF (10)

Thus we have

Theory 3 N exchangeable securities that depends on the state variables and the time t satisfies the

PDE (10), among them,
VZ F = ﬂ
00'06’

We can see from the equation (9) that the PDE that any derivative security depended on N object
securities satisfies is similar to (9.10) irp structuce, only changing the increasing ratio of each object
urities ¢, from b to | b - Zaij}tj , it demonstrates that if we change b to
b —Zaij/’tj while the fluctuation/ Tatio is nchangeable and maintain the original covariance of
L, O Jthe price’equation of the derivative securities can still be used, and still be the non-risk interest
discount of expecting profit. Then asto the equation
dd=(b—X A)dt + X dW

It can define any price U, of exchangeable security of the derivative security F, thus

- E{e'ﬁ*(s)ds\yi (6 )le = 9}

and it's the solution in the boundary condition of V; (T,6) = ()

Among them, Eis the expectation of changing the expected increasing ratio of bI to the

)
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