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Abstract

This paper deals with the approximation properties of a kind of rational spline with linear de-
nominator when the function being interpolated is C® in an interpolating interval. Error estimate
expressions of interpolating functions are derived, convergence is established, the optimal error
coeflicient, ¢;, is proved to be symmetric about the parameters of the rational interpolation and it
is bounded. Finally, the precise jump measurements of the second derivatives of the interpolating
function at the knots are given.
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1 Introduction

Spline interpolation is a useful and powerful tool in computer aided geometric design. Polyno-
mial splines are the kinds of splines which are widely applied in curve and surface design [1-3,9-
11,14,16,17,21]. Since the interpolating function is unique for the given interpolation data, local
modification of the interpolating curve or surface is impossible under the conditions that the interpo-
lating data are not changed. In recent years, the rational spline with parameters has received attention
in the literature [4-8,12,13,15,18-20]. For the given interpolating data, the change of the parameters
causes the change of the interpolating curves or surfaces, so that the interpolating curves or surfaces
may be modified to be the shape needed if suitable parameters exist. That is, the uniqueness of the
interpolating function for the given data is replaced by the uniqueness of the interpolating curve or
surface for the given data and the selected parameters.

There are rational cubic splines with linear, quadratic or cubic denominator [7,9,13]. Since there
are parameters in the interpolations, those splines are effectively used in the design and modification
of curves, such as region control and convexity control [6,7,13,15,18,19]. Also, because of the param-
eters, the approximation properties are difficult to study. Some results are given in [5] for simple
cases. When the function being interpolated, f(t), has continuous second-order derivative, the er-
ror estimations of those interpolations were derived in [5], and it was shown that, from the point of
view of the magnitude of the optimal error coefficient, the spline with linear denominator has better
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approximation to the function being interpolated than the rational interpolation with quadratic or
cubic denominator. A further question is that, when the function being interpolated is smoother than
C?, such as C3, how about the approximation of the interpolating function? And furthermore, the
interpolating function P(t) € C* for the parameters in the non-constrained case, what is the jump
measurement of P”(t) at the knots? Those questions will be answered in this paper.

The paper will deal with the approximation in the case that the function being interpolated, f(t),
has continuous third-order derivative in the interpolating interval. For this, the rational cubic spline
with linear denominator will be restated briefly in section 2. Section 3 studies the error estimation of
the interpolating functions, gives the optimal error coefficient ¢; which depends on the parameters in
the interpolating function, and proves that ¢; is symmetric about the parameters. Section 4 is about
the jump measurement of the second derivatives of the interpolating function at the knots.

2 Rational spline with linear denominator

A rational cubic spline with linear denominator was given in [7]. Let ¢y < t; < --- < t, be the knot
spacing and {f;,d;,i = 0,1,...n} be a given set of data points, where f;, d; are, respectively, the
function values and the derivative values at the knots of the function being interpolated, f(t¢). Define
the C'-continuous, piecewise rational interpolating function by

pi(t)

P =—= 1
(t)‘[tivti+l] ai(t)’ (1)
where
pi(t) = (1=0)Paifi+0(1—0)*V;+6°(1 = 0)W; + 0°B; fira,
(t) = (1-0)a;+ 05,
0 = (t—t)/h
hi = tit1— tu
and
Vi = (205 + Bi) fi + aihidi, Wi = (0 + 26;) fix1 — Bihidit1, (2)

with «;, 3; > 0. The function P(t) satisfies P(t;) = fi, P'(t;)=d;, i=0,1,---,n
Obviously, when «; = f3;, the interpolation defined by (1) is the standard cubic Hermite interpo-
lation.

3  Error estimation of the interpolation

This section deals with the error estimation of the interpolation when the function being interpolated
f(t) € C3[to,tn]. Since the interpolation is local, without loss of generality it is necessary only to
consider the error in the subinterval [t;,t;11]. It is easy to show that the interpolation is exactly held
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for the polynomial function being interpolated in which the degree is no more than two. Let P(t) be

the rational interpolating function of f(¢) in [¢;, t;11] defined by (1). Using the Peano-Kernel Theorem
[21] gives the following

Rl =10 - PO = [ SR - 2] dr )
where

(t =7 — mgarge (L = OI26; + ai)(tivs — 7)* = 28R (tiyr — 7)]

+63B;(tip1 — 1)}, <1<t
Rt —7)3] =

—m{az(l — 0)[(26; + i) (tix1 — 7)* — 2Bihi(tigr — 7)]

+603Bi(tiy1 — 7)%},  t<T <tig1.

B r(r,t), <1<t
S(T,t), t< T <ti41.

The function R;[(t — 7)2] is called the kernel of the integral (3). To derive the error estimate
representation, |R[f]|, the properties of the kernel functions r(7,¢) and s(7,t) need to be studied first,
and then the values fti Ir(7,t)|dr and [/ |s(r,¢)|dr will be calculated. To stating clearly, the proof
process includes two parts: Part 1 is about the calculation of the value fti |r(7,t)|dT, Part 2 is about
the calculation of the value [{**' |s(7,t)|dr. Combining Part 1 and Part 2 will complete the proof.

Part 1. Study the properties of the function r(7,t). Consider r(7,t),T € [t;,t] as a function of T,

r(1,t) is a quadratic polynomial of variable 7. According to the construction of the kernel functions
r(7,t) in using the Peano-Kernel Theorem, for all 6 € [0, 1]

T‘(ti, t) =0.

By simple computation,

02(1 — 0)* (e + )0 — )7

r(t:t) = (1= 0)a, + 075

Let

(o 4+ B;)0 —a; =0
be considered as an equation in 6; its root in (0,1) is
Q
* = . 4
o + 5 @)

It is easy to show that, when 6 < 6*,r(t,t) < 0 and when 6 > 0*,r(t,t) > 0. To see the sign of r(7,1)
in [t;,t], rewrite r(7,t) as

1
r(r,t) = m[((l —0)2(1+0)a; + 0(1 — 0)°5)(t — 1)

—20%(1 — 0)%hi(a; + Bi)(t — ) + 62(1 — 0)2h2 (e + 5;)0 — )],
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then it can be found that the second root of r(7,t) is

ot hi0((0 — 1) + 613;)
(1+0)a; +65;

besides the root t;, and when 6 > 0*,t; < 7* < ¢, when 6 < 0*,7* > t. Thus, when 0 < 0*,r(1,t) <0
for all T € [t;,t], so

t t 3 —0)? —v)ay; — % 3
[ rtroiar = [ (=rr i - ac 3(9()1 (_(29)051 M)@ﬁ)h@' (5)

When 6 > 6*, the values of r(7,t) varies from negative to positive on the two sides of 7, so

/ |r(7,t |d7’—/' —T'(T,t))dT—i-/Ti r(r,t)dr

B =02 - 0)a; — 08;)((L+ )y + 08:)? + 2((2 + 0)c; + 08;)((0 — V)e; + 03;)2] 13 (6)
a 3((1 = )i + Bi0) (1 + 0)a; + 03;)? '

Part 2. Study the properties of the function s(7,t). Consider s(7,t),7 € [t,t;+1] as a function of
7. Similar as discussed for r(7,t),

S(ti+1, t) =0

and
s(t,t) =r(t,t),

and by a similar analysis as in part 1, one can see that when 0 < 6* s(t,t) < 0 and when 6 >
0%, s(t,t) > 0. Rewriting s(7,t) as

—(tix1 —7)

m[(em —0)a; +6%(2 — 0)5:) (tiz1 — ) — 20%(1 — 0)B;hy),

s(T,t) =
and denoting

202(1 — 0)B;h;
92(1 — 0)0[1 + 02(2 — 9)ﬁ17

T = ti—i—l -

it is easy to show that when 6 < 6*, s(7,t) varies from negative to positive on the two sides of 7., and
when 6 > 0%, s(7,t) remains positive in (¢,t;11), where 6* is defined by (4). Thus, when 6 < 6*

tit1 Tx tit1
/ ys(T,t)|dT:/ (—S(T,t))dr+/ s(r, £)dr
t t Tx

P —=0)°[(1 = 0)* (i + 3:) + 3(0 — D37 + 3((1 + 0)57)] b (7)
B 3((1 = )i + Bi0) (1 — O)a; + (2 — 0)3:)? ’

and when 6 > 0*

b 02 (1= 0)3((1 4 60)3; — (1 — O)a) 3
| Istr plar = 3((1— 6)a; + 6if) '
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Thus, combining (5) and (7), it can be shown that, when 6 < 6%,

1/

(3)H tit1 Y @) 13 a0
" ’Rt[(t T)—i-”dT_ ”f ”hiwl(alaﬁla )7

£(0) - Pl < 1L

where

5 g~ P01 - 00 + (1 - 0)(3— 0)aPf; + 02— O)eiff + (440 - 075
wl(aza/@u ) - 6((1 _ 9)042 +Bze)<(1 — 9)@1 + (2 — 9)51)2 ( )

and when 6 > 0*, combining (6) and (8) gives

I/

[f(t) = P()] <

B pten 2 3))3
| IRl = rRlr = 179w, 51,6),

where

6%2(1 — 0)?[(—62 + 60 — 1)ad + (1 — 0%)a?B; + 0(2 + ), 32 + 6233
sl ) = PO 02 Joi + (1= P2 +0C + O + 02
6((1—0)a; + B3:0)(1+0)ay +00;)
Based on the analysis above, the theorem on the error estimation of the interpolating function is
obtained as follows

THEOREM 3.1  For f(t) € C3[to,ty], let P(t) be the rational interpolating function of f(t) in
[ti,tiv1] defined by (1). For the positive parameters «; and [3;, the error of the interpolating function
P(t) satisfies
1F@&) = PO < IFO @)k
with
¢; = max w(a;, §;,0), (11)

0<6<1

Caoy ) wilas B, 0), 0<6 <6
w(a, Bi,0) _{ wa (e, B, 0), 0, <0<1;

where, wi(a, B;,0) and we (e, 5;,0) are defined by (9) and (10), respectively.

In the special case, let a; = 3;, then the interpolation defined by (1) is the standard cubic Hermite
interpolation. In this case the functions wi (o, 5;,0) and wa(w, 55, 0) become

9

b
wi(6) = 46%(1 — 6)*/(3(3 — 20)?), 0<6< %

wa(0) = 46°(1 — 0)?/(3(1 +20)%), -~ <0<1

DN | =

respectively. Since

max{ max wi(f), max wa(0)} =1/96
0<6<% 1<o<1
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it follows that the error coefficient
ci = 1/96, (12)
which is the well-known result for the standard cubic Hermite interpolation.

By the definitions given for wy (a, 5, 0) and wa(ay, 55, 0), it can easily be shown that
wy (s, B, 0) = wa (B, i, 1 — 0),

Thus, there is the following theorem

THEOREM 3.2  The optimal error constant c; in Theorem 3.1 is symmetric about the parameters
a; and B;, namely

01;152(1 w (e, G5, 0) = Orggg(l wo (B, i, 1 — 6). (13)

Since wy (o, Bi,0) and wa(ay, B;, 6) are continuous functions of the variate € in the interval [0, 1],
so the coefficient ¢; is bounded. In fact, there is the following boundary theorem about the optimal
error constant c;.

THEOREM 3.3 For any given positive parameters o; and [B;, the error optimal constants
¢; in Theorem 8.1 are bounded with

1
96
Proof From Theorem 3.1 and Theorem 3.2, if

< < —_—
C; .
— = = 8]_

1 2
— < B 0) < =
96 = o vl i 0) < o (14)
then Theorem 3.3 holds.

Let a; = A\if3;, then (9) becomes

P —0)2[1— 0PN+ (1 —60)(B—0)AZ +6(2 — O)\; + (4 — 40 — 67)]
wnles, fin0) = 6((1— )% + O)(1— )N + (2—0))2 - )

Denote
ey g LA=02X+ (1 =0)(3—0)A7 +0(2—0)Xi + (4 — 40 — 6%)]
WA 6) = (@O0 —ON T 2-0)7 ’ 10)
then
dw*(X;,0) A1 —0)> + A1 —6)%(6 — 36) — \;(1 — 0)(216% — 3660 + 12) — (96° — 667 — 120 + 8)
. (L=0)Ai+0)*((1—0)Ai + (2-0))? ’
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and

dw* ()\Z', 9)
dA;

=0
gives
M(1—0)2+22(1—0)%(6 — 30) — X\i(1 — 6)(216% — 360 +12) — (96° —66% — 120 +8) =0.  (17)
Denote § = A;(1 — 0), then (17) becomes
6% 4 6%(6 — 30) — 5(216% — 3660 + 12) — (96> — 66% — 120 + 8) = 0. (18)
Consider (18) as the equation in the variable 6, § € (0, 400); the roots of (18) are
51 =2-36, 6= (2V3+3)0— (2V3+4), 5= (3—2V3)0+ (2V3 —4).

Since § = \j(1 —0) > 0, and for any 6 € [0, 1], d2 < 0 and d3 < 0, so the roots Jp and d3 are omitted.
Thus, for the relative fixed 6 € [0, 1], equation (18) has only one root d; = 2 — 36 in (0, +00), then
2— 360
A =
10

(19)

is the only critical point of (16) in (0,+00). Substitute (19) into (15), the right side of (15) can be
simplified to

62(3 — 40)
wl(alaﬁzae) = Ta
and it is easy to find that
02(3 —40) 1
A T T 20)

On the other hand, consider the two cases \; — +00 and \; — 0. First, consider \; — +o0: from (16)
and (15),

021 -0)*  6*(1-0)

sim wiles B 0) = ga—py = — 5 (21)
and it is easy to show that
2
02021 6(169) - 831 (22)
Then, consider A\; — 0: from (16) and (15),
lim wy(a;, B;,0) = 00— 0)(4— 49 = 7") (23)

Ai—0 6(6 — 2)2
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Denote the right side of (23) by g(#), i.e.

O(1 — 0)%(4 — 40 — 0?)

g(0) = 60— 2)2 ,

then
dg(0) _ (1—0)(30* — 36 — 306% + 366 — 8)
do 6(0 —2)3 '
Let
then
6=1,

or

30* — 3603 — 3007 + 360 — 8 = 0. (24)

The roots of equation (24) are

1-v33 1 1-v33 1

b1 =~ 4 5 V450 + 30v33, 6y = f — 13 V450 + 30v/33,
1+v33 1 1+v33 1

= 0 450 - 30V, = Y 450 - 30V33,

and only 6, and 64 are in (0,1). Thus, when \; — 0, it can be shown that

B (1 0)%(4—460 — 6?)
qpax wi(ai, B, 0) = max = 600 —2)2

= 0.0246913- - -. (25)

Combining (20),(22) and (25), completes the proof .

From the definition of the functions wi (o, §;,0) and we(ay, 55, 0), it is easy to find the optimal
error constant ¢; by (11). Table 1 gives some ¢; for the given parameters «; and 3;, and shows the
symmetric property.
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Table 1. Values of ¢; for some values of parameters «a;, ; .

i a; Bi 0 Ci
1 100.0 100.0 0.5000 0.0104
2 1.0 1.0 0.5000 0.0104
3 100.0 1.0 0.6600 0.0240
4 1.0 100.0 0.3400 0.0240
5 10.0 5.0 0.5510 0.0116
6 5.0 10.0 0.4490 0.0116
7 8.0 6.0 0.5230 0.0160
8 6.0 8.0 0.4770 0.0160
9 1.1 0.9 0.5160 0.0105
10 0.9 1.1 0.4840 0.0105
11 0.3 0.2 0.5320 0.0108
12 0.2 0.3 0.4680 0.0108

From Theorem 3.3, the convergence theorem is obtained as follows

THEOREM 3.4 If f(t) € C3[to,tn] and P(t) is the rational interpolant function of f(t) in [to,tn

defined by (1), for the positive parameters o, Bi,i = 0,1,2,---
namely

,n—1, P(t) converges to f(t) in [to,ty],

lim P(t) = (),

h—0

where, h = max; h;

4

Jump in the second derivatives

From the definition of the interpolation, the interpolating function P(t) € C'[tg,t,], so the second
derivative P”(t) has a jump at the knots. For the jump measurement, the following theorem can be

proved.

THEOREM 4.1 Let f(t) € C3[tg, t,,

| and let P(t) be the rational interpolating function of f(t) in

[to, tn] defined by (1). If the knots are equally spaced, namely, h = %, for the positive parameters
a; and B;, the jump measurement of the second derivative at the knot t; satisfies

where

and

[P (ti+) = P! (ti=)| < ||fP (1) hes,

¢ = W1, Bi—1, i, ;)

Ao |+ 30 17+ B od + 3028 + 46
3(Bi—1(2ai—1 + Bi—1)?) 3(ai(as +26;)%)

Wi(ai-1, Bi—1, i, Bi) =
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Proof. Since

P'(t) = (hi((1-0)as +06:)°)"" - Q(0),

where
QO) = ((1—0)a;+06:)*(6(1 —0)aifi + (60 — 4)V; + (2 — 60)W;
+600: fir1) — 2(8i — i) (1 — 0)ci + 08:)(—3(1 — 6)*cvi fi
(1 — 40 + 30*)V; + (20 — 360*)W; + 3020, fiv1) + 2(6; — ci)*
(1= 0)3aif; +0(1 — 0)2V; + 62(1 — O)W; + 62Bi fir1),
then
/1 7 2 2 i— 2 i— Qﬁz ﬁz
P/(ti) = P'(ti=) = —5[-(1+ ;;;))fz (G i ) i)
2 o1 /Bz /Bz
_E[ﬁi—l dlil * (2 + ﬁi—l Oéz)d + Z+1] (26)

When f(t) € C3[tg, t,], for any i € {1,2,---,n — 1}, denote r;(f) = P"(t;+) — P"(t;—). Using the
Peano-Kernel Theorem gives

B = Pe) = P) = g [ 9@l - 7R dr (21)

where

B (G5 = 2t = 1)+ (L4 2t — 7))
—2(22+ 3= —l—%)(ti—TH—?f(tiH—T)), ti1 <71 <t

>

rl(t =) =

%(14‘ ﬁl)(tz_;_l—T)Q ﬁz (tH_l—T) ti <71 <tig1;
2

S (1550t = 1) = (L4 5Dt — 1) +2, tioa <7 <t

1

>

B+ 2 (i — )% = 32 (tig1 — 7, ti < T <tigl;

Qg

>

m(T), tio1 <7 <1
n(T s t, <1< tz‘_:,_l.

Consider

2 2az 1

4 -
(1 + aZ 1

ti—7)%— —(1+
) -7 - 31+ 5
as a quadratic equation in 7. The root of (28) in (t;—1,t;) is

hBi—1
20,1 + Bi1

J(ti—T)+2=0 (28)

=t —

10
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Thus, when t;_1 <7 <t*,;m(7) <0and t* <7 <t;,m(r) >0, so

ti t* ti 2(40(3_1 + 3061'_1,8‘2_1 + /33_1)h
m(r dT:/ —m(7))dT + m(r)dr = L : L 29
| im@ar= [ mear+ [ ) TR (29)
Similarly, n(7) = 0 has a root ¢, in (¢;,t;+1) and
28;h
ty =t — —
T+ 26
It is easy to show that when t; <7 <t,,n(r) >0 and t, <7 <tj41,n(7) <0, so
tir1 tx tit1 2(0[3 +3a2ﬂl +4ﬁ3)h
dr — / d _ dr = 2\% i Rkl 30
/tl_ [n(7)|dr ) n(r)dr + 5 (—n(r))dr Sor(a 1 252 (30)
Combining (27),(29) and (30), it can be derived that
1 24a? | + 30167+ B2k 2(ad + 3028 + 483)h
[P (ti+) — P"(t:i=)| < 5 1/PI] 3 — — > (31
2! 36171(20‘171 + ﬁzfl) 3011(041 + Qﬁz)
The proof is complete.
From (31), for the standard cubic Hermite interpolation,
1
P/ (1) — P(t-)] < SO (32)

This result was given in [22].

5 Remarks

(1). Some optimal error constants ¢; for the given parameters «; and [; are given in Table 1.
It shows that ¢; are not only symmetric about the the parameters «; and (3;, but change very little,
although «; and 3; vary widely, it is consilient with Theorem 3.3 and Theorem 3.4. It also shows that
the interpolation is stable about the parameters.

(2). The standard cubic Hermite interpolation is the special case of the rational spline defined by

(1) when a; = 8;; (12) and (32) confirm this relationship.
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